M. B. KO3J/I0B

3JEMEHTbBI TEOPUHU
BEPOSITHOCTER
B NPUMEPAX U 3AIAYAX

JONYIEHO TOCYAAPCTBEHHbBIM KOMWTETOM CCCP

IO HAPOOAHOMY OBPA3OBAHMUIO B KAUECTBE YYEBHOTIO
INNOCOBUA AJISt CTYAEHTOB, OBYYAIOIIUXCH

710 CNEUMUAJTBHOCTU «MATEMATHUKA»

HMapateancrso

Mockosckoro yuuBepcitera
1990



BBK 22.171

K59

YK 519.21

K59

PeHueH3ICHTH:

kadeapa TeOpuH BEPOATHOCTEH

H MaTEMATHYECKOH CTATHCTHKI

JleHHHIPaACKOro rOCYAapCTBEHHOIO YHHBEPCHTETA
(saseayromnit xadenpod npodeccop B. B. ITe T pos),

axanemus IO. B. [Tpoxopos

Ko3azor M. B.

SneMeHTH TCODHH BCpOﬂTHOCTE}"I B IIpHEMEpax ¥ 3ajauax. —
M.: Hag-so MTY, 1990 r. — 344 c.: ua.

ISBN 5—211—-00312—8.

OcxoBw TeopuH BepORTHOCTEH najarapTcsi B OPME NPHMEpOB § 3ajad,
K KOTOPHIM B TEKCT€ NDHBEACHM NOAPOGHBE peleNHR. YPOBERb CIOKHOCTH
KoneGJeTcA B IUMPOKOM AHANA30HE: OT TPEHHPOBOYHHIX 32434 HA YCBOEHHE
NOHATHA 10 MaNEHbKHX HCCJeI0BAHHH, MOTYIRHX CJAYXKHTh HAYaJoM KypCOBOf
paborw. Bcero npumepon n 3aaay okoao 450. Tlpunuun mMajloxkeHHa — oOT
YacTHHX Mofeseit K OOIMIMM NMOHRTHAM — HampaBJeH Ha Pa3BUTHe Yy YATATENRA
BKyCa M HaBLIKOB K CAaMOCTORTE.TbHOMY HayyHoMY TRopuccTey, 1A OCBOEHus
MaTepHana AOCTATOYHO BJANEHHH HaYalaMi MaleMATHYECKOTO aHajixaa.

1602090000 0 —05
000 (4309000000) —053 3-89 BBK 22.171

077(02)—90

ISBN 5—211—-00312—8 € Koszons M. B, 1990 r.



Oznrasrernue

[Ipeaucnosne

IT'nasal.
HAUYAJILHBIE TIOHATUSA

§ 1

§ 2

§ 3

oy
(4]

§ 6

BepOATHOCTE B KJ4CCHYECKOR CXEME€ . . . . = + . =« .
Kracckueckan BepoATHOCTH ¥ 3aeMeHTW xomGunaropukk (1.1—1.10).
CumMeTpuunoe cayyaiwoe 6aympanwe (1.11—1.19), Ypuomas moRe.s
(1.20—1.30).

BepOATHOCTHOE NPOCTPAHCTBO, CAyyafiHHe BENMYHHL, paclpeaeneHHe Be-
pPOATHOCTEH A T
Cobutus # seposTHocTHan Mepa (2.1—2.4). MHcnurtanus Bepuynnx
(2.5, 2.6). Pa3Cuennn, cayuaitnnle BeJHuMHE B cXeMe Bepuyann (2.7—
2.14). Cnyvaiinnle BeMYMHE B cXeMe BGECKOHEYHO{ mOC.1E€I0BATENBHOCTH
ucnuranuit Bepuynauw (2.15—2.18). 3apava o pa3opeHHH Krpoka
(2.19, 2.20). .

HenpepniBHLIe BEPOATHOCTHHIE MOABIH . . .« . . « + +
Cnayyaitible BeIMYMHE B cXeMe c.lyyahioro BHEOpAa TOYEX H3 OTpe3Ka,
¢yuxunu pacnpepenennii, naotuoctd (3.1—3.10). [lyacconoscxui npo-
uecc u npepensHas cxema Ilyaccona (3.11—3.15). Pacnpeaenenne apk-
clHyca B cHMMeTpuyHOM OGayxpanux (3.16). dopmyna Crtupamnra «
HuDMAILbHOE pacnpefe.eHHe E CXEME CHMMETPHNHOrO  BJAYXKAAHMA
{3.17—3.21). Mroromeprne pacnpeperenun (3.22—3.27).

HesanicuMocts
HesaBncuMule QKCKPeTHHE Cayvajflihe BEIHYMHLI, PACIPEAEIEHHE CYMMH,
npouzpogsuwine yukuan (4.1—4.11), lHeaasucuMmnie coOmrtus (4.12—
4.14). Hesasucumbie HenpepmBHue caydafinme BeanuMum (4.156—4.22),
Il¥accounsexkwk mpouecc M 3KCMOKENUWAALHGE pacnpexcaedie (4.23—
4.26). bpoynosckoe aBnxenue (4.27).

VCI0BHAS BEPOATHOCTH .
Ye0BHBIE pacnpeleIcHiA AMCKPETHLX caysaitnmx seanunx (5.1--5,10).
Maproscnite uenn (5.11--5.16). Yciosuwe miotHoctn (5.17, 5.18). Map-
KCBCKHE LCNH € HEnpCPuIBHLIM MHOmecTBoM ce:Tuanmi (5.19, 5.20).
ITpocTpancTBo i Mepa e e e e e e
.-‘..'._reﬁpa MiroxecTB, Mepa H ee cmoiictBa (6.1—6.7). Pacwupeune an-
reOpnl MHOXMECTB, BHGLIHAA Mepa, HIMCPHMEIC MHOXCCTBZ, TeOpeMa o
CVUIECTBOBAHHK H E1MNCTBENHOCTH NPOAOTKeHH: wmepn (6.8—6.18).
Mepa Jlebera (6.19). Mepw Ha npamoil K yHKuUMH pacnpeaenesun
(6.20—6.23). Mepa na niockocrn (6.24, 6.25). [TocacnosarensnoeTn uc-
muranilt  (6.26-—6.28). Monarounwe xascen  (6.30 - 6.37).

42

101



Fxasa Il
XAPAKTEPUCTUKHU BEPOSITHOCTHLIX PACIIPEIEJIEHHUA

$§7

$ s

§9.

§ 10*.

Maremaruieckoe OXHAAHHE . . . . . .« ...
MaTeMaTHYeCKOE OXHAaHHE [IHCKPETHHX cayyahHux BeJHuwH (7.1—
7.16). MaremarHyeckoe OXHAaHHe B oOlUeM cJiyyae:  ONpefeieHHe,
cBoiicTBa, BHuHKcIeHue (7.17—7.34).

Jucnepcus, xoBapHauus, CPeIHEKBAaAPaTHYECKOE PACCTOAHHE .o
Hepasencrso UYeGriiuesa, AHcmepcHs, 3aKOH OOJbLIMX YHCER B CXeMe
Bepuyaau (8.1—8.10). IlpuGauxenne HenpepuBHuX ¢ynskumnit (811,
8.12). BuuncienHe H cBoitctea AucnepcHu (8.13—8.16). Kosaprauus
(8.17—821). Cpennexsaaparuyeckoe paccrosnne (8.22). ucnepcus
cymmu (8.23, 8.24). 3axon Gonwwumx wucen B dopMe HeGunwesa (8.25).
Incnepcus kak Mepa KauecTBa CTaTHCTHYecKoi oueHkn (8.26, 8.27).
Martpuna xowmapuaunii (8.28—8.35). JIHHei#tHEE OUEHKH C MHHUMAaJbHOR
Rucnepcyefr (8.36).

VYenosHoe MaTeMaTHYyecKOe OXHAZHME . . . . .« . . . .
Onpeaenenne (9.1—9.3). OntumanbHas HeNHHeAHAA OHEHKa (9.4).
BHgHC/EHHE H CBOACTBA  YCJIOBHOrO OXKHAAHHA B TUCKPETHOM cayyae (9.5—
9.12). Csojictea B HenpepbiBHOM caydae (9.13—9.17). MuoromepHoe
HOpMaJbHoe pacnpefenende (9.18). Hecmemennoe oueHusanwe u J0-
cTaTouHHe craTHCTHKHE (9.19—9.22), Mapruuranm (9.23). Bersswmmitcs
npouecc (9.24).

HU3mepuMble GYHKUMKH M HHTETPAN . . . . . . . . ..
Unrterpan JleGera ot npocthix ¢yuxuuf (10.1—10.12). Hnrerpan Jle-
Gera u ero csofictea (10.13—10.28). HUurerpanm Pumana, JleGera, Pu-
maga—Cruapreeca, Jle6era—Crunbtbeca (10.29, 10.30). HHTerpan Ha
npoussenenun npocrparcts (10.31—10.35). Mepn ¥ naotHocTH (10.36—
10.40). Mapxosckre npoueccn (10.41).

Faasa III
HEKOTOPBLIE MOJEJIKM U METOJILI TEOPHH BEPOATHOCTER

§ 11

§ 12

§ 13

IIpocroe cHMMeTpHyHOe OayXaaHHEe . . . . . . . . .
Bpemena poctHkenus u Bosspailenns (11.1—11.6). Ilpexenbine Teo-
peMH AJA BpeMeH [OCTHXeHHA H Bo3spaitenns (11.7, 11.8)., Berss-
uinfcs npouece (11.9). ¥Ycnosxoe GnyxaaHue ® GPOYHOBCKHE MOCT, npe-
AeabHne TeopeMu (11.10—11.18, 11.21). I'ayccosckne npoueccwr (11.19,
11.20). BpoyHnosckas sxckypeust (11.22).

Cxema Bepuynnn u npocroe Gnyxkaawwe . . . . . . . .
HopManeioe npubianxenne M GoJjbliKe YKJIOHEHHS AAS GHHOMHAALHOTO
pacupeaenenns (12,1 —12.4), Hopmaabnoe npuGiaHKeHHe AJA Nyacco-
HOBCKOTO, OTPHIATEJBHOTO GHHOMHAJBHOIO K raMMa  pacnpeleneHHR
(125—12.7). Dmnupuyeckan GYHKUMA pacnpeleneHHd, cTaTHCTHRH Kou-
moropoBa—CMmuprosa (12.8—12.10). CxoauMocTs C BeposTHOCTHO 1,
YCHJIEHHK 3aKOH GoJblIMX uucesd, JeMMn Bopens—Kanrenan (12.11—
12.14). Bpemena aoctuxenus (12.15). [Ipesensheie TeopeMnt RIS Npo-
croro Gayxnauua (12.16—12.20). Cpeanee M aucnepcHst BpeMeHH JA0-
cTrkenus (12.21). YcnosHas npegenpHas Tteopema (12.22).

CxonuMoctb pacnpesenennfi, npeobpasopanue Jlanaaca H xapaKTepHCTH-
qJecKHe (QYHKUKH
CxonuMOCTb cayuafiHbIX BeHuHH M pacnpegenerui (13.1—13.10). Ackmn-
TOTHYECKas HOPMaJbHOCTL BHIGOpPOYHHIX KBaHTWieR (13.11). CxomumocTtb
npousBofamnx Pynkuui (13.12—13.14). Hurerpan Pumana—CTHabThbe-
ca, npeoGpasosanue Jlamnaca, dopmyna obpalieHHs, TeopeMa Henpe-
gluaﬂocm, MoMeHTH (13.15—13.30, 13.33). IIpuMenerne npeo6pa3osaHHs

annaca (13.31, 13.32, 13.34, 13.35). XapaktepHcTHuecKHE (YHKIHH

128.
128

143.

174

199
198

223

247



§ 14.

(13.36—13.42). 3akon Goabmux unces B popMe Xununna (13.43). Llenrt-
panbHas npegenpHas Teopema (13.44—13.53). IIpuGanxenne Hempe-
PLIBHOR QYHKIHH TPHIOHOMETDHuecKHMH mnoiauHomamu (13.54), Popmyna
ofpamerus Ajas LeodHclIeHHNX BeauyuH (13.55).

MapgoBckHe MOmedIH . . . . . . ..o,
Heoanopoaroe npoctoe Gayxpanue (14.1—14.9). Iponecc [anntona—
Batcona (14.10—14.24). YcnoBHuit BeTBAWMHKiicA npouece (14.25—14.29).
Berpsuunfics npouecc ¢ napamerpoM p>1 (14.30—14.34). Ipouecew c
ummurpanuelr (14.35—14.37). Bersamuics npouecc B caydalHO# cpexe
(14.38). IHckpeTHHe npoulecCH BOCCTAHOBJIEHHS H MApKOBCKHE LEmH
(14.39—14.48).

Jureparypa
Cnucox 0603HayYyeHHH H COKpPameHHR

277

342
343



I1 peducaosue

HauyrHawomue H3ywaThb TEOPHIO BEPOATHOCTEH CTOAT NEpef ABYMS
npo6reMaMH. Bo-mepBhiX, B NOHHMaHHH NDEAMETAa HCKJIOYHTENLHO BEJHKA pOJbL HH-
TYMTHBHOH 623ni. TeopHio BepoSTHOCTed MOXHO CpPaBHHTb B 3TOM OTHOILEHHH C
TeopeTHuecko# Mexaumnkoil. OJnako, ecaM 3HAKOMCTBO C 3.CMEHTAMH MeXaHHKH
HaYHHAeTC CO WKOJbLHOI CKaMbH H INOAKPEIVIAETCH COGCTBEHHBLIM NpPaKTHYECKHM
ONBLITOM, TO, K COMXAMEHHIO, NMOHATHE BEPOSITHOCTH, KOTOPOE C YCNeXOM MOTJ0o O
6HTb YCBOBHO B CPeRHeH IIKOJe, MOABJSETCH JHlb B BY30BCKHX Kypcax. B pe-
3yJbTaTe CJAYWIATEIM BHEYAEHH CJeA0BaTh 32 (OPMAaNLHO-MATEMATHYECKHMH I10-
CTPOEHHAMH TEOPHH C ellleé He CJOMHBIIMMCH HHTYHTHBHHM GasBcoM. Heyngsm-
TeJBHO, 4TO OGI{MA YPOBEHL BePOSATHOCTHO-CTATHCTHUCCKOR  KVJBTYpPH  OCTaeTcs
daHTacTHuecKH HU3KHM. [lpomecc <«mo3peBaHHA» Jaxe JJH XOPOIIHX CTYAEHTOB
3aTATHBACTCH B CPaBHEHHH C JDYTHMH MaTeMaTHYECKAMH JHCHUIIHHAMH. Iio-BHUAH-
MOMY, HacTala mnopa oOecnmeyHThL NaKeTaMH IPOTPaMM KYPCH TEODHH BepOsTHO-
cTeH, 4TO6H MOXHO OBUIO Ha cOGCTBEHHOM OmnbiTe PaloTH ¢ MOAETHPOBaHHLIMH
RAHHLIMH TOJYYHTL TpPEeACTABJEHHEe O XapakTepe MNpPOSBJEHHS BEPOSATHOCTHLIX 3aKO-
HoMepHocTed. [loka mNpHXOAHTCH oONMpaTbcs Ha TPAAHHHOHHHIA MOAXOA, CBA3aH-
HHIT ¢ ofpaljeHHeM K A3aPTHHM HrpaM, YDIIOBLIM cCXeMaM H T. IL

Bropas npoSseMa H3yualOWiero TEOPHIO BEPOSATHOCTER CBf3aHa ¢ HCMOJb3Ve-
MBIM MAaTEMaTHYECKHM anmapaTtoM. leno B TOM, 4YTo yXe caMule NPOCThE MOJAeIH
NPHBOAAT K BONPOcaM, He BMelaIOIMMCA B DaMKH 371eMeHTapHOH TeopuH. Tak,
dopMyaHpyeMas Ha ypoBHe KOMOGHHATODHORi BepOSITHOCTH 337ava O pa3OopeHHH Hr-
poKa AJs CBOero .JOTHYecKH TOYHOro ofocHoBaHMs TpefyeT ofpalieHHsi K Hecuer-
HBIM TNPOCTPAHCTBAM 3.7€MEHTADHLIX COBHITHH H IIOCTPOERHIO BEeDPOSTHOCTEOR MEpH
Ha unx. CreficTBueM VKa3aHHLIX npobJeM 4AcTO OKa3biBaercs TO, 4TO TEODHA Be-
POATHGCTER NpeBpamrdeTcs B HO.JIVGHIHUECKYIO HAYKy, NDHYEM CTYReHT, KaK npa-
BHJ0, Heé npHoOpeTaeT [OCTAaTOYHOrO YMCGHHS pewaTb THIOBHE 3afa4H HH Ha

YPOBHC coJepxxaTtetbHE!X paccyxzeniit, n¥ Tem 6oJee Ha  ROKHOM YpOBHe
CTPOTOCTH.
OcHOBHOY TMDHHIUIM IOCTPOEHHS NpPeIaracMoro mocoflst — OT 4arTHRIX MOJe-

Jeid K obmKM mnousTiuaM. IlpefcTaBiasficTCs BaXHLIM, UYTOGLI NMOSABAEHHE HOBHIX MNO-
HATHAl 6BLI0 MO BO3MOXHOCTH MOTHBHDOB2HO KOUKPETHLIMH 3alpOCaMH  pelllaeMBIX
3ajal M AHMKTOBAJOCh BHYTPenHeli JIOTHKO!l passHBalouleiics Teopus. B 3sTtoft cBfi-
31 HEOUEHHMYIO IIOMOLIb O0Ka3biBAeT AHaJIH3 NPOCTHX  BEPORTHOCTHHIX MOAE.IeH,
CJIYX4IHX NpoToTHNaMH Gosee ofwMx. [losToMy yxe B mepsoM naparpage mo-
SIB.ISETCA MOJleNIb NPOCTOrO CHMMETPHYHOro OJyxJAauHs, BO BTOPOM — 3ajada o
Pa30OpeHHH HrPOK3a, B TPeTheM — MNyacCOHOBCKHA nponece H 6GPOYHOBCKOE ABHXKe-
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Hue ¥ T. A. (5 cTpeMuics X TOMY, u4TOOH BBOAMMHIE IIOHATHA H METOAH cpasy
epaGoranus. 37eck Hen3GexHB ONpeJelNeHHne H3AepxkH. Tak, MaTeMaTHYecKoe
OXHJaHHe NOfBJAETCS TOJLKO BO BTOPOH IJIaB€ KHHI'M H TeM CaMHIM, €CJH CYAHTh
MO Ha3BaHHSAM TI.1aB, He BXOAHT B <HauaJbHHle INOHATHA TEODHH».) YCJOBHAaf Be-
POSITHOCTL, M3JaraeMasi B § 5, yBS3nBaeTcs ¢ HayajlaMH TEODHH MapKOBCKHX -uernefk
H TNPHMEHEeHHEM K CTATHCTHKE.

OanH ¥3 JEeATMOTHBOB NEPBOR I1aBL HAXOAHT CBOE fIBHOE BOIJomeHHe B § 6,
rie peyb HAeT 06 akcuoMaTHKe KoJMOropoBa H NpPOJOJIKEHHH BEPOSTHOCTHON Me-
pol. Tor daxt, uTo mpouecc OnpeaencHHss BEPOATHOCTH cOOGHTHR c $opmanbHOR
TOYKH 3peHHsl 1nojA0oGeH ONpeJeNeHHI0 TOHATHA mJomaj¥ (Hryp, Kak MHe
npejcTaBaseTcH, AOJXKeH OBITh OCBeIleH yxe Ha HavaJbHOM NepHoAe o6ydeHHs,
0coGEHHO €CIH peyb HAeT O MaTeMaTHueckofi ayaAHTOPHH. YpOBeHh CTpPOrocTH
37eCh MOXeT OniTh pasHniil. B § 6, orMeueHHOM kak GoJiee TPYAHHH 3Be3lOYKOH,
MOXHO IIPH INEDPBOM YTEHHH O3HAaKOMHTbCS C HECKOJLKHMH HadaJbHHIMH CTPaHH-
uami, rae pasbHpaOTCH CBOHCTBA aKCHOMAaTHYECKOTO OOGbeKTa TEOPHH — BEPOSATHO-
CTHOro mnpocTpaHcTsa. [lo Mepe npoiaBHxKeHHs MoXHo ofpamatkes kX § 6 32
CNPaBKAMH IO BONPOCAM NOCTPOEHHS BEPOATHOCTHOH MepPH B DPa3JHYHHIX NPO-
CTPaHCTBaX 3.J€MEeHTapHHIX COGHTHIl,

He 6yner npeyBeindeHWeM CcKa3aTh, YTO B HAEHHOM OTHOWEHHH KHHra IIpH-
MHIK3eT K KJAaCCHYECKOMY HamnpPaBJEHHI0 TEOPHH BEPOATHOCTEH — IIpeje/bHLIM
TeopemaM. OnHaKo, HecMOTPS Ha HOBOJBHO 3HAYMTENbHLIA O6beM mnocobus, 3aech
He Jenaercs INONKTKA CKOJbKO-HHOGYAL NOJHOrO H3JIOXKEHH TPajHUHOHHBIX BOIDO-
COB 3TOro pasfena TeOpHH. 3ajaya KHHIH — INPOGYAHTh HHTEpec K mnpobieMe,
JaTh TNepBOE MNpPEJCTaBJEHHE O METOAAaX HCCJENOBAHHA, COXPaHAf CHTYAUHIO BO3-
MOXHO Gosee mpoctoll. C 3TOM TOYKH 3DEHHN UEHTDA/JLHOE MECTO 3aHHMAET TPEThA
(v nocaepuss) raaBa kHurH. OHa HauMHaeTcs co cxeMu! DepHyanm ¥ mpocrtoro
cnydaiHoro 6nyxnanusa (§ 11, 12). Hecmorps Ha sieMeHTapHB¥® Xxapaktep Mo-
Je1H, OHA INO3BOJAET 3aTPOHYTh TaKHE Ba)KHHIE M HHTepecHLle BOMPOCH, KaK TeO-
PEMY O CXONMMOCTH K YCTOHYHBHIM 3aKOHaM, CXOJAMMOCTb K mpoueccy GpoyHOB-
CKOro [BHXKEHHS, GPOYHOBCKOMY MOCTY, GpPOYHOBCKOR 3KckypcHH. [IpwBoauTcs HH-
TEPCCHAasd CBfA3b C BETBAUIMMHCH mnpoleccaMH. HM3ydenHe mnpejenbHoro mNoBefleHAR
GuHOMHAMLHOrO pacrpefeneHHss B § 12 compoBoxnaercs DOACTBEHHLIMM 3ajada-
MH Ha CXOAHMOCTh K HODMaJLHOMY 33KOHY, CJAYXKaulMMH NOArOTOBKOR k § 13, rae
paccMaTpHBAIOTCA BONPOCK CXOAMMOCTH BEPOATHOCTHHIX pacnpeaeneHnfl, npeo6pa-
3oBaHuit Jlannaca m xapakrepucTnyeckux yHrumil. Mror — wentpannHas npeness-
Has TeopeMa J.J5 HE3aBHCHMBLIX cjiaraemuix. B § 14 paccmarpmsaercss pax Mogae-
Jefl MapKOBCKHMX Lemel: HEOXHOPOAHOE NpocToe GnymAaHHe, BeTBSINMECH NpOLEC-
Chl, NMPOUECCHl C MMMHUIpauueH, BeTBAIIMiACA npouecc B ciayuaiinoi cpeme. Ha astux
npHMEpax AEMOHCTPHDPYIOTCS NMOCTAHOBKH 3ajay, OOLIYHO pacCMaTpPHBAEMLIX B TeO-
PHH MapKOBCKHX Ueneff. UHTaTenb ROArOTaBJHBAETCS K BOCHPHATHIO INPefeibHOR
TEOPEMbl O NEPEXOAHEIX BEPOATHOCTAX H AMCKPETHOI TEOPEMbl BOCCTAHOBJIEHHH, HeM
3aKaHYHMBAETCH KHura. B npomonkenne obmeft JHHMH 37eCh TAKXKE YCTaHaBJHBA-
IOTCA  YCJIOBHHIE IIPE/Ie/IbHEIE TEODEMB! [/ BETBSILMHACHA NPOLECCOB, BKJIOYaf CXO-
AHMOCTb KOHEJHOMEPHHIX pacnpenesdeHnit.

B raaBe BTopoit H3naraercs 6Gosee TPaAHUHOHHKII MaTepHaJ O MaTeMaTHye-
CKOM OXHMJ3HHH, AHMCIIEPCHH, KOBAPHANIAX, YCJIOBHOM MAaTEMaTHYECKOM OMHIAHHH.
YKa3aHO NpPUMEHEHHE K IOCTPOGHHI0 ONTHMAJLHOM B CPEAHEKBaADATHYHOM OLEHKH
¥ K HanayuileMy HECMEIEeHHOMY OUEHHBaHMIO. Pa3BepHyTOe H3/I0XKEHHE TEODHH HH-
Terpala MU MaTEMarTHYECKOro OXHAAHHA cojepXHT § 10, oTMeueHHmi 3Beagouxofl.
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CucrematHuecKoe H3ayueHHe Marteprana § 10 6yxeT mnosesHo JJs MaTeMaTHYECKH
Gosee DOArOTOBJeHHOro uyutarteas, Jlas Tex, Koro He GecIOKOAT BONPOCH MaTeMa-
THYeCKOf ctporocTH, § 10 m panee ymomsiHyTHIt § 6 MOryT CaAyXKHTb AJf CIpPaBOK.

ConepXanWe KHHMH COCTaBIAKT cBulie 450 NpEMepOB M 3ajay, K NOCIEXHHM
K TeKCcTe NpHBeNEHH M[OCTATOYHO MNOAPOGHHIe pelreHus, [Ipumepn M 3agauym CcBs-
3ane GoJee-MeHee eIHHOIl <«CIOXETHOA JHHHEH» H CJAYXAT B NEPBYK Ouyepedb He
0oTpaloOTKe THNOBHIX NPHEMOB pelleHHs 3aJa4, a HanpaBJeHh Ha pa3BHTHE Y UH-
TaTeJqs BKYCa M HAEBHIKOB K A4KTHBHOMY, TBODYECKOMY OCBOEHHIO npeamera. Jas
HayHHAOWETO MOXHO NPELJOXHTb CIeAYIOWHH MeTORX paboThl: NPHMepH BHHMA-
TEJIPHO NPOYHTAIBAKTCA C KapaHgalioM H 6GyMarof, pellleHHe 3afaud pasbupaercs
JHLb I[0CZe HEYRAayHhIX IONbITOK pELIHTs ee CcaMOCTosATeabHO. CielyeT HMETb B
BHIY, UTO BO MHOTHMX CJHy4asiX 3afayd DPAaclo/IOXKeHbl IO THeINOBOMY THIY, a Bech
MaTepHana [OBOJbHO TECHO 3aBfA3aH. Bo3aMOXHO, OfHako, B BHIGOPOUHOE pelleHHe
3a1a4, 4TO O6JeryaeTrcs CChIIKAMH Ha INPeJUIeCTBYIOWIME MaTepHas, HeoOGXOZUMHIR
/I8 pElIeHHs JaHHO# 3afaud. YpoBeHb 3aflay BecbMa HeOJHOPOAeH, Hauboee
TPYAHHE 3a1a4Yd OTMeueHBl 3Be3JO0YKOIl.

Kuura ocHoBara Ha TpamgHUHAX NpPENONABaHHS TEOPHH BepOATHOCTEH Ha Me-
XaHHKO-MaTeMaTHyeckoM @akyabrere MOCKOBCKOro yHHBEpCHTETa, aBTOP HCIOJB3O-
Bajl HayyHhle B METOJHMYECKHe NOCTHXKEHHA, COMEepXKalluecs B PA3IUYHLIX H3JAHHUAX,
CBOA COGCTBEHHBI ONBLIT NpPENOJAaBAHHS H PYKOBOACTBA KYPCOBBLIMH H JHIIOMHLIMH
pab6oramu. ChnHCOK JHTEpaTyphl B KOHUE KHNTH He NpETEHAyeT Ha MOJHOTY, CChIIKH
Ha HayYHY0 NEePHOJAMKY He NPHBEJEHH BBHAY TOr0, YTO 3aHMCTBOBAHHS OTHOCATCH
K 3JIeMEHTADHRIM YaCTHRIM CJIyYasM.

Bupaxaio npusnatenbHocts A. JI. BenTuen o, npouHTaBlieMy KHHFY B Dy-
KONIMCH H CAe/aBllieMy D#AJ UEeHHWX 3aMeuaHH#. ABTop GiaarogapeH kadexpe Teo-
PUM BEPOATHOCTEA M MAaTeMaTHYeCKOR CTAaTHCTHKH JIEHHHTPaJCKOrO YHHBEPCHTETa
u ee 3aBeAywoweMy B. B. [leTpoBy 3a BHHMaTelbHOe OTHOLIEHHE K PYKOIIHCH.
Mnue npusatHo BeIpasuth GaarogapHocts 0. B. IIpoxopoBy 32 mOAIEpRKY.

SI Gnaronapen rinaBHOMY peXakTopy u3farteanctsa A, M. Kamsoanosy
sasenyoweMy penakuueir C. M. 3enenckoMy 3a TBopueckoe ofCyXJAeHHe IJa-
Ha Kuurd. OdopmieHueM pykonucw s o6sizaH T. B, HuctpartoBo#f, a Takxe
CTY[l€HTaM H acoupaHTam Kadeaphl MaTeMaTHUECKOHd CTATHCTHKH H CIyYa@HHIX Ipo-
LECCOB, BCEM MM IPHHOLIY HCKPEHHIOW 6JarofapHOCTb.

MHue nocvacTaIMBHIOCH €O CTYAEHYECKHX BPEMeH HCILITaTh TBOPUECKOE BJIHA-
Hue popororo yuutedss Anapes Huxomaesrmua KoaMoropoBa H 3Ta
KHHra — CKPOMHAasi JaHb ero maMsTH.



Faasa [

HAYAJIbHBIE ITOHATHA

§ 1.

BEPOSITHOCTD
B KJJACCHYECKOH CXEME

Uro Takoe cJay4YaHHOCTh, KaK OHa IDOSIBJfETCH, B
yeM ee npHpojaa’? Teopus BeposfTHOCTEH MpejJaraer MaTeMaTHye-
CKYI0 MojJesb, ONpaBAaBuUIyl0 ce6f NPH HCCIeJOBAHHH MHOTHX fIBJe-
HHH M NpolueccoB, He NOAAAIOUIHXCH YHCTO ACTEPMHHHDOBAHHHIM Me-
TOoAaM aHajgu3a. HarasigHoe npejcraB/ieBHe 0 CAyYadHHX CcOOHTHAX
MOXHO NOJYYHTb, paccMaTPHBasi pa3jHYHHE ONHITH ¢ noabpachHBa-
HHEM MOHeT, HMrpa/ibHRIX KOCTEH, Dasjaued HrpaJbHHX Kapr H AD.
IlonHas HeompeaeJeHHOCTb B HCXOJ€ TAKOrO DOLA ONBITA, Ka3aJgoch
6nl, OTBepraeT BO3MOXKHOCTb YCTAHOBJIEHHS 3/leCh KaKHX-JIH60 3aKOHO-
MepHocreit. OaHako 3To He TaK. XOpOIIo H3BEeCTHO, UTO IpH MHOro-
KPaTHOM [OBTODEHHH ONHITOB HafgiofaeTcs TaK Ha3nBaeMas YCTOH-
YHBOCTb YaCTOT NOSIBJEHHA HcxoZoB. Hue npHBeleHH pe3yabTaTh
3KCIePHMEHTa, HMHTHpyoulero mnoibpachiBaHHe <«HIeaJbHOH» MOHe-
TH. Bcero npomegeHo 10000 HcnuTaHMi#i H BHYHCJEHH OTHOLICHHSH
uHC/Ia MOSIBJEHHH rep6a K uHcay ucnuranuél nocae 100, 200, ..., 900,
1000, 2000, ..., 10000 ucnnTaHui:

0,410 0,400 0,450 0,467 0,476 0,495 0,492 0,495 0,485 0,484
0,489 0,491 0,493 0,492 0,507 0,491 0,497 0,499 0,498.

OTH H MHOTHe JPyrHe 3KCIepHMEHTa/bHHE JaHHHE NDHBOAAT K 3a-
KJIOYEHHIO, YTO NpPH HEOrpaHHYEHHOM NPOAOJKEHHH HCOHWTAHHR IO-
Ao6Horo poja yacroTra HcxoRa crpemurcs K 1/2. [loa6pachpas «ujae-
aJbHYI0» HIrPaJbHYIO KOCTb, MOXHO OOHapyXHTb, UTO HacCTOTH KaX-
Joro H3 6 HCXOZOB NMPHOAHKAIOTCHA C POCTOM YHCJa HCOWTAHUE K 1/6.
B o6uwem cayuae ecad OpPOBOAMTH MHOTOKPAaTHO ONHT ¢ N HCXOAaMH,
HM ONHH H3 KOTOPHX He HMeeT KaKoro-aH6o npeumyliecTBa B pea-
JIM3allMH nepej JAPYTHMH, TO 4YacTOTH ero HcXoJoB Oyayr npubiau-
XKatbest K 1/N. TakoB amnupuseckuil 3aKOH YCTOUHUBOCTU HACTOT.
Kak u m06He ApyrHe sMmHpHYeCKHe 3aKOHOMEDHOCTH, OH IpeACTaB-
Jager cof0H HEKOTOpYIO HAeaJH3alHio NeHCTBHTEJbHRIX OTHOIIEHHH B
npupoje. IIpakTHuecKH HEBO3MOXKHO 06eCNEeUHThb IOJHYI0 CHMMETPHIO
HCXO/10B OMHTA, TaK XKe KaK H HeJb3sl IIDOBECTH HeorpaHHUEeHHYIO ce-
pHI0 HcnHTaHMA. [IpemMymecTBo MaTeMaTHYeCKOrO aHaJH3a sBJe-
HHH 3akJIuaeTcd B TOM, 4YTO pe€aJbHRIM 3aKOHOMEDHOCTSAM OTBeya-
K0T JIOTHYCCKH TOYHHIE YTBEDIKICHHA OTHOCHTEJBHO MaTeMaTHUecKok
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mojenu fBjeHHs. FIMeHHO Tak OGCTOHT Aej0 B © TEOPHEeH BePOSITHO-
cTeit, OMH M3 3aMedyaTeJbHHIX De3yJbTaTOB KOTOPOH — 3akon 60.ab-
wiux uucea — YTBEPXKAAeT, UTO B MojesJH 6GecKOHeYHOH NocJefoBa-
TeNbHOCTH HCIHTAHHH YacTOTH HCXOJO0B CXOAATCH K HEKOTOPHIM IIpe-
JdesbHEIM 3HAYEHHSM.

Ucxoapl onmhTa B TEODHH BEPOSATHOCTH Ha3HWBAKOT IAEMEHTAPHbL-
mu cobeiTusmu. Pe3dyapTaT onnta — Kakoe-HHUOyAb OZHO 3j1eMeH-
TapHoe cob6uTHe., Kak mpaBusio, HHTEpeCc NMpejiCTaBJseT He OTAeJbHOE
3JeMeHTapHoe coOhITHe, a KaKaf-1HO0 ero xapakrepucrtuka. Hanpm-
Mep, NpH H3BJeYeHHH H3 KOJOAW HIrpajbHOM KapTh MOXHO HHTepe-
COBaThCsl €e MacTbl0 HJH 3HauyeHueM. [OBOpPHM, 4TO NpPOH30WIIC CO-
6niTue {u3BneueHa tpeda), ecam Ghla NoNyyeHa OAHA M3 KApT: Ty3
tped, koposb Tped, ... . CobuiTne {u3BseueH Ty3} o3Hayaer, UTO
noaydyeHa OAHA M3 KapT: Ty3 IHK, Ty3 Tped, ... . Booobume noa co-
6biTuem TOHHMAIOT JOrHyeckoe obbelHHeHHe HEKOTOPOH COBOKYIHO-
CTH 3JieMeHTapHhIX cobuTHA. Cunraercs, 4To AaHHoe coOwITHE MNpO-
HCXO/JHT, €CJIM NPOHCXOJAHT JI000e H3 COCTaBJSIOUIHX ero 3ajeMeHTap-
HHX COOLITHH, H He MPOMCXOAHMT — B NPOTHBHOM cayyae. K coOnlTH-
fIM MOXHO NDHMEHSITb pa3JIMYHhle JOrHYecKHe onepauun: \/ (HiH),
& (u), 71 (ue), — (Burekaer). CobutHe A \/ B npoHcXoauT, KOr-
A3 NPOHMCXOAHT XOTH OW OAHO H3 cobuTHA A WK 8, coburTuHe
A&B — xoraa npoucxoastr o6a cobuTtus A H 8, coburHe
—%¢ — ecau He npoucxoaut S£. losopaTt, uto A — B, ecnn cobH-
THe % NpPOHCXOAMT BCeriaa, Koraa npoucxoaut . OTMeTHM, 4To 3HaK
JIOTHYECKOro yMHOeHHs & o6GhYHO ONYCKAKOT M MHUIIYT  AJB BMecTo
A&B.

1.1. 3apgaua. Ilyctv A, 8, €— npoussoabHHE cobHTHA. 3a-
nucaTh BHpaxeHus Aas cobmthit: (I) w3 &, & u % npousouwio
Toabko &¢; (II) npowmsownu A u 8, HO ¥ ne npousow.o; (III) sce
TPpH cobuTus npousownH; (IV) npomsowso xorss 6u oaHo u3 %, %,
¢; (V) npousoulio TONbKO oAHO M3 cobmTHi £, &, ¥; (VI) npouso-
w0 xots 6m ABa cobutus; (VII) nmpousourno Toabko nBa cobHITHA
3 ¢, B, €, (VIII) uu oaHo u3 cobuithit &, %, € ue npoH301LIO;
(IX) npousowio He 6onee AByX cOGHTHI.

[) A(T3B)(196), (1) AB(—8), () A&E, (IV) IV BVE,
W) (A (B) (7€) V (1 4) B (—8) V (74 (18) 8), (V]) (AdB) V
V(AL V(BE), (V) (AB(T¥)V (A(1B)E)V (1A B8),
(VII) (7 A) (1 B) (18), (IX) (—ABE).]

Knaccuueckoe wncuucnenne BepositHoctedt (XVII Bek) paccmart-
PHBAJI0O TaKHE ONKTH, HCXOAW KOTOPHIX 062a1al0T onpeaeseHHOR
CHMMETpHeH, no3BoJsiiolled paccYHTHBAaTb Ha OAHHAKOBYIO BO3MOX-
HOCTb NofBJeHHs Jsio6oro H3 HcxodoB. IlpakTHueckH 3TO o3HauaerT,
YTO NpPH NOBTODEHHH ONHTAa YacTOoTH Bcex ero N Hcxoq0B npubJu-
XKaoTcAd ¢ pPOCTOM 4Hcaa HcnuTtaHuit k N-'. JInf  cobutus ¢, co-
crosimero u3 M ajeMeHTapHBIX cOGHITHH, OTCIOAA CJEAyeT, YTO 4acTo-
Ta €ro NosiBJeHHs (paBHas cyMMe YacTOT COCTABASIOUIMX €ro 3.Je-
MEHTapHHX COGRITHA) CTPEMHTCA C POCTOM 4Hcaa HcnutaHui Kk M/N.
OrtHowenne yncna M sneMeHTapHHX COGHTHI, COCTaBASIOUIHX AaH-
Hoe cobHTHe ¢, K nosHOMY uMcay N sneMeHTapHHX COOHTHIt ONKTA
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C POBHOBO3MONCHLLMIL HCX00aMU HA3nBAETCHA BePOATHOCTHIO COBHI-
THA M.

12. 3agaua. Tpr nHcbMa packnaAblBalOTCH CaAy4aHHO [0 TpeM

KOHBEpPTaM ¢ ajgpecamH. HaHTH BepoSTHOCTH TOrO, YTO XOTH OBl OX-
HO IHCLMO NONAJET B CBOH KOHBEDT.
[[TpeacraBuM BCoBO3MOXKHHE pa3noXeHHst rpadoM, HMEKIHM BHI
TpexnApycuoro xepeBa (puc. l). Tpr 32aHyMepoBaHHHX pefpa, BH-
XOAAI{MX H3 €r0 KOpHS, COOTBETCT-
BYIOT BO3MOMHBIM  HOMEpPaM [H-
CEM, NOMELeHHLIX B KOHBEPT C HO-
mepom l. U3 konua kaxporo pe6-
pa nepBoro spyca BRIXOAAT 1O ABa
pe6pd C BO3MOXMHLIMH HOMEDaMH
IHCEM, NOMEUIEHHBIX B  KOHBEpT
Homep 2. M3 koHUOB pebep BTOpO-
ro sipyca BRIXOAMT IO OJHOMY pe6-
pY ¢ HOMEDOM IIHCbMa, IIOMELIEeH-
Horo B KOHBepT Homep 3. M3 wec-
TH BETBEH JepeBa ueTHpe OTBeya-
I0T HHTEpecylolleMy Hac COGHTHIO,
TaK YTO HCKOMaH BEPOATHOCTh PaB-
Ha 4/6].

1.3, 3agaua. [Isa wapa pas- Puc. 1

MEelaI0TCH CJHy4yailHO 1O TpeM SiH-
kam Ge3 orpaHMueHHil HAa YHCIO wapoB B HAHKe. HaliTy BeposATHOCTB
. TOTO, YTO WIApH NONAAYT B Pa3HLIE AUIHKH,
[3aHyMepyeM wapw ¥ SAILIHKH ¥ ONHMUIEM DPE3yJabTaT PAa3/OXEHHA Na-
po#t (i), {2), i — HOMEp HIIHKA, KyAa IOMEIIEH wap ¢ HoMepoM K.
Beero umeercs 32=9 anemeHTapubx cOGBITHR = (i), I3), H3 KOTOPHX
(1,1), (2,2), (3,3) orBeualoT NOMajaHHIO WAPOB B OAMH SIIHK, 2
ocraBluKecH 6 3neMEHTapHBIX COGHWTHHE COCTaBAAIOT HYXHOe cobHTHE,
€ro BepoATHOCTh paBHa 6/9.]

14. 3angaya. [Tokasate, yto M3 umcen 1, 2, ..., NV MoxHO co-

cTaButh N” pasnuuHbIX nocnefoBarenbHocted w= (i), i3, ..., in), H3
kotopux N(N—1)...(N—n+1) nocnegoBatenbHocTe# COCTOAT H3
Pa3MUHKIX YKcen: {7 npu R#[ (n<N).
[O6o3naunm @, n wyHCHO BCcex mOCAeAOBAaTENbHOCTEH W, Bnn —
YHCI0 MOCAEA0BATENbHOCTEN ¢ NMONMAapHO pPa3nHYHBIMH 4neHaMmu, Pas-
6MBasi Te M JApYrHe INOCJ€J0BATENbHOCTY Ha IOAMHOXECTB3, COCTOM-
ImHe M3 nocnefoBaTtenbHocTed Buaa (1, iy, ..., in), (2, i ..., in), ...
..y (N, ig, ..., in), NONyYaeM peKkyppeHTHHIE COOTHOUIEHHS

(ln,N=Nu.n—1..-\'. ﬁn,N=NBn—1,N—1 '

H3 KOTOPhIX ¢ yueToM a;~=N, B;xr=Fk HaxoauM oTBeT.]

15. 3agaua. Ha sk3ameHe 7 CTYAEHTOB IO OYEPEAH BHITACKH-
BawT 6uneTh, H3 KoTOpWx M — «jerkues», a ocranbine N—M —
«Tpyaubies. KakoBa BEpOSTHOCTb, UTO CTYAEHTY, NpPHIIEALIEMY HA 9K~
3aMeH k-M, OCTaHeTcs Jerkui 6uner, ecnu: (I) BuITaeHHHH Guaer
Hasaj He Bo3Bpawaercs; (II) soaBpamaercs.
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[Tlyets anst onpejpe/eHHOCTH JerkHe OHJeTHl HMEIOT HoMepa oT 1 no
M. B cayuae (I) npeacraBum 3jemeHTapHHE cOoOLITHSL ONKHTa CTPOU-

KamMH o=(i, iy, ..., in), rae ix — Homep OHJeTa, MOJYYEHHOTO
k-m crynerom, k=1, 2, ..., n. Bcero umeercs N(N—l) . (N—n+1)
pasJHYHBIX nocnenoaarenbuocreﬁ o (cM. 1.4). INocnenoBarensHoCTEH
©=(iy, ..., ie—1, f, ix+1, ..., in) € HKCHDOBAHHHM | HMeeTCH

(N—1) (N—2) ...(N—l—(n—1)+ 1), a ¢ m06um j<CM uncao mocae-
noBareapHocTel B M pa3 Gosewe. Otcioga nosyuyaeM HCKOMYKO Be-
posthoctb  M(N—1)...(N—n+1) (N(N—1) ...(N—n+1))"1=M/N.
B cayuae (II) mmeercs N7 snemenTapHHX cOOGHTHH, H3 KOTOPHIX
MNr—! cocraBasitor HHTEpecywulee cOOLITHe, YTO NPHBOAHT K TOH Xe
BepositHocTH M/N, uto u aas (I).].

16. 3agaga. ¥ yeroBeka HMeeTCH n KJlO4el, H3 KOTODHX TOJb-
KO OJAHH NOoAXOAHT K 3aMKy. OH HCOHTHBaeT HX B CJAYYadHOM IOPHAA-
Ke, NoOKa 3aMOK He oTKpoercsi. KakoBa BepOSITHOCTb, 4YTO 3TO IpO-
H3oiaer NpH k-M HcnuTaHHd, ecad: (I) onpo6oBaHHHE H He NORO-
uleAlIHA K4 oTkaaiaHBaercs; (II) Bo3Bpamaercs K oOcCTaJbHHM
KJII0YaM.

[(I)Bynem HcnHTHBATL KJIOYH H NOCJE TOro, KaK 3aMOK OTKDOeT-
¢ (YTO He MeHsieT OTBeTa). 3aHyMepOBaB KJIOYH, ONHILIEM MOPALOK
H3BJEYeHHS TNocJefoBaTeJbHocTbi0 (if, i, ..., in) H3 n Da3JHUYHHIX
yucen oT 1 no n Bcero umeercs n(n—1)...2-1=n! Takux nocaeno-
BaTenbHocTeh (cM. 1.4 npu N=n). IlycTs aas onpeneseHHOCTH HYX-
HHA kJailou HMeer HoMep l. IlocaenoBartennHocTH BHA2 (i), ..., ie—,
1, ie+1, ..., in) OTBEH2IOT COGHITHIO, YTO 3aMOK OTKPHT NpH k-M Hc-
NHT3aHHH, a YHCJIO TaKHX NocienoBaTenbHocred paBHo (n—1)!. Hcko-
Mast BeposiTHocTb paBHa (n—1)!/n!=1/n npu mwo6om k or 1 mo n
B cayyae (II) uncao HenHTaHHR TeOpeTHUECKH HeorpaHHuero, MO-
3TOMYy MHl NOCTaBHM KaKylo-AHO0 rpaHHny N ansf uHcJa HcnbTaHHR
H HaHaeM BepOATHOCTb TOrO, YTO 3aMOK OTKpoercs A0 N-ro HcnuTa-
Huf. UTo6n MOXHO GHIJIO BOCNOJb3OBATBCA CXEMOH ONHTAa c PaBHO-
BO3MOXXHHMH HCXOJaMH, npeacTaBuM cebe, YTO HCIOBITAHHA IPOAOJ-
XKalTcAd H NocJe TOro, KaK 3aMOK OTKphLJICH, H, cJef0BaTeJbHO, pe-
3YJBTAT ONHTA ONHCHIBaeTCH MOCAef0BaTeabHOCTBIO (I, i, ..., in),
rae Kaxuoe i, NMpHHHMaer Jw6oe 3Hadyende or 1 mo n, k=1, 2, ...

N. Bcero umeetrcss n¥ nocJenoBaTeNbHOCTEH, H3 HHX COGHTHIO
{3amoK BrnepBHE OTKPHLICH NDH K-M HCNBITAHHH} OTBEYAIOT NOCJAENO-
BareJbHOCcTH BHAa (iy, ..., ix—1, 1, fet1, ..., in), rO€ LF], ..., 1
#1, ie41, ..., ix — npoHasoabHHe. Otcloga HaxoAHM oTBer: (n—
—1)kInN—*n~N—=(1—1/n)*~!.1/n, KOTOpHE HEe 3aBHCHT OT OrpaHHue-
HH N Ha 4YHc/IO HCIHTaHHH, €CJH TOJBKO AJS AAHHOro R BHIGpATh
N>k, KaxeTcs BnonHe JOTHUHHM NPHHATL pr=(l—1/n)*1.1/n, k=
=1, 2, ..., 32 oreer B 3anage (II). OTMerum, uTo cymma psja p;+
+p2+...=1.]

1.7. 3anaga. [lycTs n 9en0BeK BHICTPaHBAKOTCHA CJAyyafHuM 06-
pasoM B ouepeab. KakoBa BepOSTHOCTb, 4TO MexAy X H Y Oyayr
CTOATH DOBHO I yeJIOBEK.

[[IpucBouB kaxpgoMy H3 n Jioaeit HOMeEp, NpeAcCTaBHM jo6oe pacro-
JIOXKEHHE B Ouepelb NOCAeNOBaTeabHOCTbIO (i, f2, ..., in), TAE ix —
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HOMED 4YEJOBEKa, 3aHHMAKLIETO B OUEpeaH k-e Mecro, k=1, 2, ..., n.
Beero umeercs n(n—1)...2-1=n! pasiuyHnHx nociaeaoBaTebHOCTER
(i1, o ..., in) (cM. 1.4 npr N=n). OGosnauum mx, my Homepa X
u Y. llocnenoBatenbuocreit Buaa (i1, ..., ik—1, Mx, ikt1y ---, bktr, My,
Ansrya, ..., in) TpH buxcHpoBaHHHX k M r mmeerca (n—2)!. Ilepe-
Gupas BceBO3MOXHHE R=1, 2, ..., n—r—] U MeHAA MECTaMH XnunY,
nonyuum 2(n—r—1)(n—2)! pasnHyHHIX paccTaHOBOK, YAOBJETBOPH-
ouux ycriosuo. Mckomas BeposiTHOCT paBHA

2(n—r—1) (n—2)!/n!=2(1—r/(n—1))n~}, r=0, 1, ..., n—2.]

Mycts #&={x,, X3 ..., XN} — npoM3BoJbHoe MHOXectBo H3 N
snementoB. [locnenosarensHocts @=(Xi, Xi, --., Xi,), COCTaBJEH-
HYI0O M3 N Pa3JHYHHIX 3JEMEHTOB MHOXecTBa £, Ha3HBaKT Bu60P-
kod o6vema n 6e3 eso3spaujenus w3 MHoxectBa &, n<N. MHoxecT-
Bo Q={w} Bcex BHGOpOK 6e3 Bo3BpalleHH O0OBEMA N B COOTBETCTBHH
.¢ 1.4 cocrour us N(N—1)...(N—n+1) snementoB. IIpn n=N BH-
Gopky Ge3 Bo3BpauleHH® oObeMa N Ha3HBAKOT NEPEcTAHOBKOI HJR
ynopsdowusanuem  3neMeHTOB  MHoXectBa & . Bcero umeercs
N(N—1)...2-1=N! pa3nIuyHHX NEpecTaHOBOK 3JEMEHTOB MHOXecTBa
& . Caryuadueim avifopom Ge3 goaspaujenus oOGbema N H3 MHOMECT-
Ba & Hasusaercs onwT ¢ N(N—I1)...(N—n+1) paBHOBO3MOXHH-

MH ucxonaMu ©=(xy, Xi, --., xi,). Beibopxod oGwema n ¢ go3spa-
ujenuem u3 MHOXecTBa & Ha3HBAWT NPOH3BOJLHYK IOCAEACBATENb-
Hocth O =(Xy, X1, ..., %), TA€ X, k=1, 2, ..., n,— Bo3MOXHO

NOBTOPSIOIIKECH 3JEMEHTH MHoXecTBa &. B coorserctBH ¢ 1.4 B
muoxecrBe 2'={w’} umeercs N" 3;1eMeHTOB, H YHCJA0 N MOXeT GHTH
B3fTo Jiob6uM. Cayuaidnsim 8bi60pom ¢ Bo3gpaujenuem obnemMa n n3
MHOXecTBa & Ha3HWBaKT ONKWT ¢ N" DaBHOBO3MOXHHMH HCXOAAMR,
NpeACTaBJICHHEIMU 3JEMEHTAMH MHOXecTBa Q'

18. 3apgaua. [loxasatb, yTo N-3/€MEHTHOE MHOMECTBO HMeEeT
C% =N(N—1)...(N—n+1)/n! n-3neMeHTHHEX NOAMHOXECTS.
[[TponaBosbHy BHGOPKY 6e3 BO3BpalleHHH O6GbeMa n M3 MHOMECT-
Ba & ={x1, x2, ..., Xy} MOXHO 06pa3oBaTh, B3fB NOAMHOXECTBO
& =% u3 n 31eMeHTOB M YNOPAAOYHB ero. Tak Kak IOAMHOMECTBO
H3 7l 3JCMEHTOB MOHO YNOPRAOYMTh n! pa3nuuHEIMH crnocobamm, TO,
obosnauuB C}, uucio Bcex n-3JEMEHTHHX NOAMHoXecTs &', noay-

gaem pasectBo Cy-n!=N(N—1)...(N—n+1), OTKyaa HaxozuM
n
Cr.|
B xoMGHHAaTOpHKEe NOJAMHOMECTBO KOHEYHOrO0 MHOXECTBA Ha3WBa-
10T cO4eTaMuem U3 ero aaemenTon. Uucao

o NWN—1)...(N—nt1) _ N
V= nl ! (N — )t

Ha3HBAKOT YHCJOM codyeTaHHit U3 N szemenToB no n 3aemenrtos. [To-
J0xuM gonoanuteabio C4 =1, 01=1, C% =0 npu >N n £<0.Orme-

N—
M ouesHaKoe Toxaectso Ch=C A" .
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18. 3agaua Ycranosuts roxaectso Cn=Cx 1+-Ch_1, pas-

6uBast Bce couetanud H3 N 3/eMEHTOB [0 n Ha coJepXKauue H He
cojepxallie HeKOTOpPH il (PHKCHPOBAHHLIA 3JIEMEHT.
[(loamuoXKectB {Xiyy - - - xin}g{xl, Xs, ...y Xy}, He cojepXkKallux 3.e-
MEHT X, HMCETCf CTOJLEQO K€, CKOJbKO CYUIECTBYET n-3,1eMeHTHHX
OAMHOMXECTB MUGZKOCTBA {Xg, ..., Xxx}, T. e. Ch—1. Bcakoe noamHo-
KecTBO {Xi, -.., X}, cogepxamee 31CMEHT Y;, MOXHO 06pa3oBarth,
NPHCOEAHMHAS 3TOT JEMEHT K JK6oMy (n—1)-31eMeHTHOMY NOAMHO-
}KecTBY MHOXecTBa {X3, ..., Xy}, T2K UTO HX UYHCJIO PaBHO chly.
Cknagmpas Cy' u Ch_y, N0Jy4aeM UHCJI0 BCEX ~M-3;JeMEHTHHIX
IOAMHOXKECTB MuOxkecTBa {x;, Xz, ..., x5}, T. e. C'y.]

1.10. 3angavuva. [loxasats, uto umeercas C%, cTpouek (8, 83, -..
..., Bx) 3 0 u 1, comepxamux poBHO 7 eAHHHU. BuiBecTH oTcroaa
TOXK/1€eCTBO

Ch+Ch4...+Ch=2"

[TlocTaBMM B cOOTBETCTBHE KaXIOMY [OZMHOXECTBY MHOXECTBa
{x1, x2, ..., xx}, BKIKOUAA nycToe, cTpouky (B8,, B2, ..., Ox), rae &=
=], ecIM x; BXOAMT B noaMHoxecTBo, # 8;—0 — B npoTHBHOM cay-
yae. 3TO COOTBETCTBHIE B3aHMHO OAHo3HauHo. OcTaeTcs BOCNOJb3O-
BaTtbes 3zjaveid 1.8.]

1.11. [Tpumep (cuMMeTpuuHOe cJayuaiiHoe Gayxaauue). Pac-
CMOTpHM MoOJeJb NepeMelleHHS HEKOTOPOH YACTHUH [0 UEJIHM TOY-
KaM NpAMOM, NpeAnoJaras, uTO KaXAYK eIMHHLY BPEMEHHM YacTHIa
CABHMraeTci Ha eJHHHYHOE pPACCTOSHHE BIPaBO MJH BJEBO M Hanpas-
JIEHHE JBHXEHHHA onpejaesnsercd cayuadHHIM BHGOpOM ¢ Bo3Bpaule-

HueM M3 MHoxectBa {+1, —1}. Kaxno#t Bwmibopke w=/(x, Xz,

-y Xn),, xi=x1, i=1, 2, ..., n, NIOCTABEM B COOTBETCTBHE TPAEKTO-
pHIO ABHXKeHNSA (Sg, S;, ..., Sa), TAe Sp—a — HauaJbHOE NOJOXKEHHE
YaCTHUH, Sp=Q+X,+...+Xz — e€e MOJOKESHHE B MOMEHT BPEMEHHM
k, k=1, 2, ..., n. OnucanHy® MOJEe]b HA3LIBAKT NPOCTHIM CAYy4ad-

Hoim 6ayscdaHues, 370 GAYKAAHHE CUMMETPUYHO B TOM cMHcJe, 4TO
BHI6OD HampaB.jeHHA Inara KaxAblli pa3 NpoHCXOANT ¢ paBHbIMI Be-
poatHocTaMHE 1/2 (cm. 1.5 (II) npu N=2, M=1).

Mexnay 3neMeHTapHLIMI COGHITHRMH » M TpacKTODHAMH (Sg, Si,. .

.y Sa) NpH (PHKCHPOBAHHOM HAUaJbHCM [OJO0MKEHHH Sy HMeeTcH B3a-
HMHO OJHO3H2aYHOE COOTBETCTBHE. 3TO N03BOJHET NPH BLIUHCJAGHUA HE-
POATHOCTEH pA3JHYHHX COOBITHH, ONHCHBAKIIUX [OBEJelHde TPAEKTO-
PHH OayXIaHHHA, NDOH3IBOAHTL INOACYET TPAEKTOPHH BMECTO 3JE€MEH-
TapHHX cobbitHil. [Ipu u3yueuuum caydafioro 6ayXKA3aHUS o4YeHb NO-
JIEIHWMH OKa3hIBAXIOTCA TreoMeTpHueckMe cooOp4arKeHHs, OCHOBaHHHIE
Ha [IpeACTaBJeHHH TPAEKTODHHM OayXKAaHUA JOMauOH Ha KOOPAHHAT-
HOH nyockoerd ¢ BepwnHaMu (R, si), k=0, 1, 2, ..., n (puc. 2). Ha-
30BEM 3TH JIOMaHHe K J106He Hx oTpe3ku nytamu. HaizoBeM asHHOR
OyTH JJIMHY COOTBETCTBYIOLIErO €My BPEMEHHOro MHTepBana. BeexeM
oGo3Hauenus: Nn, ANA UMcAa nyTed, COEAMHSIOLIMX HAU3NO KOOPAH-
uat (0, 0) c Touxoit (n, R), Panr=Nnr2"".
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B 3apgauax 1.12—1.19 u3yuaioTcs pa3jHYHHE CBOACTB2 TpPaeKTO-
pHHl CHMMETDHYHOro cay4yaiHoro 6JyXAaaHHsS.

1.12. 3axgaua. [lokaaats, uTO N,.,k=Cf,"+"m , ecid k& ® n onm-
HaKOBOH YeTHOCTH, || <n ¥ Nn,=0 B npoTHBHOM cayuae.

J
2
1
0
-7 a
Puc. 2
? ‘
a 0 /] W'
Pn,n h P,
Ta7 10,05~
T | B - > T }'1 S
~10 0 Kk 1 ~20 0 &k 20
n=25 n=700
Puc. 3
[Hyc‘rb Sh=X1+...+xn=kE ¥ M — 4HCIO EAHHHI| B NOCJIEJOBATEIh~
HOCTH (X;, ..., Xn). Toraa m u k cBA3ann ypasHenuem m-(+1)+
+ (n—m)- (—1)=Fk, otkyRa m=(n+k)/2, ecnu n ¥ k oAHOR weTrHO-
ctn. Bruay 1.10 umeerca C7' nocnepoBatesnHocTedt (X1, ..., Xa),

COAEPKALKX M eAHHHL, TaK 4TO Npp=Cl , m= (n+k)/2.]

Ha puc. 3 BepoATHOCTH pPns=Nn:2" npeacT2BieHN BepTHKANL-
HEIMH OTpe3KaMH [JJHHH Pna C OCHOBZHHAMH B Toukax kR ocu abc-
nuce. Kak BHAHO, nogasasiiomiee GONBUINTHCTBO TPAaEKTOPHA OKaHUH-
BaeTcsl B TOYKax K, HeGOJBWHX cpaBHHTenwHO c¢ n. O6pamaer Ha ce-
65 BHMMaHHe TO, 4TO OrubaioluiHe, NPOBEJECHHLIE Yepe3 BEPXHHE KOH-
UB OTPE3KOB AJaA caydaeB n=25 u n=100, npakTHuyeckH He OTJHHa-
I0TCA ApYr OT Apyra (npH BHIGP2HHOM COOTHOILUEHMH ABYX MacluTaboms
rpadHKoB).

1.13. 3axgaua. [JokaiaTe crelylOWHil APUHLLN OTPAICEHURA:
yHcJao myTed, Beaymux #3 ToukH (0, a), a>0, B Touky (n, b), >0,
KOTOphIE AOCTHraloT ocH afclucc, paBHO YHCJAY BceX NyTeH, BeAYHIHX
13 ToukH (0, —@), NONyYeHHONi CHMMETPHYHLIM OTP2XKEHHEM TOUKH
(0, a) orHOcHTENBHO OcH abcuuce, B Touky (7, b) (pHc. 4). Taxum
obpa3oM, umeercd Nnoyp nyreit w3 (0, a) B (n, b), mocTHraomux
oci abenuce, ¥ Ny y_n—Ny n4p TyTEH, €€ HE JOCTHTAIOUIKX.

[OTpa3um oTpe3ok nyTs OT ero Hayana A0 NEPBOR TOYKH NONaAaAHHR
Ha och ablcuMcc CHMMETPHYHO OTHOCHTeNbHO ocH abcuuce (puc. 4) =
TIIOCTaBMM B COOTBETCTBHE KaXKAOA TpaeKTOpPHH (Sqg, Si, ..., Sa), Sa=
=a, §,>0, ..., §t,>0, s/=0, Tpaekropuio (—Sp —Si, ..., —Ss—,
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St ..., Sp). DTo B3aHMHO OJHO3HaYHOE COOTBETCTBHE MEXAY NYTAMH
paccMaTpWBaeMmoro kjaacca M BeeMH nyTaMu u3 (0, —a) B (n, b),

9TO M JOKAa3biBaeT NPHHUMI OTPaXEHHA. |

1.14. 3agaua. [lokasats, 4YTO YHCJOQ IMOJOMXKHTEJbLHLEIX MNYyTeA
aaunn 2n, eaymux w3 (0, 0) B (2n, 2k): s50=0, 5,>0, 5:>0, ...
veny 52n—1>0, §3n=2k>0, paBHO Nzn_190—1—Ngn_12r41, TAE IPH R=n
caeayer mogoXuTh Ngn_ygn31=0. BuBecTH oTcroga, 4TO 4HEJ0 BCeX

NOJOXHUTENLHHX nyTelt AJuHB 2n:5,=0, $,>0, 5:>0, ..., §32>0 pas-
HO Ngn11=Clgp—y, @ UHCJIO TOJOXKHTEJIBHHX INyTed [JHHH 2n-+1
paBHO"2N2n—1,1.

Puc. 4 Puc. 5

[/Iio6oit monoXuTeNbHKA NyTh, HauKMHAWOMMKCH K3 ToukH (0, 0),
npoxoaut yepes touky (1, 1). Uncno nyreit gauvoi 2n—1 na (1, 1)
B (2n, 2k), He pocTHrawomux ocH abcuuce, paBHo BBHAY 1.13
Nan_190—1—Ngn_; 2n41. CyMmupys no k, HaliieM YMCIO BCEX IOJOXKH-
TEJbHEIX NyTeH

k=2

Z (Nan—1,261—Non—1,20 1) = 2 Nin1,26-1— Y, Nany,2e-1=Nan1,1.
k=1 k=1

JII060# NOJOXKHTEJbHLIE NYTh AJHHOH 271 HMEET OPAMHATY KOHEYHOH
TOUKH §,>2, Tak KaK pPaBEHCTBO Sg»=1 HeBo3MoxHO. [Ipoxosxkas
STOT NyTh €lle Ha ORMH LIar, NMOJYYHM I[OJOXKHTEJbHLH NYyTh AJHHOH
2n+1, Tak uto uMcs0 3THX nyTeR paBHO 2Npn_,.]

1.15. 3anaua. [lokazate, yro umeercs 2Ny, HEOTpUUATE/b-

HbIX nyTed aauHO# 2n ¥ Nan—y,1 — AnuHOM 2n—1 (50=0).
([ITepenecem Hauaso m0060Oro NyTH paccMaTPHUBAEMOr0 BHAA B TOUKY
{1, 1) u, ROMOJAHHMB 3TOT NyThb 3BeHOM, coefuHsomum ToukH (0, 0)
n (1, 1), monyunM noOJOXHTEALHKH NyTh HA eAMHHLY OoJbluIeH AJH-
Bul. Ocraercs BocnonbioBaThed aaganei 1.14.]

1.16. 3anavyva. [lokazaTh, 4TO NyTeit AJHHOR 7, Y KOTOPHIX Kpaii-
HAR NpaBas TOYKAa HAHBHCIIAA: S,>Sp, =0, 1, ..., n—I1, croasko
)K€, CKOJIbKO HMEETCH I0JOXKHTEJbHLIX NyTeH, HAYMHAIOUWMXCH H3 TO4-
ku (0, 0).

[Kaxauift nyTs RAKHOM N7 ¢ €IMHCTBEHHEIM MAKCHMYMOM B KOHUEBOI
TOYKE (7, Sn) PaccMOTPHM B CHCTEME KOOPAMHAT X', y’' C HaYajoM B
TOuKe (7, §,) M OCAMHK X, y’, NPOTHBONOJNOXHO HANPaBJEHHRIMH K
X, y (puc. 5) Jlerko BHAeTh, 4TO B cHcTeMe (x’, y') Takoi myTs Gy-
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JAeT IOJOMHTEIbHLEIM, 32 COOTBETCTBHE MEXAy IyTAMH B3aHMHO ORHO-
3HauHo. Bojee ¢opmanbHO: KaXAOMY 3JE€MEHT2DHOMY COGHTHIO w=
= (X, X3, ..., Xn) NIOCTABHM B COOTBETCTBHE OOGPAIUEHHYK IIOCJE0-
BaTeJbHOCTb W*=(Xn, Xn—1, ..., X1), 8 KAXKI0K TpaekTOpPHH (Sp Sy, .- -
5., 5=0, §,=x,+...+x, k=1, ..., n, — Osolictraennyro  1pa-
exTOpuI0 (3, S s St Su=00 Syt Hu_y+-e. + Hnobii =Si—Snbs
k=1,..., n. B takom cayuae s3*>0 npu k=1,...,n o03Hauaer, YTO
S,—5Sn_x>0 npn k=1,...,n, T. e. TOuka (n, §,) — HaWBHCUIAA.]

ITposenennnie B 1.12—1.16 pacyeTnl MO3IBOJAIOT HAUTH BEPOATHO-
CTH psAjga cOOLITHH, OMMCHBAXOMMX [IOBEJEHHE cayyaidHoro 6aympaa-
HUA 2a8aHHOH AauTensHOCTH. IlycTh Oas oNpedesleHHOCTH YacTHua
BBIXOAHT 43 TOukH 0, a 6ayxaaHHe NMPOJOJKAEETCH 2 n €IHHHI[ Bpe-
MeHH. BeposiTHOCTH TOro, YTO B KOHEYHBIH MOMEHT BPEMEHH 27 ua-
cTHUa 6yAeT HaXoAMTbCA B TOYKe 2k, paBHa

Pon,ae = Ca 27",

BeeneMm oraensHoe o603HaveHHe AR BEPOSTHOCTH BO3BPAIUEHHA B
HayaJbHOe COCTOSIHHE

—2n
Uy = Papno= 272 .

BeposiTHOCTB TOrO, YTO B TeYeHHEe BCEro BPeMEHH GIYXMAaHHA YaCTH-
ua 6ydeT HaXOZHThCH Ha I[OJOXHTEJbLHOH moayocH (S.>0, k=
=1,2, ..., 2n), paBua

__ J— | _ —
Nan_1.12 n_ @) g-m_ 1 pnog-2m_ |

=—U. y
nl(n—1)! 2

a2 YTO 4YacTHUa He [IONajeT Ha OTPHUATEJLHYI0 [0JAYOCh — Ugn.

Ecau 6ayxparue Hmeer AJHTENBHOCTb M>2n, TO, B3fAR a6y
H3 P2n,2:2?" TPAGKTODHA OJHTEJBHOCTH 27, OTBEYAIOWIHKX COOGLITHIO
S2n=2R, IIDOROJKHM ee BCEBO3MOXHHMH cloco6aMH IOCJE MOMEHTa
2n. TlonyuuMm pgn2x2212™-27 TpaekTOpHH AJHTEJILHOCTH M, [IPOXOAS-
IMHX B MOMEHT 2n uepe3 Touky 22 CooTmercTByIOWas BepOATHOCTb
PaBHA panax M He 32BHCHT OT M. Knaccuueckas cxeMma OnmlTa ¢ pas-
HOBO3MOXHBIMH HMCXOA2aMH He II03BOJIET PacCMaTPUBAThL BGJYMAaHHE
HEOrPAHMYENHO! AJHMTENILHOCTH, OJHAKO INPOBENEHHLIE PAaCCyXAEHHS
[OKa3bIBAKOT, YTO Pangk JOTHYHO NIPHHATL 33 BEPOATHOCTb COOGLITHA
S2n=2R M B HEOTP2aHHYEHHOM II0 BPEMEHH GJyXMAAHMH. DTOT XE€ BH-
BOA BEpeH H AJf ADYrHX cOGHTHH, ONUCHBAIOMKEX [OBEAEHHE KO-
HEYHOTO OTPe3Ka TPAEKTOPHH.

1.17. 3agaua. [Tonoxum pp=max{Sg, S;, ..., Sa}, ¥ OYCTb Sg=—
=0. IToka3aTts, uto umeercs: (I) Nng—r IyTeH, TAKHX, YTO W7,
sn=Fk; (1) Nagr—x—Nnari2—x NyTeR, TakMx, 4TO pn=r, S.=Rk; (111}
max {Npns, Nary1} nyteit, Takux uto po=r, (k<r).

[Bce nytH co cBoiicTBOM pa>r, S.—k BeayT 43 touku (0, 0) B TOU-
Ky (n, k) M OQOCTHralOT rOpHIOHTAa/NbHOM INpPAMOH ¢ OpPAMHATOR .
Ilp¥MeHsAs NPHHUHKI OTPAaXMEHHH OTHOCHTEJILHO 3TOR NPSMORA, HAXO-
AHM, YTO YHCJO 3THX nyted paBHO Nng—x. PaizfHBas MHOXECTBO
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‘nyteit {n>r, Sn=K} Ha nytH {pn=r, Sn=k} 1 Ha nytH {pa>r+1,
Sn=Fk}, monyuaem, uto uucao nyrte#t B {u.=r, S.=k} paBHO Nnzr—k—
—Nngory2—n. MHoxecTBo nyteit {u,=r} pa3zbuBaeTcsi Ha Henepeceka-
joiHecst NOAMHoxecTBa {un=r, sn=~k} k=r, r—1,.... Otciona uucno
ayreit B {u.=r} paBHo

)‘, (Nn.2r—k—Nn,2r+2-—k)= 7? Nn.!r—k'—

(k<) {k<r}
— Y, Nasa=Nay+ Norpr=max{Nes, Nuyirh,
{k<<r—2)

TAe B IOCAeJHEM PABEHCTBE yYTEHO, 4YTO OAHO H3 uHuceld Na, HaH
Nn,+, paBHo Hymo0.]

Ha puc. 6 BepoATHOCTH n,—Max{Pnr, Pnr+1} TOTO, UTO TPAEKTO-
PHS NJHHOH 7 HMEeT MaKCHMYM BeJHYMHH 7, IDEACT2BJIEHb NpPH n=
=25 BepPTHKaJbHEIMH OTPe3IKaMH NJIHHH §nr, TOROOHO TOMY KaK 3TO

p n=25
a7_ ¢ﬂ,"

|| P |
.. ”
| Y
.
r 1

P

Puc. 6 Puc. 7

‘CAeNaHO Ha pHC. 3 AN BeposTHOCTEH Par. OTauume puc. 6 or puc. 3
COCTOMT JIMIUB B TOM, YTO B3fTa NpaBaf N0JM0BHHZ rpadHka Aas Be-
posiTHOCTeH pnk, @4 YACTOTA OTPE3KOB YJABOEHA 32 CYET NOBTOPEHHS
KaXJ0ro oTpesxa.

1.18. 3agaua. O6oaHauuM T, MOMEHT [EpPBOTO JOCTHXKEHHS

TpaektopHuen (Sg, Si,...,Sn) CBOero Makcumyma (puc. 7):

Ta=1&385, <8y, 5, <8 ...y S_1<C8 528141, -. -y 5128,
[Tokazats, ato npu 0<m<n cOGHTHA Ton—2M H Tzn—2m+1 HMeEOT
paBsHnie BeposiTHOCTH (1/2)Usmlyn—zm, cOOHITHE T2n=0 — BepoATHOCTB

Uzn, COBBITHSA Ton—=1 M T23n—=2n — paBHbIE BEPOSTHOCTH Uzn/2.

[Ameercs (1/2)uzm2?™ nytedr anuHo# 2m, y KOTOPBIX KOHLUEB2H TOY-
Ka — HAWBHICUIAN, M Upn_zm22"~2m nyTed AMMHOK 2n—2m, KOTOpHIE
He [OJAHHMAZIOTCH BHIIEe cBoeit HauaiabHO# Toukd (cm. 1.15, 1.16).
IlpuuaB KoHeunyio Touky mM060ro NyTH M3 NEpPBOR IPYNNH 32 Hayaldb-
HyI0 aas moboro NyTH H3 BTOPOH TIDYNNH, NOJYYHM OYTh AJHHOH
2n, y KOTOpOro nepBoe ROCTHXXEHHE MaKCHMyMa [DOHCXOXHT B MO-
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ment 2m. Orcioga HaxoAHM BEPOATHOCTb COOKITHHE Tox=-2m, O0<m<
<n:
(1/2) ugm2* ™ tpn—pm 220 2m221= (1/2) UpmUzn—om.]

Ha puc. 8 npeacTasneHnl BePOSTHOCTH Unk COOMTHE Tp=Fk na1s
n=25, 50 1 3Hayennk k, BIATHIX uepe3d OANH; TOUKH (B, ani) coell-
HeHnl n.asHo# KpuBodl. Kak BuAHO u3 rpatiika, foseec BCPoITHO, HTO
NyTL AJHHOR 71 AOCTHraer MakciMyMa aub0 B cBocM Hadaqae, 460 B
KOHLE M MeHee BEpPORTHO, YTO MaKCHMYM JocTdractcsl rie-7o Ioce-
peaune. O6paTUM TakKe BHHMaHHE Ha TO, YTO OTHGaICLUIHC BEPXHHX
KOHUOB OTpe3koB npH n=235 H n=>50 noyTH He OTJHMYAIOTCH APYT OT
Apyra (npd BHIGDAHHOM COOTHOLIEHHH MeXJy MacwTafzaMH LABYX
rpadkos).

4 a o
[~ o
Mﬁ nK 402 'ﬁ n,K
I —> 1 >
0 K 25 0 K 50
n =25 n=50
Puc. 8

1.19. 3agaya. O6o3HayuM o©n MOMEHT IOCJEZHEro MONafRaHus
TpaekTopuu (So, i, ..., Sa) B HayagbHOE cocTosiHHe So. Ilokasarts,
YTO cOBLITHE Uz2n=2mM MMEET BEPOSTHOCTb UpmlUgn—zm, Mm=0, 1, ..., n.
[[Tycts sp=0, Bo3bMem m1060# U3 Un2?™ myTell ANMHOW 2m, AIf KO-
TOPHX Sam=0, ¥ nNpoaoMKHM ero JoOuM H3 (1/2)uzn om22"~2 nono-
MHUTEJIBHHX NyTed AnuHoH 2n—2m, nubo nN06KM M3 TaKOro XKe Huc-
1a OoTpHUATeNbHHX nyTei. B peaynbrate mnosnyyaeM  Upm22™Uon gm-
- 22n-2m nyrelt, COCTABAAKUINX COORTHE On—=2M.]

1.20. [Ipumep (ypuoas Mmomens). IlpeacraBuM cebe ypHY ¢
N 3anyMepoB2HHHIMH LIapaMM M PAacCMOTPHM OIKIT [0 H3B/JIEYEHHIO
Hayraa ofHoro wapa. Eciu coaepxuMoe ypHH TINATeJbLHO Nepeme-
UWI2HO, TO PAaCcCMATPHBAEMHH ONKT ABJAAETCH, 0-BHAMMOMY, Haubonee
HarJasgHOH (U3HYEeCKOH MO/eJbI0, WIJIIOCTPUpYlOUle# IOHATHE PaBHO-
BO3MOXHOCTH HCXOA0B. DTOT ONKIT MOMHO HCNOJb30BaTbh KaK MO-
AEJbHHEA U JJf [peACTABJEHHA ONLITOB C HEPaBHOBO3MOMXHKIMHM HC-
xonamu. Mimenno, ecin u3 N wapos M; wapoB okpauess B i-A 1BerT,
i=1, 2, ..., B, M|+_. . +M,=N, 10 nossnedyue NIpu H3IBJEYEHHH lIa-
pa i-ro usera uMeer BeposiTHocTh Pi=Mi/N, i=1, ..., & pi+...+
+pe=]. IlpuHuMas uBeT Iapa 32 «3JEMEHTaDHHHA»®» HCXOA OMKTa,
T. €. paccMaTpHBas B KayecTBe pe3yJbTara ONLTA HE HOMEp H3BJe-
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4eHHOrO lIapa, a ero UBEeT, MPHXOAMM K CXeMe OINHTa C KOHEYHhIM
YHUCJOM HCXOJ0B, BEPOSITHOCTH KOTODBHIX — HEKOTOphle palHOoHAaMb-
HBle YHcJa.

YpHOBas Mmozesnb MO3BOJISET TaKXe peajH30BaTbh CXEMY IMOBTOP-
HOTO cJayyaiiHoro BH6opa. IlpeanosnoxuM, 4To H3 YPHH OAHH 33 ApPY-
THM H3BJEKAaIOTcA Hayraj luaphl, 3aNHCHBAIOTCH HX HOMEpa, a Waph
NPH 3TOM B YPHY He BO3BpallaloTci. Pe3ynbTaT n-KpaTHOro H3BJeye-
HHS INpeAcTaBHM IMOCJef0BaTeNbHOCTbI0O »= (fj, 2, ..., in) HOMEpOB
H3BJIEKaeMuIX I1apOB. JIerko MOHATb, 4YTO NMOAMHOXecTBa {w:{ =R},
k=1, 2, ..., N, sneMeHTapHHIX cOGLITHH 3TOr0 ONBIT4, COOTBETCTBYIO-
wHe N pa3iHYyHHM BO3MOXHOCTSM H3BJEYEHHs MNEepBOro lapa, AO0J-
XHH HMeTb OAHMHaKOBHE BepOSATHOCTH. DHKcHPY® R W paccmaTpHBas
noamHoxkecrBa {w:i=k, ip=l}, [=1, ..., k—1, k+1, ..., N, takxe
NPHXOAHM K 3aKJIOYEHHIO, YTO 3TH NOAMHOMKECTBa [JOJXKHK HMEThb
.OAHHAKOBLIE BEPOSITHOCTH NpPH Bcex !, a Bapbupys R, moayyaem, 4rto
‘Bce NogMHOXecTBa {w:iy=Fk, ip=I[}, k¥, noaXHH OHTbL PaBHOBEpPOAT-
HuMH. Ilpogonxas aToT mpouece, NPHXOAMM K 3aKJIOYEHHIO, YTO 3Jje-
MeHTapHhe cOOGhTHA = (i}, I3, ..., in) PACCMAaTPHBAEMOr0 ONHTAa
clleJyeT CYHTaTb PaBHOBO3MOXHHIMH. Ho 3TOo ¥ ecThb cnyyafiHW#A Bhl-
60p 6e3 BoaspaumeHuss. CinyyailHH# BHGOpP c BO3BpalleHHEM TakKxe
peanH3yerci B YPHOBOH MOJEJH, €CJH KaXXAHH H3BJeYyeHHLH wwap
nocse 3alNHCH €ro HoMepa Bo3Bpalllaercs Hasaj B YPHY, COAepXHMoe
KOTOpO# TIMaTeJbHO nepeMeliHBaercs, YToOn obecneyHBaTh NpPH cJe-
AyIOLleM H3BJEYeHHH DPaBHOBO3MOXKHOCTb Ji06oro u3 N HcXoJo0B.

1.21. 3axaua. [lpou3BoaAHTCH N-KPAaTHHH CJAyYadHHA BHGOP C
BO3BpalleHHeM M3 ypHH ¢ N wapamu, H3 kKotophix M — kpacHHe.
ITokasatk, uto: (I) BepoATHOCTL NMOABNEHHA B BHOOpPKE M KpacHHIX
WapoB INpH HCOHTaHHAX ¢ HoMmepamu K <Ry;<...<Rm panda
pm(1—p)»—m, p=M/N; (11) BeposiTHOCTb TOrO, YTO B BLIGOPKE cOAEp-
JKHTCS M KpacHHX ILIapoB paBHA

pa(m; p)=Cmpn(1—p)r—m, m=0, 1, ..., n, p=M|N.

[Monaras, uro kpacHwe wapw HMeIOT Homepa oT | Ko M, u 3ame-
yas, YTO YHCJO MochaegoBaTenbHocTed  (iy, iz, ..., i), TAKHX, UTO
<M, ..., i, <M, a ocranbuue ix>M (in<N), paBio M™(N—
—M)rm yro u npuBoaut K (I). MHOXecTBO 3J1€MEHTapHHX COOHI-
tit, cocrapnaomux (I1), paso6weM Ha Henepecexkawomuecs MNOAMHO-
XKEeCTBa, ONpejessieMHe MOCAef0BATENbHOCTEIO R <ky<...<Em HO-
MepOB HCIILITAHHH, NPH KOTOPBIX NMOSBHJIHCh KpacHme wapu. YHcao
nocaegoBatenbHoctedt (B, Ry, ..., Bm) coBmagaer ¢ yHcJOM Mm-3je-
MEHTHHX mnoaMuHoxectB {k;, Rg,...,ks} MHOXectBa {l, 2,...,n}
¥ pasio C™. Orcioaa BeposiTHOCTh co6uTHst (II) paBma CTM™(N—
—M)=mN-r=p,(m; p).]

Ha puc. 9 npeacraBieHn BEpOATHOCTH ps(m, p) Ans psiAa 3Ha-
qeHull n U p.

122. lIpumep (pa3mewenHe wapos no swukam). IlpeacraBum
cebe ONBIT, NDH KOTOPOM KaXABH H3 A 1apoB IOMeIlaerca HayAauy
B Ji060#f H3 r SAWMKOB. DneMeHTapHHeE cOOHTHA ONBTa ONHUILIEM
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«cTpoukaMu o= (i}, i3, ..., in), CA€ iy — HOMEp HIUMKA, Kyjaa NOMe-
mer wap ¢ HoMepoM R, =1, 2, ..., r, k=1, 2, ..., n
PaccmaTpuBaeMHt ONBIT MOXHO MOAEAMPOBATE € IOMOIIBIO CJAY-
Yal{HOro NOBTOPHOro BHIOpA: Kajjaoe pa3MelleHue wapa — 3TO CJay-
yaiHL#t BROOpP C BO3BpAIEHHEM M3 HOMEDOB SUIMKOB, KyAa 3TOT lIap
noMewaercd. Bocnosb3oBaBIINCE TaKHM IIPEACTABJIEHHEM, IIOACYH-
TaeM BEePOSTHOCTb TOrO, YTO 3aJaxHbie [ AUMKOB GYAYT COAEPHKAThL B
cymme m mapoB. CuMTaf BHeJeHHhE HUIHKH «KDPACHBIMH lLIapaMH»
ypHOBO# MojenH, nony4yaeM u3 1.21 BepositHocts C Pp™(1—p)n—m,

o=lfr

n=25 p=071 n=25  p=01 n=25 p=04%-
) “l ” ‘ i l l“
| l1l ! Ill.. -.1[] i hh-
g .2 N/ 5 g 10
a ] [
n=50  p=07 n=50 p=02 n=50 p=05
1 ' “ i , “ 7
Alll I ..Ill ,“h... |
) 5 a 10 15 25
T d e
Puc. 9

123. 3anava. Ilyets n wapos cayuafino pasMeuarnTcs 110
# AwekaM, Kak B 1.22 npu r=n, Haktu BeposTHOCTs TOro, 4TO: 4]
Bce AWMKH GyAyr 3araTH; (II) posHo oaMH Amux oxaxercs NyCTHIM
(n>1).
[Paznoxkerus n wapos no n smuxam no ONHOMY B KaXJOM HIIHKe
MOXHO OMHUCATh IIEDECTAHOBKOA M3 HOMEDOB wapoB (ji, ja, ..., ja),
TA€ |, — HOMED 1apa, MOMeINeHHOro B R-H Amuk, k=1, ..., n. Cje-
JI0BATE/IbHO, HMEETCH n! pasMemleHH# ¥ BEPOATHOCTL COGHLITHR (1)
PaBua nl/n", Pasioxenne, oTBeyaomee cobbTHIO (I1), moxno noay-
‘MTh, BHINONHAS 10 OYEPeAM CJeAyIOUIMe ONepauuu: BHGEPeM oaHH
H3 n AUIMKOB H NOMECTHM B Hero o6yl u3 Co nap wapos, B Ge-
PEM ONMH H3 N—] OCTAIOIHXCA HAOIMKOB M OCTAaBHM ero IYCTHIM.
pasaoxuM (n—2)! cnoco6aMu ocraswmecs n—2 wapa 1no ofHOMYy B
n—2 ocTaBWIMXCA AmuKa. Beero moayuaeres nC2(n—1) (n—2)! sa-

‘PH2HTOB pa3MEUIEHHA, 9TO IIPHBORHT K BEPOATHOCTH Cf.nl/n"_]
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124, 3agaua. B cxeme cayuailHoro Bnfopa ¢ Bo3BpalleHHEM
M3 YpHH, copepxameid M kpacinx ¥ N—M uepHEX wapoB, HaHTH
BepOATHOCTH coOuTHE: (I) nepsoMy NOfBJEHHIO B BHIGOpKE KPacHOro
wapa npeamwecrsyer R uepuwx; (II) r-my nosmsnennmio B Bh6Opke
KP4CHOTO 11apa NpeAWecTByeT £ YepHLIX.

[[TycTs kpacHue wape uMmeloT HoMepa oT 1 go M, a uepume — ot
M+1 no N. Cobutue (I) cocToMT M3 Takux w= (i}, iz, ..., ia), 4TO
L>M, b>M, ..., x>M, ks <M, a2 ocTanbHEE KOOPAMHATH ) —

npou3soasHne (ot 1 go N), ero BepoatTHocTs paBHa (N—M)RMX
XNkl [Nn = (1—p)*p, p=M/N. Cobutue (II) cocTout H3 TakmX

w= (i, I3, ..., in), 9TO lk4r<M, cpean KOOpAHHAT iy, Iy .., lktre1
pPOBHO kB uMewT 3HaueHHH >M, KOODAMHATH lg+r+y, ..., in I[POHA-
BoabHH. YHcno cTtpouek (iy, i3, ..., fk4r—1) YK333HHOrO BHAA PaBHG
k r—1
Ciyr—1 (N—M)* M, oTKyRa HckoMas BepoSTHOCTb DaBHA

Chirmt (N— MY M™'MN" "N =Cky rap (1—p)*.]

1.25. 3agaua. B cxeme paaMelleHHss 7 WIAPOB [0 7 SIUIHKAM

(cm. 1.22) naiitu Beponmoc-rb cobuTHa {AIMK c HOMepoM | conep-
XKHUT kj wapos, j=1,2,...,r, ki+k+.. +k,—n}
[Bubepem k&, WapoB M IOMECTHM B NepBHH HALIHK, M3 OCTABLIMXCH
n—k 2 poB cr n—k, Croco6aMH BhiGepem R; 1I2apOB H NOMECTHM HX
BO BTOPO# AINMK M T. A. B peayabTaTe 4ucI0 3J€MEHTapHHIX COGBITHH,
COCTaBJAKIIMX paccMaTpHBaeMoe co6hTHe, paBHO

n!

1 klkgl .. R

[Tonenus Ha obllee YHCIO 3JE€MEHTADHHIX HCXOAOB M, [OJNYYHM HCKO-
MYK BEPOATHOCTA. |

1.26. [TpuMep (pa3aMemeHHe Hepa3JNHYHMHIX UIAPOB [0 HILH-
kaMm). PaccMoTpuM ONMT, NpH KOTOPOM HayRady BhIGHpaeTcH Kakoe-
To pewenue w= (R, Ry ..., k;) ypaBHeHHH B IEJBLIX HEOTPHIATE/Ib-
HbIX uHchnax R;+Ry+Rs... +k,=n. UToOH NOACYHTATH YHCJIO BCEX 3J1€-
MEHTapHHIX COOKITHH (, CONOCTaBHM KaX/A0MY » CJI0BO AJNHHOI n+r—1 U3
CHMBOJIOB # U -+ ,3aMEHHB B CyMMe R+ Ry+...+k,xaxaoe k;>0HaEg;
CHMBOJOB # M oTGpocuB Bce k;=0. Yncsno Bcex TakHX cJ10B DABHO B
coorserctsun ¢ 1.10 Crij_;= Chir—y. Takum o6pa3om, B paccMaTpl-
BaeMoM onbiTe nMeeTc® Chi;., HCXOAOB, KOTOpHE [0JAraeM paBHO-
BO3IMOXHBEIMH.

[TpeanonoXuM, YTO n WAPOB Pa3MellalOTcA 10 7 AIIHKAM Tak,
aTo qi060i wap MokKeT OhIThb noMeleH B Joboft Amuk 6ea orpanuye-
HMA Ha uYHcsao lwapoB B Amukax (cM. 1.22). Kaxpoe paamewenue
MOXHO XapaKTepH3oBaTb cTpoukoi (R, kg, ..., k), rne &, — uucio
11apoB B AlHKe c HoMepom i=1, 2, ..., n, H yxaaaHHeM HOMEpOB R;
11apoB, PACIOJOXKEHHHIX B i-M nuun(e 1—1 2, ..., n. B cootBerct-
BHH ¢ 1.25 umeerca n!/(klky!. . &) paamememm C paclpejneseHHeM
YMCaa 1APOB N0 HIMKAM, 3afaBaeMhim cTpoukod (R, Ry ..., R/).
Ecnu oTOXAECTBHThL BCE TaKHE DAa3MEILEHHH, T. €. He paanma‘rb paa-

k Ry
Cn’ Cn—k, cln—py—...—h
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MCEICHHA, OT.’IH‘(HIOIILHECH TOJIbBKO HOMEpaMH 1UApOB B SAIIHKaX, TO

NpPHJAEM K ONHTY C Crir—1 HcXOAaMH, npHueM Hcxoi (ki, ks, ..., kr)
HMeeT BepOATHOCTh I—"n!/ (kilky! ... k/!). B cBSI3M ¢ 3THM paccMOTpeH-
MHHHE BHIUE ONLT C C,'.+L1 PaBHOBO3MOXHKWMHE HcxogaMu (R, ka, ...
..., R;) Ha3WBAKT cAy4YaHHHIM DAa3MEINEHHEM HEPA3AUYUMbLY IUADOB.
B crarucTHueckoi MexaHHKe paclpeje/iecHHE HEKOTOphIX THIOB 3Ji€-
MEHTapHRIX 4YacTHLU No AYeAKaM, Ha KOTophe pa3GuBaercsl (pasoBoe
NPOCTPAHCTBO, COOTBETCTBYET CXEME pa3MEINEHHS HEpa3JHYHMBIX
1I12poB.

127 3agaua. B cxeme cayvafHoro pasMelneHHds n Hepa3JUHyH-
MHX wapos no r AmukaMm (cM. 1.26) HaATH BepOATHOCTH COGHITHA:
(1) Bce smMKH OokaxyTcd 3aHATHIMH (npH r<n); (II) poBHO m Amm-
KOoB okaxyrtca nycthmu; (I11) sagannne k fAIMHKOB cozepxar B co-
BOKYIHOCTH M 113pPOB.

[(1) YHcao nosoxHTENBHHX peEleHHH ypaBHeHHs R+ Ry+...+ k=
=n cOBNajaeT c YHCJIOM HEOTPHIATEJLHHX pEelleHHR ypaBHeHus [+
+ly+...+l,=n—r, Tak KaK MOXHO NOJOXHTL [;=k;—|, i=],

‘Orciona HckOMasi BEepoATHOCTb paBHA Cil1/Cryr—1. Vnave rosops,
4TOG6H NOJIY4HTE Pa3MeIleHHe 6e3 mycThIX HIHKOB, cHayaja IoMe-
I1aeM B Ka)cAHH AIHK [0 OAHOMY LUApYy, 2 3aTeM pacKJajblBaeM oc-
TaBlIHecH n—f WAPOB [0 7 AIIKKaM JO6bM H3 Chipir—1= ol
cnoco6oB. (II) IlycTHME MOXHO B3siTh Jw06yio #3 C,™ rpynn mo m
SIHKOB, B OCTAIOL[HECH r—M HAILIHKOB HAaA0 pa3J0XHTb N LIAPOB
TaK, 4TOGR HHK2aKOH H3 3THX AIMMKOB He GHJ NycT, 9TO BO3MOXKHO
crenatb Cn1-' cnoco6amn. Otcioga  nodydaem BEPOSATHOCTD
(.""C,'.:'{’_1 Crtr—1. (1II) B 3anannne k SAMMKOB NOMECTHM /M I1apOB
Cr3%—\ Ppa3IHYHBIMH cNOCO6aMH, OCTAOIUMECH M—m LIAPOB paame-
maeM B ocTaibHble r—Fk sMkoB Cromir—k—1 croco6amu. Ilepemuo-

XKHB [OJY4YEHHBIE 4YHCI2 H [OJENHB Ha Ciiry . [OJYYHM HCKOMYIO
BEPOATHOCT. |

1.28. 3axava. IIpoH3BOAMTCHE n-KpaTHHIA cayd4adHHE BHOOD
6e3 BoaBpalneHus ¥3 ypHhl ¢ N wapamH, H3 kotophx M — Kpacuble.
Tloxa3atk, uTo BeposTHOCTh cobutua H—{BHGOpKa CcogEpXKHT M
KpacHHX 1IapoB} paBHa :

Pn(m; N, M)=CHCRTM/CY.

[MHoxecTBO 3JeMeHTapHHX cOOBITHE, cocraBasomux F, pa3obbem
Ha Cn OAMHAKOBHX IO YHCJEHHOCTH 4YaCTeH, COOTBETCTBYIOIIHX OIl-
peiaesieHHOMY Habopy HoMepoB HcnnTaHHi k) <ky;<...<km, mpu xo-
TOPHIX [OSABHJIHCh KpacHWe waphl. YHcjao 3JeMeHTapHBX coOGWTHE C

3afaHHWM HabopoM (ky, &y, ..., km) paBHo
MM—1)...(M—m+1) (N—M) N—M—1)...(N—M— (n—m) +
+1).

B camom nene, npH 3afaHHHXx HoMmepax R, <k:<...<km nossiexus
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KPaCHBIX LI2DOB HMEETCH B3aHMHOE OXHO3HAYHOE COOTBETCTBHE MeEX-
Ay 3J€MEHTaDHHIMHE COORITHAMHI

O=({y, ...y Cby—1s Ly Chyt1s ooy Cky—ly Chas Ekgy 1y - ooy £p)
¥ MapaMK I10CJIeA0BATEILHOCTEH
([1- ey [k,—-l- [k|-1'>-l- -y [k,—l- ikl}—ll ey [n)! (ik,l ik.! ey ikm)l

KOTODhlE HBJAIOTCH BhHIGOpDK2aMH 6e3 BO3BpALIEHHH K3 MHOXECTB H3.
N—M u M s71eMEHTOB COOTBETCTBEHHO.

Bcero umeercs Cn HabopoB (&, ki, ..., Em), TaK uTO coOuITHE
# cocrour K3

Cr (M) (M—m)1) ((N—M)/ (N—M— (n—m))!)

3JleMEeHTapHHX cobuTuit. PaafenHn mosyyeHHOE YKC/JA0 Ha YHCJIO BCEX
3JIEMEHTaDHHX COORITHE ONHTA

N(N—1)...(N—n+1)=NV/ (N—n)\,

HaxXO[HM BEPOSTHOCTb COOhTHS F

a!M! (N — M)! (N — n)! _ CMCN T ]
m(n—m) (M—m) (N—M—(n—m)INt  CY

1.29. IIpuMep (Bmbop Ge3 Bo3mpauleHus ¥ 6ea ydeTa NOPAAKZE
BHYTpH BHGopku). [IpegcranuM ceGe, uTo M3 ypHW c¢ N 3aHymepo-
BaHHKIMH 1IaDaMK H3BJeKaloTcH Oea BoaBpauieHus n< N wapom ¥ oT-
KJaAhBaloTcH 6e3 yvyeTa [OpPAAKAE NoABRJeHHA. TakuM ob6pa3oM, Hcxon
ONkiTa — IoAMHOXecTBO {iy, 3, ..., in} K3 HOMEDPOB H3BJEUEHHKIX
wapos. Bcero umeercs CN NOAMHOXeCTB M3 n 3nementoB. [lonaras

Bce CN 3/€MEHTapHHX COOHTHE DaBHOBO3MOXKHHIMH, IDHXOAHM K
cxeMme cayuaiHoro Bmibopa 6e3 Bo3BpalleHHss KM Oe3 yuera INOpHAKA
BHYTPH BHIGODKH. 3Ta CX€Ma MOXET GhTb IPHMEHEHAZ H B CJYyuae, KOT-
A2 NMPOX3BOAHTCH BHIOOP C y4eTOM [OPSAKZ BHYTPH BLHIGODKH, HO HH-
Tepecyloulee Hac coOLTHE OT 3TOro MOPSAKA HE 3aBHCHT.

1.30. 3axauz. Pewnrrs aagauy 1.28, ucnonnays cxemy 1.29.
[Bce nogMHOMXeCTBa M3 N WIaPOB, CONEPXKAUIHE M KDPACHHIX, MOXHO
NONyuHTh, 06BEAHHAR J1060e K3 Cy IOJAMHOXECTB M3 M KPacHHX
wapos ¢ Mo6uM 3 CN_M NOAMHOXECTB M3 n—MM II3apoB APYTEX
usetoB. Otciona cobutee # coctour 3 CuCN_M 3JEMEHTapHHEIX co-

M n
6uTHit. [Tofenun 310 ykcao Ha uMcao Cy BCeX IJEMEHTapHHIX COOH-
THH, [IOJYYHM OTBET.]



§ 2.

BEPOATHOCTHOE TTPOCTPAHCTBO,
CJIYUAHHBIE BEJIMYHHDI,
PACIIPEJEJIEHHWSA BEPOATHOCTEH

IlpuMepl u 3agaum § 1 HaraAgHO JAEMOHCTPHPYIOT
‘BO3MOXXHOCTH 3HAJIH3a BEPOATHOCTHHIX ONBITOB 34 CYET MX MaTeMaTH-
YECKOro ONHCaHUA, DJeMeHTapHuM cOORITHAM (HCX0AaM) ONHITa CTa-
BATCA BO B3aUMHO ORHO3HAYHOE COOTBETCTBHE TOUKH ® MCKOTOPOroO
MHOXecTBa ), Jio6oe cobuiTHE paccMaTpHBAaETC KaK JOrHYecKoe
-06beAMHEHHE 3JEMEHTAaPHHIX COORITHH M OMHChIBAETCH COOTBETCTBYIO-
KM NOAMHOMecTBOM #3 . Jli1s onbBITOB ¢ PaBHOBO3MOMHKIMH HC-
XOAaMH BEPOATHOCTb COGBITHSA, OMACHIBAEMOro NOAMHOMXecTBOM A=Q,
onpeaensieTcd Kak ortHoweHue Ma/N uyucna M, anementoB B A (1. e.
YKcJa 3JEeMEHTAapPHHIX COOBITHH, COCTaBJAIOINHX 3ajdaHHOe coOnTHE),
K uncay N snementos B © (T. €. NOJHOMY YHCJYy 3JeMEHTapHhIX HC-
xoA0B onuTa). Jas nepexoxa K opMasJbHOH MaTeMaTHYECKORA MOJAeE-
JIK ONMHTa C PAaBHOBO3MOXHKWMH HCXOA2MH OCTaeTcH cles]aTh Iocjej-
HHA 1Iar: BRIHECTH COOTBETCTBHE MeEXAY COOLITHAMM C OLHOH CTOpPO-
HH H NOAMHOMEcCTBaMH M3 Q — C Apyro# 3a npexesh TEODHH, CO-
XpaHAs 3TO COOTBETCTBHE [JH WHTEDNpETALMH MaTEMaTHYECKHX pe-
.3YJIbTATOB, B OGBLABUTL MHOXKECTBO { ¢ ONpEAeNeHHOR Ha ero noA-
MHoxecTtBax Qyukuueir P(A)=Ms/N HenmocpeacTBeHHHM 06LEKTOM
treopuH. Cjeayer npd 3TOM NOAYEPKHYTH, UTO COAEDPKATEJbHAA HHTEp-
IpeTanus BEPOATHOCTHHX MOJEJed Mrpaer peuralomylo poas B dop-
MHDOBaHHM NpobJeMaTHKH TEOpHHM BEPORTHOCTER M METONOB aHajau3a.
He cayuaitio B TeopuM BeposTHOCTER coxpaHsercH Hapsay c dop-
MaJbHOM H COJEpKaTeJNbHAs TEPMHHOJOrHf: mnoAMHOXecTBo A=R
Ha3hBaWT TaKXe cobbiTueM, TOUKy we=Q — 3JzemeHnTapHsim cobbiTu-
es, BMECTO BRID2XCEHHS «NyCThb wEEA» TOBOPAT «NnycTh INPOM3OILLIO
co6utue A». Jloruueckue onepauMu Ha7l COOHTHAMH Kak BhiCKa3hiBa-
HUSIMH [IEPEXOAAT B TEOPETHKO-MHOMECTBEHHHE omnepanHd Hajx cobhl-
THAMH Kak noaMHoxectBamu: AUB, ANB(=AB), A, A=B, oaguaxo
K NOCJEXHHM IPHMEHAETCH TAKME M JOTHUECKad TEPMHUHOJIOTHA:
«npouzouio A unu B», enpousouniy v A, u B», <A He npoxsounos,
«A Baeder B». DakTHYECKH NPH 3TOM NOAPA3yMEBAETCH YyMO3DHTEJb-
HH} 3KCNEDUMEHT — cJaydalHuf BhOOD 3JEeMEeHTa @ M3 MHOMEeCTBa
Q, a cobuTHe A BOCIDHHHMAETCH KaK YTBEpXKjAeHHe wEA.
21 3anava. 3anucaTh B TEOPETHKO-MHOMECTBEHHHX 0603Ha-
YEHHAX cOOHTHA, NpUBeJeHHke B 1.1

[ABC, ABC, ABC, AUBUC, ABCUABCUABC, ABJAC|JBC,
ABCUABC|ABC, ABC, ABC.]

BepostHocts P (A)=M,/N 6uina Beesena B § 1, ocHOBHIBasch Ha
IMIIHPHYECKOM 33KOHE YCTOHYMBOCTH YacTOT: €CJH OILIT, Pe3yJbTa-
TOM KOTOPOro MoXeT 6uTb cobuTHe A, NOBTOPAETCH IIDH HMAEHTHY-
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HHIX YCJOBHfX HeOrpaHHYEHHOE YHCJIO pa3, TO YACTOTa MNOSABJEHHA CO-
6uiTHA A B nepBhHIX 7 HCNBITAHHAX CTPeMHTCH ¢ poctoM n k P(A).
Takum o6pasom, He GynydH B COCTOSHHH OTBETHTb Ha BOMNpOC, NPO-
H3o#iaeT cobuiTHe A B KaXKAOM OTAENbHOM MCINLITAHHH HJH HET, MH
H3MepAeM BO3MOXHOCTb OCYIUECTBJeHHS coOnTHA A npexesbHbLIM
3Hau€HHEM ero 4acTOTH B AJHHHOM paay Hcnumtanuii., Hecmorps Ha
BCI0 B2XHOCTb YAacTOTHOH HHTEPIPETAUHH BEeDOATHOCTH, CJAERAYET NOA-
YEPKHYTh, YTO BEPOATHOCTE KaK YHCJOBAA Mepa BO3MOXHOCTH oOCY-
IIECTBJIEHHs cOOLITHA HMeeT CBOH BHYTPEHHHI, HHTYHTHBHO TpoO-
3payHbI# CMBIC], BHTEKAOWHA H3 HemocpeACTBEHHHX NpeAcTaBaeHHH
06 onnitTe co cNyyaWHHMHM HcXoZaMH. Tak, cKasas, YTO HEKOTOPOE co-
Gutite A uMeer BepOATHOCTb 3/5, MOXHO NpPEACTaBUTb YPHY € 5 wa-
pamH, U3 KOTOPHX 3 KpacHHIX. Toraa coGbiTHe <IPH CJy4aHHOM BhI-
6ope nonyuyeH KpacHHH wWap» ¢ BEPOATHOCTHOX TOYKH 3PEHHSA 3KBH-
BanedtHo A. IlosicHHM, nouemy BHGOD YHMCJAOBOH MepH B BHIE
P(A)=M,/N sBnserca NOCTATOYHO ecTecTBEHHHM. PaccMoTrpuM aas
NpHMEpa ONLIT ¢ HM3BJEYEHHEM HayAauy HrpajbHOH KapTH M3 KOJO-
oel. Be3 Beskoit Teopuu sicHo, uto co6mitHsa {nonyuen Ty3}, {nonyuen
KopoJab}, {moayyeHa maMa} u T. A., WIH coGuITHA {nonyyeHa nHKa},
{monyyena Tpeda} ¥ T. A. HMEIOT OAHHAKOBHIE BO3MOXHOCTH OCYILE-
CTBJIEHHS. JTO O3HauaeT, Yto J06as YHCIOBasA Mepa, NpeTeHAYoOLIAS
Ha pOJib H3MEpHTEJS BO3MOXHOCTH OCYIUECTBJEHHA cOGHITHA B pac-
cMaTpHBaeMON CXeMe, NOJKHAa 33aBHCETb TOJbKO OT uMcna M 3je-
MEHTAaDHBIX COOBITHH, COCTaBJAfAOIUMX 3agaHHoe cobnTHe, W uncna N
Bcex HcxomoB (kapT B konoae). CknagbiBas BMeCTe HECKOJNBKO OXH-
HAKOBHIX KOJIOX, MbI, OYeBHAHO, HE H3MEHHM IlIAaHCOB HACTVILJIEHHH CO-
6uTHit {nonyuen Tys}, {noNyyeHa nuka} ¥ T. 4., TAK YTO UHCJIOBAsT Me-
pa noiXHa 3aBHceth oT M u N uepe3 ux oTHouwesue. BuGop B Ka-
yecTBe TaKOH MepH camoro otHoweHus M/N umeer HecoOMHeHHbIE
npeuMyllecTBa elle U noroMy, uto Mepa P(A) o6namaer pecbMa npH-
BJIEKATEJbHHM CBOHCTBOM aXJAHTHBHOCTH

P(AUB)=P (A)+P(B), ecan AB=O.

310 cBOHCTBO 0GBEXHHAET NMOHATHE BEPOATHOCTH C NOHATHAMH (GU3HK-
yecKo#i Macchl, AJHHE, NJIOILIAAH H AP.

BeposiTHOCTHYI0 Mepy J100NpelesisioT Ha NYCTOM MOIMHOXECTBE,
nonaras P (LJ)=0, uto naer 3HauMTesJbHHE TEXHHYECKHe yA06CTBa.

22 3anauva. M3 agautuBHocTH BepostTHocTHOH Mepn P (A) Bhl-
BECTH CJelylolllue ee CBONCTBA:

(I) P(A)=1—P(A);

(II) ecnn B=A, 1o P(AE€ B)=P(A)—P(B), A© B=AB;

(II1) ecnu B=A, 10 P(B)<P(A);

(1V) P(AUB) =P(A) + P(B)—P(AB);

(V) P(AUB)<P(A)+P(B);

(Vvl) P(AUBJC)=P(A)+P(B)+P(C)—P(AB)—P(AC)—

—P(BC)+P(ABC).

[(1) 1=P(Q)=P(AUA)=P(A)+P(A), tak kak AA=Q. (11) P(A)=
=P (ABUB)=P (AB)+P(B), tak xak ABB=O. (IV) I[lpeacrasus
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cobuthe AUB B BHAe o6belMHEHHMS Tpex HemepeceKamOIHXcH cofinl-
tuh AAB, AB, BAB u socnosnb3oBasuinck cBoictBoM (II), monyyaem

P(AUB)=P (AAB)+P(AB)+P(BAB)=P(A)—P(AB)+
+P(AB)+P(B)—P(AB)=P(A)+P(B)—P(AB).

(V)  P(AUBUC)=P ((AUB)UC)=P (AUB) + P (C)—P ((AUB) C)=
=P(A)+P(B)—P(AB)+P(C)—P(AC)—P(BC)+P(ABC).]

Ha puc. 10, 11, uaawoctprpyo-
wux ¢opmyan (IV), (VI), MHOXKe- A 8 A 8
ctBa A, B, C npenctaBieHu Kpyx-
KaMHK, uHGpaMH YykasaHa Kpar-
HOCTb, € KOTOpO# ¢opMyaa nox
PHCYHKOM YYHTHIBAET Mepy Kax-
J0R obaacTH.

23. 3axgava. Pemurs 3anauy

P(A) + P(8) P(A)+ P(B)~P(4B)

12 ¢ nomomsw dopmyan 2.2 Puc. 10
(VD).
[[Tycts A; — coObiTHe ¢i-e MMCHMO NONaJ0 B CBOH KOHBEPT», i=

=], 2, 3. ViMeercs aBa pa3soXeHHs NIHceM 10 KOHBEPTAM, OTBEYAlK0-
wue cobutuo A; Coburtue A;A; is£j, coBnanaer ¢ A;AxAd;, u emy

COOTBETCTBYET O/HO pa3joXKeHHe. YUMTHBas, YTO Bcero uMmeercs 3!=
=6 pasnomenuit, moaydaem P(A,UAUA;)=3-2/6—3-1/6+ 1/6=4/6.]
OnuT ¢ paBHOBO3MOXHBIMM HCcXORaMH npeactasasier coboit onpe-

8 8

A A A
b

%5 G%b ‘;ﬂb

P(A) +P{B) +P(L) P(A)+P[BY+P(C}-  P{A)+P(B)+P(C)-
-P[AB) — P(AC) - —P(AB) — P(AC)-
-P(B() —D(BC) + P{ABC)

Puc. 11

Aelennyn HAEaJH3AUMI0 AEHCTBHTEIBHOCTH, JI0Bif MOHETA, Hrpalb-
Hast KocTb He abco/MI0OTHO CHMMETPHYHH, H, IIPOBOISN OYeHb GoJjslioe
Y}CJI0 HMCNBITAHMH, OOHAPYAHM, YTO HacCINThl KCXOIOB OTKJ/OHHKIOTCH
or N-! Gonablle, yeM 3TO C.1e€40B2.10 Ol OXKHAJTL B NpEANOI0OAEIHH
pPaBHOBO3MOXKHOCTH Bcex N ncxozoB. dMIHDHYecKHil 3aKOH ycTofiuM-
BOCTH 4YacCTOT TEM He Melee Bhill0.IHHeTCH, OAHAKO lpejJeJbHHE YaACTO-
TH p;, i=1, 2, ..., N HCXOROB 0Ka3bIBAKICTCH HEKOTOPHIMH YHCJAIMH,
BooGue rosops orauduHuMu ot N-'. MIx ¥ cienyer npuusTh 3a Be-
POATHOCTH 3JEMEHTAapHHX COOWITHI. YYUTHBAaA, 4TO Ipele]bHas 4a-
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CTOT2 NOSBJEHHSA JI060ro cOGLITHE paBHA CyMMeE YacTOT COCT@BJISIO--
LIKX €ro 3JeMEHTapHHX COOLITHH, NPUXOAMM K CJeAYOIEeR marema-
THYECKOK MOJEJH OnbiTa, HCXOAHW KOTOoporo, Boo6le roBops, He pas-
HOBO3MOJXHHI.

[Tyers Q={w} — DpoH3BO/MBHOE KOHEYHOE HJIM CYETHOE MHOMXKECT-
BO, KOTODOE Ha30BEM  NPOCTPAKCTBOM 3AeMenTapuulx cobsbirud,
p(w) — uucnosas pysxkuus Ha Q, 0<p(u) <], u

Eweﬂp ((1)) = 1-

KOTOPYX Ha3oBeM pacnpedenenuem 8eposTrocred na Q. Bepoarnocre
awboro cobutus A=Q onpenenuMm dbopMynoi

P(A)= Y, r() P(@)=0.

wE 4

OrMmeruM, 4yTO B cayuyae GeckoHeuHoro {2 cyMMa GecKOHEUHOro 9HcJaa
CJaraeMuXx NOHUMAercH KakK psAjA, NpPHYEM BBHAY HEOTPHUATENbHO-
CTH cJaraeMblx crnocof YNOpsAOYHBaHHA YJEHOB PfAAa HECYIIECTBEH.

Ecax Q B3STO KOHEYHHIM, 2 pacnpegeseHHe BEPOSTHOCTEH DaBHO-
mepio (p(w)=const), To nonyuaem MoOZeJb ONHTa ¢ PaBHOBO3IMOXK-
HHIMK HcXofaMH. B ofumeM ciayuae BepofiTHOCTHas Moaenab (R, p(w))
Ha3nBaeTcR OUCKDETHLIM BePOATHOCTHLIM NPOCTPAHCTBOM. DyHKUHS
P(A), onpeneneHHas Ha nogMHoXecTBax A, Ha3WBaeTcs BePOATHO-
crhod mepod. Ona, oUeBHAHO, aAXKTHBHA

P (AUB)=P(A)+P(B), ecin AB=0,

H, CJ€l0BaTeNbHO, 06aadeT CBORCTBAMH, KOTOphle B 3agaue 2.2 npH-
BEIEHH AJf cJaydas DaBHOMEDHOrOo pacnpelejeHHS BepOATHOCTEH.
Jas GeckoHeuHoro 2 no6aBisieTcs pacIIMPEHHOE CBOHRCTBO aAJHTHB-
HOCTH, Ha3hlBaeMoe c¥eTHOU a00uTuBROCTHIO:

P(lg A)=Y,P(A)  ecru AA; =@ npu i

i=l

B camom jgene,

Y r@=Y ¥ r0=Y.PA),

w€UA, () we A )

rl€ NepecTaHOBKA UJEHOB pRAa 32KOHHZ B CHJY HX HEOTPHUATENb-
HOCTH.

Mpocrpancteo (2, p(w)) c paBHOMEpHWM pacnpejeneHHEM Be-
posTHOcTeR pP(w)=const MOXeT cJAyXHTh HCTOUHHKOM MHOTHX HHTe-
PECHLIX NPHMEPOB AMCKPETHLIX BEPORTHOCTHBIX NPOCTPAHCTB 3a cYET
&CKJIEHBAaHUSA» 3JEMEHTaPHHX coOHTHE ®. Tak, ecin w3 N wapoB B
ypHoBo# Moaenn (cM. 1.20) M; wapoB okpaweHw B [-# uBeT, i=
=1, 2, ..., k, M{+My+.. .+ M;=N, 1o, o6pamas BHHMAHHE J[HIb
Ha UBET H3BJEYEHHOr0 WIapa, NPHXOAMM K ONHTY € 2 HCXOZ2aMH H BE-
posATHOCTAMH HcxomoB p;i=M,/N, i=1, ..., k. B obmeM caydae nyctb
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B,, B;, ... — npou3BoJbHa# COBOKYIHOCTE [ONapHO Helepecekalo-
muxca cobuTtuit B;Q, B cyMme cocTaBasiiolux Bee Q:

Q=U.,Bi, BiBj=C npu i#j.

Haaosem cucreMy cobutu#t By, B,, ... pa3buenuem npoctpancrsa
WK noanod epynnoit cobeitui. BeegeM oro6paxenue X(w) mpo-
cTpanctBa Q Ha HekoTopoe MHoOXecTBo & ={x), X3, ...}, IpH KOTOpOM
Bce weEB; nepexoast B xi: X (w)=x; npu w8, i=1, 2, ... . Beegem
Ha & uHcaoBY10 QyHKUMIO Px (x;) =P (B;). Tax xak

)) px(x)=ZP(Bi)=P(HB.-)=P(9)=n.

ZEXL {1}

T0 px(x) — pacnpenenexue BeposiTHocTe# Ha Z. JluckperHoe Bepo-:
ATHOCTHOEe npoctpancteo (&, px(x)) Ha3wBaloT UHOYYUPOBAHHLLM
(noposxcdennbim) oroGpaxenuem X.

24 Jlpumep (6GunHomuannHoe pacnpegenenue). B Mogean
n-kpaTHoro caydaiHoro Bm6opa c Bo3BpalleHHeM M3 YDHH C JRoJsed
p KpacHHX L1AapoB DAaCCMOTPHM MOJHYIO CPyNny co6uHTHE Br={BH-

6opka coaepXuT k kpacHux wapos}, k=0, 1, ..., n. Oto6paxenue-
X(w)=k, weBy, k=0, 1, ..., n, nopoxnaaer pacnpejpeneHue BEpPONAT--
HocTeit Ha MHOXectBe £={0, 1, ..., n} (cm. 1.21):

px (k) =pn(k, p)=Ca*p*(1—p)™*, k=0, 1, ..., n.

Orciona caepyer, uro
n
Y Cir(l—p =1
k=0

npu gao6oM pauuvonaneHoM p, 0<p<1. Beibpas nocsenoBaTeNkHOCTS -
PaLMOHAJILHLIX YHCeJ, CXOAfAINYIOCH K 3aRaHHOMY JAeHCTBUTEJLHOMY
yucny 0<p<1, nonyvaem, 4TO NpeAHAyliee paBeHCTBO CNPaBEAJMBO -
npu jio6om AeictBuTensHoM 0<p<1. ITO 3HAYMUT, UTO HA MHOMKECT-
Be & hyHKuus p,(k, p) 3agaer pacnpeneseHde BepOSTHOCTed mpH
aoboM 0<p<1. Pacnpenenenue p.(k, p) HaswBaeTcs GuHOMUAADL-
HbIM C napaMeTpamu n u p.

25. [Ipumep (ucnuranus Bepuynau). Ilpoctpancteo Q B 2.4
oto6pa3uM Ha MHoXecTBOo &.={(x;, ..., X2)} Bcex nocrefoBaTeNLHO-
creit u3 0 u 1, nonaras x;=1, ecnu i-it wap kpacunit, ¥ x;=0 — B
NpOTUBHOM cayuae. Torga (cM. 1.21)

Px(®)=pn(1—p)", s,=x,+...+ %,

Ilpu stom

Y rra—p =Y crpn(l—p =1
m=0

xeﬂ"l
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ITpexnonoxum teneps, 4yTo 0<p<1 — npou3aBosbHOE AeHCTBHTENb-
Hoe yHcno. DyHKUHMA

p(x):pln(l__p)n—snv sn=x1+ Ce +xm

Kak BhiTekaer u3 2.4, 3anaer Ha &, pacnpejeleHHe BepOSTHOCTEH.
JIHCKpeTHOe BePOSTHOCTHOE NPOCTPAHCTBO (&, p(X)) Haswpawr n
ucnoitanuamy Bepuyaau c sepoaTnHocTsio ycnexa p. B ypHOBOH MH-
TepnpeTallHy ycnex — MOsBJEHHe KPacHOro wapa.

Otob6paxenne Y (x)=x,+...+ X, npoctpaictBa &. Ha MHOXeCT-
Bo ={0, 1, ..., n} nopoxnaer na %/ 6GHHOMHAIbLHOE pacnpeiejeHHe

py(k)=Ck pr(1—p)r*, k=0, 1, ..., n.

26. 3agaua. PaccmoTpum orobpaxenue npoctpaHctea (Zn,
p(x)) wcnuranuit BepHynnn Ha MHoXecTBo £ .—={0, 1}*, m<

<n:(xy, ..., Xa)—>(xy, ..., xm). [Nokaszats, u4TO 3TO OTOGpamenue
nopoXaaer M ucnoeiTaHuit  BepHyaan. AuHanoruyHoe yTaepXaeHHe
.CIIPaBE/THBO I A1 OTOGpameHus (X, .- ., X5) = (Xi, Xi, .- ., Xi,), TAE

1< <i,<...<i,<n (UKCHPOBAHH.

[B ypHomo# HHTepnpeTauuu cHoOpMyJHPOBAHHOE YTBEDXAEHHE O3Ha-

YaeT, YTO €CAH NpH cAyyaHHOM 7-KpaTHOM BHGOpDe ¢ BO3BpalleHHEM

OTMEYaTh JIHWbL DE3yJbTaTH HCOHTAHHX ¢ HoMepaMH [, i, ...
.y im, TO T©nOAYYHM  cayuaiiHylo BoOODKY ¢ BO3BpalleHHeM

o6nema m. YTBepXjitHHe [NPEACTABNAETCS OYEBHAHWM, HO AaH

HDpZUHOHANBHOIO p Bce Xe TpebyeT Joxa3artenncTBa. PuKcHpyeM

NPOH3BOJLHYIO NocnefoBaTenbHocts Y= (Y, ..., Ym) H3 0 n 1. 3a-
METHB, YTO P)=p(xy, .-y X)=P(Xps -y X)) P (Xmirs -« oy Xp)
Ha#ieMm BepofiTHOCTh cobuiTus By={x:x;=y,, ..., Xa—Ym), 4TO Nep-
BHI? /71 HCIINTAHHUK NPHBENN K Pe3yabTaty y= (Y1, -.., Ym):
P(BH): T p(xll oo X (Xmiay ey x,,)=p(y1, oo Ym) X
rEBy
X 2 p(xli14.'1| ey xn)zp(yl' RN ym)']
(Xpyp X)) €Ty

@ yHKIMH, OTCOpPAXKAKILNE JIMCKPETHOE BCDONTHOCTHOE MPOCTPUH-
ctBo (Q( p(w)) B uncrosyio npamyio R, HaiWBalT JUCKLOTHbLMU
cayuwadnnsn ecaununciiu (ca. B.). Ilyets X(w) — Herortopas coty-
Yaiuas Beanuuna, & — MHOXECTBO 3HaucHui X, px(¥) — pacmpe-
LeneHHe BeposiTHoCTEH Ha &, 3anaBaeMoe GopMynoil

px(¥)= Y  p=P:X(©)=2x.

{@: X (r) =x}

Pacrpencnenne px(x) uaswsaior  pacnpedesciucs  8epoarHocrsil
ca. g. X; npi QUKCHPCBAZHHOM X P (X) 1a3WIBAIOT GCPOATHOCTLIO 3HA-
venun x ca. 8. X.

B sunayxtespnoit yactu npumepos n 3agay § 1 Ha camoM jeje
BHIYUCIAIOCh pAacnpeicjdeHHe BepOSTHOCTEll PA3JNHYHBIX  CAyYaHHBIX
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Bestuyuy, Tax, uvcao mpo6, noka He 6yner HaWjeH HYXKHHH K04 B
1.6 (I), uMmeer pasHomepHOe DpaclipeleJ]eHHE BeposiTHOCTeH: p(x)=
=n~! npu x=1, 2, ..., n; 4Hca0 yesnoBek Mexay A u B npu cayuai-
HOll paccTaHOBKe B DS 7 YeJoBeK B 1.7 HMeeT pacnpejelieHHe Bepo-
atHoctel p(x)=2(1—x/(n—1))n-!, x=0, 1, ..., n—2; cn. B. Sn —
NOJIOXXEHHE YACTHIHL B MOMEHT BDEMEHH 7 B CPIMMCTPH'—IHOM cayday-
HOM 6JyXKI3aHWH — MMeeT paclpenesncHue p (k)= SHR29—n k| <
<n, B OfHOH YETHOCTH C 7. :

Ca. B. X ¢ pacnpeneneHHeM BeposSiTHOCTeH px(X) mopoxnaaer muc--
KpeTHOe BeposiTHOCTHoe mnpoctpanctBo (#, px(x)). Haobopor, ecan
HMeeTcs NPOM3BOJIbHOE JHCKPETHOE BEpPOSITHOCTHOE IIPOCTPAHCTRO -
(Z, p(x)), rne =R, To MOXHO NOCTPOUTH cJ. B. X, IS KOTOPOH
px(x)=p(x). UMenHo, onpenenum ca. B. X xak ¢yukuuio Ha £, no-
naras X(x)=x, Tak 4to cobutHe {ca. B. X mpuHsna 3HAUYeHHE x} —
3JieMeHTapHoe cOoOLITHE BEPOSITHOCTHOrO IpocTpaHcrBa (£, p(x)) w
uMeer BepoATHOCTh p(x). Tak ompeneseHHass ciyyailHas BeJHYMHA
Ha3nBaeTcs Henocpedcraento 3adannoil. OrMedenHoe o6CTOSITENBCT--
BO INO3BOJISIET OBOPHTb O cJAyuyalHOH BeJMYHHe ¢ 3aJaHHBIM pacrpe-
IefeHHeM BePOSATHOCTeH OE30THOCHTENBHO K BEPOSTHOCTHOMY MpO-
CTPaHCTBY, Ha KOTOPOM QHa ONpeJesieHa, NOCKOJbKY MOXHO CUHTaTh,
YTO CJyqadHas BeJHUYMHA HENOCPEeACTBEHHO 3ajaHa. B onpenenennoM
CMEBICJIe cay4adHasi BeJIMYHHA M NOPOXKAECHHOE €10 BEPOSITHOCTHOE
[POCTPAHCTBO — 3KBHBAJEHTHbie (OPMH MNpeNCTABJIEHHS BEPOSATHO-
CTHOrQ OMBITA.

[Ipeano/ioXum, 4To Ha BEpPOSTHOCTHOM mnpoctpancTBe {Q, p(w)}
paccmatpuBaercss Habop cl1. B. X(0)=(X(w), ..., Xn(w@)). Ha mzO-
xectBe L =& XTyX ... XL, 3HaueHHR  cay4aino0z0  BEKTOPA
X(w) orob6paxenne X (o) HHAYLUMpPYET BEpPOSTHOCTHOE pacnpeie.le-
HHE px (X), KOTOpOe Ha3bBAIOT COBMECTHBIM pacnpedesenHuem 8epo-
ATHOCTell cnydyalHex BenHuHH X, ..., X». Kak ¥ B onHoMepHOM:
cnyyae, jgroboe pacnpeneneHde BeposiTHOCTed p(X) Ha L =L X ...
... X, T103BONSET ONPEAE/HTb HENOCPEACTBEHHO HABOP cJAyYaiiHBIX
Beauyud X (X)=x,, ..., Xn(X)=xa, X=(X1, ..., Xn), C COBMECTHHIM
pacnpeneneHdeM BeposiTHocteR p(x). Kak npumep npuBeaeM mnapy
CJIYYaHHHX BEAHUMH: M, — MaKCHMYM TPaeKTOPHH CHMMETPHYHOTO-
cayyaiHoro Oay)XKAaHHs NJHTENbHOCTH 1, S, — mnoJoXeHHe 6JayxKAa-
IOIEeH yacTHUH B KOHEYHbIH MOMeHT BpeMeHH. HMx coBMecTHoe pac-
npenenenue BeposTHocTed (cM. 1.17)

pM s (r, k)=2—-n (C’r;}-(n—k)/2__c’rl+l+(fl-k)/2)’
n'-n

rae Cn monaraercs papHbIM vy npu j<0, j>n u j He uesoMm.

B xauecTBe apyroro npumepa paccMoTpuM Habop cnydyaluhx Be-
anyun X=(X,, ..., X,), npunumamomux 3xavenus O u 1, KOTophle 3a-
AaquM COBMECTHBIM pachpepejeHueM

5 —
Py ) =p"(L—=p) ™ X=(xy -\ Xy Su=Xy ... X

Ha6op cayvaiinnx seanuun X NopoxXJaeT n HCNHITaHHR DepHynnu:
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¢ BEpOSITHOCTBIO yclexa (BHnaleHHs 1), paBHO#H p; nnas nocjaenoBa-
TeJbHOCTH ¢i. B. X, Xp, ..., Xn coxpausiercs Ha3BaHHe HCIBITAHUSA
BepHyaau.

27. 3apaua. [lokazars, uto aas Jwboro pazbuenus By, By, ...
BEPOSITHOCTHOrO INpocTpaHcTBa M Awboro cobertusi A crnpasepauBa
bopMyaa

P(A) =Y P(4B,).
(%}

[[Tepecekas o6e uactn paBeHcTBa Q= z,Br ¢ cobeituem A, moayua-
eM A=U,AByr Ocraercsi BocnoJb3oBarbcsi (CUETHOH) — aAJHTHBHO-
CTBIO BEPOATHOCTHOH Mephl P.]

28. 3anaua. HssectHo coBmecTHOe pacnpenenende Pxy(X, y)
napu cayuaiiubix Beanuun X, Y. IToxkasate, 4TO 4yacTHBle paclpene-

JeHuss px(x) u pr(y) BulpaxaloTcs dYepe3 IIX coBMecTHoe dopMmy.a-
MH

Px() =Py y (% 1), Py ()= Pry(% B,
W {x}

rae CyMMHpOBaHHWe Befercs [0 MHoxectBaM %, & 3HaueHH# ca. B.
Y u ca. B. X coorBercrBenHo. OGo6uiuTh YyTBEpPXKAEHHE Ha IPOHM3-
BOJILHOE YHCJIO CAydY2iHBIX BETHIHH.

[Cobbitust Ax={w:X(w)=x}, x&Z, 06pa3zyloT NOJIHYI TPynny cobul-
T, D10 Xe BepHo OTHocHTeabHO cobuthHil By={w:Y (w)=y}, y=%.
Orciona, npumensia 2.7, noayiaem

P(A4)=Y.P(AB), P(B)=Y P(BA,).
v} {x}
Ocraercst 3aMeTHTB, YTO

P(A:By) =P (w:X(0)=x, Y{w)=y)=pxr(x, y).

Ias n cayyadHeXx BenuuuH Xy, ..., X, u qo6oro Habopa HHAEKCOB
l<ii<ig<. .. <im<n UMeeM aHaJOrHYHO
Xigy «ovy X1 )= X X
pXi(l).....Xi(m)( 133 ’ im) (x __y_:.' )pxh___'x ( 1y ) n),
fay (n-m)

rae {j\, jo, ..., jn—m} — monoauuTesbHOE K {i1, {3, ..., im} MHOXeCT-
BO HMHIESKCOB, a CYMMHpOBaHHe BeleTcs IO BCEM BO3MOXKHBIM 3Haue-
HHAM  Xjy «oey Xy L(R) =0, j )= jp.]

29 3apnaua. Ilyets Xy, ..., X, — ucnurTanus bBepuyaiu c¢ Be-

posiTHOCTBIO ycnexa p. HaliTH uacTHele pacnpefeneHns ca. B. Xk,
k=1,...,n
[Hcnonbays 2.8 u 2.6, nHaxoanu pxk(xh)=p"k(1—p)l_"k, x=0, 1.

OTtMeTuM paBeHCTBO

Px,....x, (X5, -« s x,,)=pxl (x) ... pxn(xn).]
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2.10. 3anava. Ilpopoautcs n ucnurtaHui BepHynnu. O6o3HayuM
U yucsio yClIEXOB B NEPBBIX M HCOBITAHHAX UV — uyHclo ycmexoB
B nocnaelylOUHX n—m ucnuTaHuax. HalTh coBmecTHoe pacmpejaese-
iide BeposTHOCTEH cn. B. U, V.
iMycre (£, p(x))—n ucnuiTannit BepHy/uM ¢ BeposTHOCTBIO ycrexa

Pix=(X, .- -s X)), ;=0 wmmu 1, i=1, ..., n, sy=x,+...4+x, k=

=1, ..., n plx )—ps"(l—p)"“sﬂ, U(x)=sm, V (x)=s,—s,. Wcnonssys

DdBEHC’I‘BO p( Y==p Xy ...y X)=p (X, -y Xm) pKXmt1y - .., X,), TOJSTyUEEM
Py (s 0)= y Py s %) DKty + v oy %)=

(x5 =u,s —s,, =0}

= Z p(Xy, ...y Xp) Z P(Xmity - -5 Xp)=
(e XSy ==y} (xnlﬂ,...,xn:sn-—s,n:u)

Cmpu (I—p :—mpz' (1—p)

Cymmupys pu,v(4, v) T0 4 M U, HAXOAHM YacTHhle paclpejeseHHs
BeposiTHocTed ¢a1. B. U u V:

pu @) =Cunp* (1—py" ™, py ()= Crmp?(1—p)" """

()TMeTUM paBeHCTBO

)m o n—m--—uv

pu.v (4, v) =pu(u)pv(v).]

211. I1pumep (mpocroe cayualHoe Oayxknanue). Ilycts X,

X, ..., Xn — mOCJIeN0BaTeNbHOCTh MCIBITaHHE DBepHyJaad ¢ BepoAT-
nocTeio ycnexa p. Beenem ci. B, Ve=2X,—1, k=1, 2, ..., n. Ca. B.
Y, NpHHHMAIOT 3HaueHUs =1 u
Pra. ¥ W -y Un)=px,.x, (G + 102, ..., (g4 1)/2) =
:p(n+yx dady,) 2 (1_ p)(n~y‘—---—y,,)/2-
Hoaoxum Zy=Y+...+VYs k=1, ..., n, Z;=0. Hazosem mnocaeno-
BaTeJNBHOCTb CJ. B. Zg, Zy, ..., Zn NPOCTOIM CAyHAURbIM b6AYyxcOanuem,

llayMHamUMes U3 Hyas. [lpy p=1/2 paccmartpuBaeMas MOJe]b COB-
llajlaeT Cc CHMMETDHYHBIM CJyYyalHeIM OJyXJAaHHeM, H3yYaBUIUMCH
B§ L

PacueTsl, nposejeHnble A/ CHMMETPHYHOIO OJyMAAHHH, OKa3bl-
BAlOTCA IIOJIE3HHIMH IIPH BHYHCJIEHHH BEPOSTHOCTEH MAJIN TPOHU3BOJIb-
HOTO p, €CJIH 3aMeTHTh, YTO Bce TpaeKTopuu (Zg, Zy, ..., Zn) ¢ Huk-
CHPOBAHHLIM 3Ha4YeHHeM Z, HMEIOT OJHHAKOBLIE BEPOSTHOCTH:

pZ,,...,Zn (jlv sy jn):pyhya.---.}’n(iu Ja—fw - jn— Jn1) =

(n+ip)/2 {n—ip) /2
=p T (I—=p) T,
€cld  fy, jo—f1, ..., fi—fr-1  TPHHHUMAKT  3HayeHHH =1, H
Pz,...z,(ji, ..., J)=0— B nporuBHoM cayuae. Buiyucaum, Ha-
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npHMep, paclpejesieHHe BEpPOATHOCTEH KOHEYHOIo noJioweHHa Z,
6nyxnaawie# yactuun. Vcnoapdys 2.8 nonyyaem

: (ntip)/2 (n—1,)/2
pz, ()= ¥ PR (1—p) "R,
Ussoenrip_y)
rje CyMMHpOBaHnHe BejeTcs no BceM HabopaM jj, ..., jn—i, TAKHM, 4TO
0, ji, j2 .-+, jn—1 jn) mpencTaBnsieT coboft TpaexTOpHIO OayXAaHHSA,
T. €. f1, je—j1, ..., jn—jn—1 paBHH 1 HaH —1. YHcJo Bcex TaKHX Tpa-

eKTOpHH Halneno B 1.12, oTkyna noayuyaem
k k)/ —k)/2
Pz, (k):C’(lfH- )/2p(ﬂ* ) 2(1_ p)(’l )/

npu |k|<n, k oaHo#t yeTHOCTH c 1.

2.12, 3apava. Ha#ity BepoATHOCTb, uyTo OayXxjawluas yacTHUA
monean 2.11 B rTeyeHHe 2n efHHHI BpeMeHH GyJeT HAXOIAHThCHA HA
II0JIOXKHTEJBHOI I10J1YOCH.

[BepoatHocte  cobuitHa  A={n:Z(0)>0, ..., Zu(w)>0} 3anu-
wem no ¢opmyse 2.7 yepes nosnyio rpynny coObiTHH
By={w:Zy,(0)=2k}, k=0, =1,...,%+m
P(A) :2 Plw:Z,(@)>0,..., Zon_1(0)>0, Z,,(w)=2k)=

k=1
— y‘ pnr‘Lk ( 1 _p)n—- l:,

rae BHyTpeuHssa cymMma Oepetcs no BceM nabopam j1>0, ..., jan1>0,
TakuM, 4T0 (0, ji, ..., jen—1, 2k) npepctaBiaser coboli TpAEKTOPHIO
O6ayxpaanus, Unclo ykasaHHHX TpaekTopuil paBHo (cv. 1.14)

e EEREY ,
Ciitr—cit = (2n— 1): ) Il
(n+k—1)(n—k—1)! n—=k n-k n

TdK 4TO
p(A E (k/” g';;-kpn Lk(l_p)n_.k.]

2.13. 3anauva. Halltu pacnpenenenne BeposTHOCTeR cCJ. B.
M.=max(Zo, Z;, ..., Z,) — MaKkcHMyMa TPAaeKTOPHH [IPOCTOr0 CJy-
yafiHoro 6ayxpaaHusa 2.11.

[[IpoBons Beiyucsenus no cxeme 2.12 u ucnoawaysa 1.17, nHaxomum

Plw: M, (w)= L Plo: M, (0)=r, Z,(0)=Fk)=
k=—n
- ) )Y P(0:Z,(@)=]y, o s Zn1(0)=jn_1, Zo(0)=k)=
k=—n {max(j,,..., in_l.k)=r)
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(Cr =2 _criltn=iny pedh/2 ()2

ke—n+-2r

r
| it
— 2 Q’—_C;{%llr(n bz

(n+k),’2 1_ (n—k) /2
pa (1—p)

koz—n-+2r

npu r=0, 1, ..., n, rae C),=0 npu s<0, s>m u s He ueJoM.]

2.14. [Ipumep (reomerpHueckoe pacnpegeieHue). PaccmoTrpium
ncneiTauuf bepnyaan X, X, ... ¢ BepoATHOCTBIO ycnexa p. OGosna-
ypMm T) uuc/I0 HCNBITaHH{, NPEeANIECTBYIOIHMX NEepPBOMY ycnexy. Ecan
ofiee wuucao HcnuHTauui paBHo n, To T\=k<=X=...=X,=0,
Xe=1, k<n—1, u T, ne onpegeneno, korga X,;=...=X,=0, Tax
4TO

P:T,(@)=k)=px,..x, (0 ..,0, )=(1—p)p, k=0, 1, .., n—1

u T)(w) He onpeleneHa ¢ BepostHocThlo (l—p)™ TomopfAT, uTO
T, (w) aBasieTcs degpexTrod ciayualiHod BeauuuHofi, «gedekT» pacmpe-
deneuusn BepositHocrefl pr (%), k=0, 1, ..., n—1, paen 1—pr (0)—
—pr,()— ... —pr,(n—1)=(1—p)*. ¥Ycrpemasis  n K oo, IPUXOIUM
K pacnpejeseluio BeposiTHocTefl

p(R)y=(1—p)tp, k=0, 1, 2, ...,

COCPeROTOYEHHOMY B LEJIbIX HEOTPHUATEJNbHHIX TOUKAX INpPAMOH, 3TO
pacnpeiejeHHe Ha3bIBAETCH 2€OMETPUYECKUM.

EcTecTBenHo#t obuadcTeio onpeaenetus ca1. B. T, Morjo 6ul OHTH Be-
POAITHOCTIIOE INIPOCTPAHCTRO, OMNHChIBAloIlee OECKOHEUHYIO MOCAed0BI-
TeJapHOCTh HcnbiTauufi Bepuyaau. 3a snemeHTapHble COOGBITHS TaKOLrO
ONbITA MOXHO NpHHATH Oeckolieunble IOCJAEAOBATENBHOCTH =
=(x1, ¥2 ...) 13 0 u 1 u nomoxkuts T\ (w)=min{k: xp+1=1}. 32 uck-
JdoyelieM NOCAeJOBAaTEAbHOCTH @, LEJHKOM COCTofilled M3 HyJeH,
T\(w) onpexeneHa npu Bcex «. 3aTpPyjAHEHHE, OJHAKO, BO3HHK4ET
B CBfI3H C TeM, u4TO MHOXecTBO Q={w} — HecueTHOe, U onpeje/eHHE
BEPOATHOCTHOA Mephl Ha moaMIoxcecTRax £ TpebyeT OoJiee cepbhe3HLIX
yCHIIIH.

2.156. ITpumep (OeckoleuHas NOCAEAOBATENBHOCTh HMCHBLITAlHI
Bepuyaan). Onelt no sBulfopy ¢ BO3BpaleHHEM NOTEHUMAJBLHO AOMYC-
KaeT leorpaHuueHIioe IpojoJKelle. MaTeMaTHuecKHH NOAXOX K aHa-
JIH3Y HEOTPAUHHYEHHO NPOJOJIKAIOUHXCH IPOLECCOB COCTOMT B Ipen-
CTaBJIEHHYH OECKOHEYHOCTH KaK 3aBepuueHHoro neJoro. Tak, 6ecko-
HEUHY0 M[OC/IeA0BATENbHOCTb X= (X, Xy, ...) U3 0 u 1 MH paccmart-
prBaeM Kak 3jeMeHTapHoe coOniTHE HEOrpalMueHHO INPOAOJIKAIIIUX-
cs ucnnitanuil Bepnynan. O6osnaunm & ={X} MHOKECTBO BCEX TaK4X
NoCJ1eJ0BATENbHOCTEH, HOJIOKHM [X]n=(x1, X2, ..., Xn), X=
=(x1, X3 ...), &a={(x1, %2 ..., xn)}. [IpeanosoxuM, uTo Ha nOA-
MHOXECTBax [POCTpAHCTBA & onpejleseHa BEPOATHOCTHAA Mepa
P(A), npuBoasimas x BepOATHOCTHOH MOJAEIM HeorpaillHueHHOIl nocJe-
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JIOBATeNILHOCTH HCIOBITAHUH DepHYJVIH ¢ BepOSITHOCTbIO yclexa Bhima-
aenus 1), papHoil p. B TakoM ciayuyae mHOMXKecTBO &, HayaJbHHX OT-
Pe3KOB JJIMHH 7 TOCJeJ0BaTeJbHOCTH HEOrPAHHYEHHBIX HCIHITaHHA
JI0JI2KHO paccMaTpHBaTheA KakK MoJesb n HcnuTaHHd Bepuyaau. Beipa-
x)asach Gosee TouHO, oToBpamenHe X— |X] » mHoXecTB2 & B &»n LOIXK-
HO NOPOKJAATH AHCKPETHOE BepPOATHOCTHOE mpocTpaHcTBo (Ly, p(xy, ...

X)) P (X e s Xn)=pr(1—p) T, Sp =X+ ...+ Xp. Taxkum
06pa3oM, NPHXOAMM K DaBEHCTBAM
Pxed  [xl,=0, ..., 2))=p, ..., x0),

KOTODbleé MOXHO IIOJIOXXHTb B OCHOBY OIpEJEeJEeHHS BepOATHOCTHOM
Mepnl P Ha &.

" BBegeM npH KaxIOM n cucTeMy coObiTHil S£. npocTpaHcTBa &,
onpejesiieMhX pe3yJbTaTaMH IePBEIX n HCObITaHWH: A=Z npuHan-
JEXKHUT CHCTeMe Sf,<= BMecTe ¢ KaXIuM X=A B A BXoAAT BCEBO3-
MOXHbEe YEZ, Takde, uTo [y].—=[X].. HMHaue roBopsa, xaxjaoe
Ass¢, nonyckaer npeicTaBlieHHe

A={x:[xl, =AW}, A"C«,,
rae MHoXecTBo A mo 3agaHHeM A ¥ n onpejpeisercs OJAHO3HAUHO.
Jlerko BHAETh, UTO0 S == ... S = nt1. [1000KUM A = U An.

n=1!

3ananuM Ha cHcTeMe COOBITHI ¢ BEPOSTHOCTHYIO Mepy, noJaras

P(A)= E p(x, ..., Xn)

DTo onpejesieHHe KOPPEKTHO: MYCTh
A={x: x[,€ A} ={x: [x], = A™}, n<m,
TOoraa
A ={(xyy oy X)) i (K en ., X)) EAM)

u notoMy (cm. 2.6)

Z P(Xy ooy Xp) = Z P(Xy + ey Xn)e

(%1,-..,%,) € Alm) (%5,...,x)€AM)

Ksnace moaMHoxkecTB S HeNOCTAaTOYHO IUMPOK, YTOGH BHIPA3UTh MHO-
rHe HHTepecHble cBOHCTBA OeCKOHEYHOH MOCJEZ0BATEJNbHOCTH HCNBEITA-
uul. Jloboe cobutHe A4 oTpakaeT Kakoe-To CBOHCTBO JHUIb lie-
KOTOPOH KOHEYHOH INOocJIe0BaTeJIbHOCTH HcNbTaHHH. O6 onpeaeseHuu
BEPOATHOCTEH ADYTHX MNOAMHOMKECTB M3 & peub GyAeT MATH HHXKeE.
2.16. 3agayva. IlokaszaTe, 4To Kjacc MHOXECTB ¢, oNpejeleH-
HEA B 2.14, — aszebpa mnoxecTs, T. e. comepXuT &, &, BMecTe
c KAXIABNM A=s¢ coaepxuT HomoJHeHHe A, BMecTe ¢ JwOnMH A4,
Best — ux obneansenue AUB. IlpoBepuTb, 4YTO BEPOATHOCTHAA
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¢yuruus P(A), A=sf, Beenennas B 2.15, agnutuBua: P(AUB) ==
=P(A)+P(B), ecnu AB=¢.

[[Tyete A={x: [x].=AM}, A,=&,. Torna A={x:[x].=AM}, rae
AM — nononHenue A™ B &n, H, caepoBatenbHo, Ae=sf. Ilyets
A, BEst un

A={x:[x][,e A"}, B={(x:[x],=B™}.
IIpennonoxumM, uto m>n. Torna, nonaras

A Ay, ooy X)Xy .., x)E AT,
sanuweM A B BHje

A={x: [x]. =A™},
OTKyZAa
AUB={x: [x],.€ A UB™} = A.

Ecm AB= @, 10 A™B™ = @ g
P(AUB)— ) Pty v s K=

(X100 %) €AIM Yy BIM)

= b) p(Xy, o X))+ Z Py - s X)) =
(%11 0ee, Xp) EAM) (X1, .. %) € BT
=P(A)+ P(B).]

217. 3agaua. B cxeMme 0OecKOHEYHOH mNoOCJenOBaTENbHOCTH HC-
nuiTanuil Bepuyanu seeaem ca. B T, — 4HCAO Heylay MexAy MOsiBJe-

#usimu (k—1)-ro u k-ro ycnexos, k=1, 2, ..., §,;=T\+ ... +7T, —
YHCJI0 Heyjaady, NpellIeCTBOBABLIMX r-My ycnexy. Halitu coBMecTHOe
pacnpesnenenue ca. B. Ty, ..., T,, HX yacTHHIE pacnpejeleHuss U pac-
npejeneHHe HX CyMMbl S,

[Cobutue {Ty=my, Ty=m,, ..., Ty=m,} COCTOHT H3 3JeMeHTap-
HHEIX COOBITHN X= (Xi, Xg, ...), TAKHX, UTO QA n=m,+My+.. .+ M, +
+r
[¥]a=(x;, ..., %)=(0,...,0, 1,0,...,0, 1,...,1,0,...,0, 1).

L J L H
my m; mr
CrnepoBatennso, npu m,=0,1, 2, ..., k=1, 2, ..., r,
Pry,T,,..., Tr(mb my, ..., mr):(l_p)m‘p'(l__p)"“p' s -(l.__.p)mrp'
CyMMupyd no BceM my, k=1, 2, ..., r, a TaKxe [0 BCEM I, KpPOME

OJHOTO NoJiy4yaeMm

Z PT Ty T, (M, Mgy ooy M) =1,

(my,my, ...,m,)
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pr, (m), = )) Pt (my, ooy m)=(1—p)"p,

(Myy oy g ...mr)

TaK 4TO BC€ CJ. B. T, HMEIOT OAHHAKOBHE pacnpeiesenHs, HJIH, Kak
roeopart, odunaxeso pacnpedesensi. OTMETHM, UYTO

PruTaront, (Mg, My .o, m)=pr, () pr,(m,) .- . pr. (m,).

Cobmtre {T,+...4+T,=m} npeacraBuM Kak oObeauilente coObITi
{T,=my, ..., Tr=m,} no BceBO3MOxIbIM HabGopam (m, ..., m,),
TaKHM, YTO My+...+m,=m. Bce 3Tu coOBITHSH HMEIOT PaBHBIE BEPO-
arioctd (1—p)™p’, a AJis pasHelx HabopoB M1y, ..., M, OHH He mepe-
cexatotcsi. [Tockoabky umeercst Cpmir—1 Pa3JIHUIBLIX peLICHHH ypaBle-
HUS my+...+m,=m (cM. 1.26), TO, BOCNOJHL30BaBUIHChH CBOHCTBOM
aAAMTHBHOCTH BEPOSITHOCTHOI MepH, NoJyuaeMm

ps, (M) =Chir—(l—pmp, m=0,1,2,....

3amMerHM, UTO

z ps,(m)= Z Z pry,...,1, My oy M) =

m=0 m=0 (mﬁ—...—kmr:m)

Pacnpejesenne BepostiiocTeil ps (m) 1asbiBaeTcs  OTPUYATECAbHLLY
OUHOMUQABHBIM C NAPAMETPAMU I H D.

Jpyroii cnoco6 BhIYHCJAEHHS pacnpejejelius BeposatHoctell  ps (M)
COCTOHT B CJOMKEHHH BeposTHoCcTel p’(1—p)™ cobuTHi {X: [X]n=
= (% ..., x%)), n=m-r, no Bcem HaGopam (x.% ..., x.%), coiep-
XKalllUM 7 eAHHHI, BKJIOYas eJMHHIY Ha nocaefiHeM mecTe (cM. 1.24).
Ilpn atom cnocobe, oaHako, TpeOylOTCH JONOJHHUTEJNbHBIE YCHJHS,
uyTOObl YCTAHOBHTH PABEHCTBO

Y Crira(l=pymp=11]

mam)

2.18. 3ax1aua. PaccmoTpum OecKOHEUHYH MNOCJEI0BATE/IbHOCTh

Henbitaiuit Bepuyaan. Jlwboe x= (x1, Xz, ...), ¥z=0 wnau 1, k=
=1, 2, ..., MOXHO 3anucaTh J1H00 B BHAE
x=@©,...,0,1,...,1,0,...,0, 1,...,1, 0, ...),
L ] | — | A i L j

aubo B BHIE )
x=(1,...,1,0...,0,1,...,1,0,...,0, 1, ...)

L J
My s ny "y
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NpH HEKOTOPBIX UEJNHIX MOJOXHTENBHBIX My, My, .... Beeaem ca. B.

Vi=Ve(x), nonoxus V.(x)=ms k=1, 2, ..., n HasoBem ca1. B. V,
OnuHoH k-# cepuu. HalTH coBMecTHOe M 4aCTHLie paclnpeleseHHs Be-
posiTHOocTel ¢ai. B. Vi, Vo, ..., Vi

[Ans ynpowenns 3andcd BozbMeM r=3. Cobwitie {V,=m;, V.=
=my, V3=m3} COCTOMT H3 3/1€MEeHTapHLIX COOBITHH X, TAKHX, YTO MpH
n=m+my+mz+1 nubo

[xn]:(xl’ R | xn):(oi"'io) 1;"'! 1, O!"'$O, 1),
L i 1 ] [S— ]
Ju60
Xl.=(,...,1,0,...,0, 1,..., 1, 0).
[ S— ] o J 1 ]

Orciona noJsiyvaem
Py, v.v, (My, My, my) = (1— pympme (1 — py"ap—+ p™ (1 —p)sp™ (1— p).

CyMMHDYsl TIO m,, Mgy, HAXOAHM

pr.(m) =Y ¥ pvivav,(my, mg, my)=(1—pymp+pm (1—p),

me=—=1 my=1
pr,(mg) = (1—p)ym—t p? 4+ pmet (1—pY,  py,(m)=pv, (m).

HeTpyano BuimucaTh COBMECTHOe M YacTHLIE paclpejesends cia. B.
Vi, Va ..., V, npu nwobowm r, aeiictBys aHanoruuno cayuaipo r=3. Oz-
METHM, YTO YacTHble pacnpefenedus cJa. B. Vi, Vi,... aas cepuil
C HeyeTHHLIMH HOMEpPAMH ORMHAKOBH, TO XK€ BEPHO H /A pacnpejede-
nuit ca. B. Vo, Vy.... c ueTHbBIMH HOMEpaMH, HO NpH p<1/2 pacnpene-
JeHHsl AJMH CepHH ¢ YeTHBIMH H HeYeTIILIMH HOMEepaMH DasJjHYHbL |
2.19. [Ipumep (3agaua o pa3opeHud urpoka). IlpeactaBum cebe
cienywolyo Hrpy AByx Jauu. [IpoBouuTtcs OeckoHeyHasi [ocJe10Ba-
TeJbHOCTL HenuiTauuit DepHysau. [IpH KaZOM  HCNBITAHHH TNepBHH
HIPOK BLIHTPbIBAET YCJOBHYIO €iIHHLY, ecld Bhninagaer ycnex (1), u
npourpuiBaet ee npu Heynaue (0). IlycTb @ — HauaabHui KamuiTan
nepBoro urpoka, b — cymmapublii kanutan oboux urpoxkos, 0<a<b.
¥Y106HO AOMYCTHTb, YTO UIPa MOMKET NPOAOJIKATHCH B JOJT, TaK YTO
ecau x=(x;, Xy, ...) — JIEMEHTap-
Hoe cOOLITHE CXeMbl MCIIBITAHUH
Bepuynan, 10 ¢a1. B. Y=Y, (x) =
=2x,—! npexcraBasier BLIUIPLILI
WM TIPOUIpHILI TNEPBOr0 HrpOKa B
k- maptuu, k=1, 2, ..., c1. B.
Zy=a+Y+...4Y,—ero kanuran
(BO3MOXXHO OTpHIATENbHBIN) NOCTE
k-it naprtuu, k=1, 2, .... [Tocaego-
BaTeJNbHOCTL C. B. Zo=a, Z,, Z;. ..
Ha3LIBAETCA HEO0ZPAHUUEHHbIM npO-
CTOIM  caAyvabnoim  Oayxcoanuem Puc. 12
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(cp. 2.11), naumHawouHuMcs U3 TOUKH a. CkaxkeM, YTO HepBHIH HTPOK
pasopHycs B MOMeHT m, ecqd Zm=0 n 0<Z,<b npu k<m. Hac 6y-
JeT HHTepecoBaTh BEpPOATHOCTb, YTO NEPBHI HIPOK PA3OPHTCH, HJH
(Ha s3nlKe cjayuaitHoro 6ay>KAaHHK) BepOSITHOCTb TOTO, 4YTO TpPaeKTo-
pust (a, 21, 29 ...), Ze=a+y+...+y. y;=2x—1, j, k=12, ...,
paHblle monajer B Touky 0, ueM B Touky b (puc. 12). O603Hauum
A, coObiTHE «HTPOK pPa3opuics A0 A-f NapTHH BKJIOUHTEJILHO®:

A, ={x: npu nekotopomm<in, z,=0, 0<2,<b nns k<m}.
MHoxecTBO A, BXOAHT B Kjacc .4, Ha KOTOPOM OnpefeseHa BepoOAT-

X
HoctHass mepa P. Muoxecrso A= | A, CcOCTOMT M3 Tex H TOJBKO
n=i

TeX 3JeMeHTapHbX COGHITH{, NPH KOTOPHIX MPOHCXOAHMT pasopeHue
nepBoro urpoka. Onnako A He BXOZHT B &£ H, cjefoBaresbHo, P(A)
eute Tpebyer cBoero onpeneienus. Ilockosabky A,=Any;, nocreiosa-
teabHocTh P (An) He yOniBaer u notomy wHMeeT npenes. Kaxercs
BNOJIHE eCTeCTBEHIILIM HOJIOXKHTD

p (A) == limn»wp (A n) .
rOBOpﬂT, 4yTo HeyﬁbIBa olllasgs NOoCJeN0BaTeJbHOCTL MHO2KECTB A 1=

[y V]
SAy=... cxoantes k MuoxecTBy A= | A, IlosToMy moxHO cxa-
n=1
3aTh, uTo P (A) nosyueHo moonpejeseHHeM 1O HENpepbHIBHOCTH. MOXK-
HO moJayunTb P (A) Heckosbko MHAaue, BBOAS COOBITHS

Brn:{X:zr71=0, 0<2;¢<b npH k<m}, m=1, 2, PP

Cobutug By, m=1, 2, ..., nonapHo te nepecekawrcs, a HX 06besH-
HenHe coctaBssieT A. Ecan «npUMeHuTb» CBOHCTBO CuYeTHOf aIXHTHB-
HOCTH, TO NOJIYYHM

P(A)=P( | B)= ¥ P(Bn).
m=1 m=1
Tak kak

n n

p(An)ZP( U Bm): E p(Bm),

m=1 m=1

TO NPHXOAMM K TOMY e 3HaueHuio P (4).

2.20* 3apgava. IlycTs cyMMapHwil KamHTan b [IBYX HCPOKOB
¢duKcupoBaH, 0603HAUHM Gn (@) BepOATHOCTL PA30peHHs] NepBOrQ Hr-
pPOKa B MOMEHT i, €CJH ero HauaJbHLIR KanHTajJ paBHsJcS @, H

o

Q(a)=2 gn (@) — BepOATHOCTb pasopeHHsi NepBoro Hrpoxka. Bar-

m==1

BECTH peKyppeHTHble cooTHoweHHs (pHc. 12)
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Gm (@) = Pgm— (@ + 1)+ (I—p)gn(@a—1), m=1,2, ...,
Q@)=pR@+1)+(1—pQa—1) _
¢ rpaHuuHbiMH  yeaoBuamu G ([) =0, ¢.(0) =1, k=0, 1, 2, ..., [=
=1,2, ..., Q(b)=0, Q(0)=1. Haittu Q(a).

[ITyctb x= (x;, X2, ...) — 3JeMeHTapHoe coObiTHE cxeMbl Gecko-
HeuHoli focJae]0BaTeNbHOCTH UCNLITaHU# DepHyJaay,

n—Xy—...—X,

I=2%—1, p(Xy, ..., Xo)==p" " (1—p)
BeeneMm o6o3Hauenue
Bt(zm) :{(xl’ R xm) : a+yl+' T _:'_ym:O’ 0<a"{_yl+ Lo
.y, <<b npu k< b}.

Ilo ompenesneHuio BepOSITHOCTHOH Mepbl P Ha kJyacce MHOXeCTB
(cm. 2.15)

Gm(@= VY pla s Xn)=
(KyreeniXpy) esé'")
= Y px) Y T
X €(01} (.\',....,xm)EBém)
=(I=p) ¥ p(to ) tp ¥ PXar - Xp):
(0.%s, ... 5) € B‘g"’) (L. x) GB‘(J'")

Ho {(*a o s %) 1 (0 %, s %) & B} = {(Ho -, %) i@ — 1 +

tht .+ yp=0, 0<a—14y+ ...ty <b mpu k<<b)=Bi7"

# aHaaoruuHo {(Xg, ..., %) i (1, Xg ... . Xny& BSMy=BI0. Taxpm

cbpasom, mpu m>1, 1 <<a<Cb—1, noayyaem ypasHeHue
qm(@)=(1—p) gm—1(@—1) + pgn—i(a+ 1).

AHanoruyHble paccyAeHUs NPHBOAAT K COOTHOLIGHHAM

am (1 ) = PqGm- (2)) m> 1’ Qm (b— ] ) = (1 —p) Gin—1 (b—2))

H, kpome Ttoro, q;(l)=1—p, g,(a)=0 npu 1<a<b. Bce 3t coor-
HOUleHHs CBOLATCH K NpeAbAylleMy ypaBHEHWIO, paccMaTpUBaeMOMY
B obaactu mz=l, 1<<as<b—1, ¢ rpaHUYHBIMH YCJOBUSIMH ¢, (0) =1,
g.(1)=0,%k=0,1,2,..., (=12 ....

CymMmupys nmo m, Haxooum

Z qm(a)_(l'__p) 2 qm—l(a*‘l)‘l”‘p 2 Gm— I(a+1)

m==]
HJIU

Q@)=(1—p)Qa—1)+pQ(a+1)
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¢ rpaHuunbiMi ycaoBuaMu Q(0) =1, @ (b) =0. TNepenuwem mnoayueH-
Hoe ypaBlieHHe B BHAE

pRN—QU+1)=0—p)QG—1)—QH),
WJIH
QUN—QUT=MQ(G—1D—Q(/)), r*=(1—p)p.

IMtepanueit no j ¢ yuetom Q(0) =1 umeem

QU)—QU+ D)= (1—Q(1).
Cywmyupys no j or 0 go £—1, nonyuaem

1—QR) = (L + A+ ... +2H{1—Q(1)).

Tonaras £=b u yuutusas, uto Q(b) =0, nMeem

— (1A A a—Q).

IMoacraBasas 1—Q (1) u3 mocsaexnero paBeHCTBA B IpejnAyllee, Ha-
XOAHM

QU= 42" AT A+ A", A= —p)p.]
§ 3.
HETIPEPBIBHBIE

BEPOSITHOCTHDBIE MOJEJIH

B zKcnepHMeHTaJ bILIX HayKax HHPOPMALHMI0 OOLIUIIO
NPeCTABJAIT ASCATHYHBIMH APOOAMH C HEKOTOPbIM YHCJIOM 3HAKOB
nocJje 3anATod, 06yCJOBJEHHBIM TOYHOCTbIO H3MepeHHH. Kaaasoch Obl,
JHMCKDeTHAS BepOATHOCTHAA MOJeJb AOJMKHA aAeKBATHO OlIUChIBATh
J1060# peaJibHHIH ONLIT BEPOATHOCTHOrO Xapakrtepa. OaHako Mogeau
€ HelpepbLIBHBIM MHOJKECTBOM COCTOSIHHH B TEOPHH BepOATHOCTEH, KdK
H B MaTeMaTHKe BooOlue, HMEWT leCOMHEHHOe NPeHMYLIecTBO Iepej
JHCKPeTHBIMH BBHAY HX 6oJjiee sICHON JOrHYCCKOK CTPYKTYpnl H 3na-
4HTesablio OoJiee pPAasBUTOIO annapaTa HX HocJdel0BAHHUA.

B xauectBe MopesbHOro mnpHMepa pacCMOTPHM ONBLIT 110 BHGODY
Hayjauy ToukH H3 oTpe3ka [0, 1]. IlpocTpancTBo 3nemeHTapHBIX CO-
OBITHH CUCTOMT 3JeCb H3 HecueTHOro MHOXecTBa OeCKOHEeUHLIX Aecs-
THYHBIX Apobeidt 0, x1xy ..., KOTOpHE CJaefyeT CYHTATb PaBHOBO3MOK-
HbIMH. Jlerko INOIATH, YTO eIMHCTBEHHBIH clnocob yNOBJETBOPHThL Ta-
KOMY Tpe(GOBAHNIO — IOJOXKHTh BEPOATHOCTH BCeX 3JIEMEHTAPHLIXN
COBRITHH DAaBILIMH I1yJII0, UTO He NPHUBOAHUT K COJAEpXKaTeabHOH Bepo-
ATHOCTHOII MOJAeJ it onniTa. Ilpeacrassesne 0 paBHOBO3MOXHOCTH HC-
XOAOB OlbITA HABOAMT, C APYro#l CTOPOHH, lid MBICJAb, uTO Bce 107
JecATHUHbIX npubanxkeHu#t 0, x\X; ... %, pe3yJbTaTOB OIbITA HAJO
CYHTATh paBlioBeposiTHhIMHU. kHaue roBops, cobuiTHe {cayuaiiHO BbID-
paunHaf Toyka u3 orpeska [0, 1] nonana B npomexyrtok [0, xiX; ...
.o Xn, 0, x1x9 ... xo+107")} posuo HMeTh BeposTHocTh 10~ pas-
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HYI0 AJMHE npoMexkyTka. IIpuHiumas cBOWCTBO aiAUTHBHOCTH BEPOSiT-
HOCTH, [IOJyYaeM, UTO BEPOSATHOCTb MOMNAJaHHsA cayqaillo BelBpanHoil
TOYKH B JIO6OH npomexXyTok c koHumamu 0, x; ... x,<0, y; ... yn
caenyeT INOJIOXHTbL paBHoH ero mmuie. Haxoieu, BeposTiOCTh UO-
nagaius 8 Joboi uutepBan (x, y)=|[0, 1] MoMHO NOJOXKHTD
PaBHOH Ipenesy BepOATHOCTEl monajalus B HHTepBaaul (0, X ... Xa,
0, y1 ... yn), T. €. paBuoil AJuue y—x 3Toro juTepBaja. Fkitak, ML
NPHXOJQHM K BEDOSATHOCTHOH MOAENH, B KOTOpOil I[POCTPAHCTBO 3.Je-
MeHTapHbIX COOLITHH €CTb MHOMECTBO JAeHCTBHTEJBLHBIX yucea oT 0
Ao 1, a BeposiTHOCTHAas Mepa ONpefe.JeHa lia IITePBAJaX H COBIa-
naer ¢ anuHo#. Te xe camble coobpa)eHdss BeAyT OT AHCKPETHOM
MOJeJ/JH [OBTOPIlOro CJyYadHoro BHOOPA K MOIEJAH MOBTOPHOCO CAY-
wuunoeo sotbopa rouku u3 orpeska [0, 1]. B kauecTBe npocrpaicrsa
3/1eMEHTapPHbIX COOBITHH 3]€Ch BhICTymaeT n-MepHbil ky6 [0, 1], a
BEpPOSAITHOCTHAA Mepa Juodoro napaJJenensnena (a;, by) X (az by) X
X...X(an, ba)=10, 1]* pabusiercs ero oSpeMy: (b1—a) X
X... X (bn_an).

Kaace cobpiTiil, cocTOUIA H3 HHTEPBAJOB OpH OJHOKPATHOM BbI-
Gope u napajgesnendneioB NpH NOBTODHOM, HEA0CTATOYEH I OMi-
CaHufA pasMUYHbIX CBOHCTB pe3y.abraTa oneita. Pacuupelie oaacrd
onpene.Ieildsl BEPOATHOCTIOH MePbl B pPACCMaTPUBAEMOM Cayude CBo-
AHTCA K ONpeZe/eHHIO IIOHATHA AJHNbBI, NJIOMAAH, GObEMA, rn-MepHoro
o6beMa [Jis BO3MOXKHO 0OoJjiee IMHPOKOrO KJjacca MHOxecTs. OTKJIAa-
AbIBas 1eTaJbjloe H3JIOXKellHe 3THX BONPOCOB A0 MOCJAEAYIOLIHN pa3ie-
J0B KHHry, 6yacM noab3cBaThed HOKA TeMH COOBPAKEHHSMH, KOTO-
ppie coCOIIRIOTCH B KYypCaX MaTeMaTH4eCKOro aHadau3da. OTveTHM,
B 4&CTHOCTH, YTO TOYKA HMEET HYJeBYIC AJHHY, OTPE30K — HYJEBYIO
mromanbp 1 T. A, HO3TOMY M000# npoMexy1oK lq, 5= (a, 0), [a, b),
(a, b], [a, b]= [0, 1] uMeeT BeposTHOCTb, paBHYIO ero AJduHe, M0G0l
NPAMOYTONBHHK g 5, X /g5, B ONBITE ¢ ABYKPATHBIM  CJYYAHHBIM
BbIGOPOM HMEeT BepOSITHOCTDb, PABUYIO €1'0 ILIOWAI, H T. A.

3.1. 3anaua. [lpe ToukM Gpowenn naypauy ua orpesok [0, 1].

KakoBa BepoATHOCTb, YTO H3 Tpex OTPE3KOB, Ha KOTOPbHIE ol pa3Gii-
BaloT otpe3ok [0, 1], MOXHO COCTaBUTH TpeyroJbHHK.
[[lpocTpaHcTBO 3.€MEHTAPHBIX COBLITHI COCTONT H3 TOUYeK (x1, x9),
npuHajaexawnx  xsaapary [0, 1]<X [0, 1]. O6osnaunm  x;;=
=min{x1, X}, xy=1max{x;, x;} H3anuem ycJoBHe o6pasoBaiius Tpe-
YrOJbHHKA H3 OTPE3KOB MIHHH  X(1)," X(2)— X(1), |—X(a):

Xy (R —x) > T—xi), x4+ (1—x@2) > x2—x0),
(X —xn) + (1 —x) > x4y,
HJIH
X(2)>1/2, X(g)—X(1)< 1/2, x(,)<1/2.
Hpu x1) = x;, x(2)=x, obaacts {(x;, x;) : %, > 1/2, Xo—x << 1/2, x, <<
<< 1/2} npexcrapaser co6oi TpeyroJbHEK C MJIOMIAIBIO 1/8, npu x(1) = x,,

X(2) = X;, NOJyHqaeM CHMMeTPHYHBIH TPeyroJbHuk (puc. 13), Tak 4TO MCKO-
Masi BEPOSTHOCTb paBHa 1/4.]

3.2. 3anaua. Ha orpesox [0, 1] 6pouweHw Haynauy n TOYeK.
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KakoBa BeposATHOCTb, uto: (I} xpafiusia nmpaBas Touxka oxaxercs Je-
Bee 3aiannoro (e [0, 1] (II) xpafiusas neBast Touka okaxercs JeBee
rekoToporo s [0, 1]; (III) Bce Touxkm nMomecrtsArca Ha 33aHHBIH OT-
pesox [s, {]=10, 1].

[CoGniTie (1) o3HauaeT, YTO TO4YKa
(X,...,Xy) monaaa B Ky6 [0, {]™ u umMe-
eT BeDOsATHOCTh 1% Cobuitue (I1) sBasercs
JOTIOJIIHTEIbHBIM (MM RPOTUBONOAON-
nbiM) cOOLITHIO {BCe M TOUEK OKa3ajHCh
[DAREE 5}. KOTOPOE HMeeT BEepOSATHOCTD
{l1—s$)". Orcroga BepoATHOCTb COBHLITHA
= (Il) pasua I—(1—s)". Cobwuite (III)
CT BEDOATHOCTL (f—s)7".]

3.3. 3anaua. Ha orpesok [0, 1] 6po-

uretio caydadHo n todex. Ha#litu BeposaT-
Puc. 13 HOCTb TOTO, YTO CJeBa OT 3alaHHOro (&
[0, 1] nomamer poBuo k& TOouek, k=0,
I ..., n
[B kybe [0, 1]" Bugeasercs Cr HenepeceKawIuxcs obaacreit
Buaa {(X,, ..., x,)ix, <t, ..., x;, <ft, octanpiple x;>1}, I<i;<
<ip<...<U0p<<N, KaxJas U3 KOTOPBIX HMeeT BePOATHOCTh ¢ (1—if)n—H,
OTKY/a HCKOMas BEpOATHOCTbL paBHA C,ft"(l—t)”'_k.]

BepoATHOcTHAs MOfesh ONBITa 1O NOBTOPHOMY BHBOPY TOUEK H3
orpeska [0, I] cOCTOMT H3 NPOCTPAHCTBA 3JeMEHTAPUBIX COBHITHIE
Q=[0, I]*(n=1, 2, ...) u BeposTHOCcTHOIt Mepst P (A), 3anannoii Ha
cucreMe ¢ noamuoxectB A< [0, 1]”, ans KOTOpPHIX onpejeneHo MOH:A-
THe n-MepHoro oGbeMma. [lowaTus AnuHH, Naouwland, obveMa, n-Mep-
Horo o6beMa He MOryT GbITh PacIpOCTPAHEHb! Ha J06ble TOAMHOXKECT-
Ba C COXpaHeHHSM XapaKTepHBLIX CBOUCTB 3THX MNOHATHH, H NOTOMY
KJ1acC MHOXKECTB S He BKJ/IOYAaeT BCe IOAMHOXKECTBAa NPOCTPaHCTRA
3JIEMEHTADHBIX COOBITHH 2, KaK 3TO MMEET MECTO B JHCKPETHOII MO-
neau. CoboiTuamu HA3LBAKTCA JHMDb Te IOAMHOXKECTBa £, KOTOpLe
BXOJAT B S M /A KOTODHIX, CJELOBaTeJNbHO, ONpejeseHa BepOsAT-
HOocTb. Kilacc MHOXeCTB & BKJAWOYAeT BCEBO3MOXIIbe NapaJJeneri-
neasl, I8 KOTOPRIX

X3

Hi fill

X1

P(lanbl X ... Xlﬂn.bn):(bl_al) BRI (bn—'an)’
Ia‘.,bi_C_[O, 1, i=1,..., n

Ilpennonaraem, uyto xnacc £ — anre6pa MHOKECTB, T, €, 3AMKHYT
OTHOCHTEJBHO Inepexoja K AONOJHeHHIo, oObelHHEHHID H Iepecede-
Huto (cM. 2.16), a BeposaTHocTHas Mepa P ua & apautuBHA

P(AUB)=P(A)+P(B), AB=g, A, Be A.
OTmeTuM, 4T0 W3 afAHTHBHOCTH Mepbl P BLITEKAIOT yacTO HCIOJb3ye-
Mpie cBo#ctBa: P(A)=1—P(A), P(B)<P(A) nupu B=A wu np.
(cM. 2.2).
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B corsacuu co ckasaHIbIM BePOSTHOCTHHIM NPOCTPAHCTBOM B Pac-
cMaTpHBaeMOM cJlyyae Ha3blBAlOT COBOKYNIHOCTb H3 TpPeX O6beKTOB:
MHOXecTBa 2, KJaacca & NOLMIOKECTB £, Ha3LIBAEMBIX COOBITHAMH,
¥ BeposATHOCTIN! Mepsl P, 3ajanHoil Ha s£. JeilcTBHTenbHas (yHKIIISA
X(0) nasmBaercs cayvatinot geiuwunold (cJ. B.), ecad Aas 100070
NPOMEKYTKA [q, 5, —o00Ka<b<Loo, noAMHONKECTBO {®: X {w) &y, s}
BXOAHT B 9. IloHAATHO, uTC 3TO TpeGoBanHe sABJAETCH HEOBXOLHMBIM
A8 TO10, 4TOObl PyHKUHA X {») MOrja CJAyXKHTb 00BEKTOM H3yueHHS
Teopui BepoaTHocTeii. Cayuaitnas eauunHa (ca. B.) X(w) nopox-
[laeT BePOATHOCTHYIO Mepy

Px(lip)=Plo: X{(w)ye I,,)

Ha KJacce BCEX NPOMEXYTKOB, KOTODYIO Ha3hIBAIOT paclpelesieHHeM
BeposTHOCTell cayyaiHo# Beamuunsl X. Habop X(o)= (X;(w), ...

., Xn(®)) cayyadHbIX BEeJHUUH NOPOXKJIAET BEPOSATHOCTHYIO Mepy f1a
n-MepHBIX NapaJJeenunenax

Py(lyp 7 ... X Ian_bn) =P(o: X, (wesls, ..., Xplo)e Ian,b“),

KOTOPYIO Ha3LiBAIOT COBMECTHbIM pacnpedeexuem 8epPOATHOCTCU CAY-
uatnoix geaudun Xi, ..., Xn.
®yukuua Fx(x) =Px({(—oo, x|) RefcTBUTELHOrO IEpPEMEHHOO
X HaspiBaeTcs gyHkyued pacnpedesenus (¢. p.) ca. B. X. Jlerko Bu-
JeThb, 4TO
Px((a, b]) =Fx(b)—Fx(a)

nJs 06blx a<b. PynKUMA n feflcTBHTENbHBIX llepeMeHHbIX

Fx(xi, ..., xa) =Px((—00, x1] X...X (—00, %4}])
Ha3bIBACTCA coB8MecTHOU (hynkyueld pacnpedeienus ca. 6. Xy, ..., X..
B mopnenu n-xpaTtHoro cayuaiiHoro BbiGopa Touek M3 oTpesxa [0, 1]
¢l B. Xi(w) =X, w= (X1, ..., xx), HMEET paciipejeseHHe

Px, (lus)=b—a, 1,5 <]0, 1],

KOTOPOE Ha3hiBAETCH PABHOMEPHbIM pacnpedeienuem Ha  OTpe3Ke
[0, 1]. ®yukuusa pacnpenenenus X; pasHa 0 npu x<0, paBua | npu
x>1 u paBHa x npu 0<Cx<C1. CoBMecTHass QyHKUHS pachpejeeHHs
ca1. B. Xy, ..., X, paBHa

Fxpooox, (X0, -y %) =Fx,(x) ... Fx-n(x”).
Ha 3.2 Beitexaert, uto ci. B. U(w) =max{x,, ..., xa}, o= (xy, ..., Xa),
umeer ¢. p. Fy(u)=u" mpu 0<Cu<l, ca. B. V(o) =min(x, ..., %)

umeer ¢. p. Fy(v)=1—(1—v)" npu 0<Co<l, Fy(t)=Fy(t) =0 npH
1<0, Fu(t)y=Fy(t)=1 npu t>1. Ca. B. ZT(m) — UYHCJIO TOYEK, TO-
IaBIIMX JeBee 3apanHoro te (0, 1), umeeT OMHOMHANBLHOE pacnpeje-
JleHue BeposiTHocTed (cm. 3.3.):

P(o:Zi(0)=k)=Chitt(1—t)n+*, k=0, 1, ..., n
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Ee ¢ynxuus pacnpejpesnenus
[2]
P:Z,)<2)=Y Ci* (1—1)"" 0<z<n,

k=0

ABJSETCA KYyCOYHO-IIOCTOAHHOf HeyOuiBaioluledl QyHKUHEH co ckaukaMu
B Touxax k=0, 1, ..., n.
CayuaiiHas BeJHYHHA M ee paclnpejesneHdHe BEPOSTHOCTEH HA3mIBa-
I0TCSL HenpepslgHolMy, ecJH HeNpephiBHA (QYHKUHA pacnpeieselus.
34. 3anava. Ha OTpe3oK [0, 1] mayazauy OpouieHo 1 TOUeK,
X (w) — mnosoxeHHe k-B 1O NOPS/AKY ~CJIeBA HANPABO  TOUKH
(X (w) — kpahusas nesasi, Xm(w) — xpafinas npasas toukn). Had-
TH (QYHKIHIO pacTpejiesieHus . B. Ay (o).
[CobnitHe {0 : Xy (w)<{X} MpoHCXOAKT TOrA2 M TObKO TOTJA. KOT-
Ja YHCJI0 Z_r(m) TOYeK, NONABILHX cae¢Bd OT X, Godelue aubo paslo £.
Orciona 1 113 3.3 nosayuaem

n

Fx, () =P (0:Z, ()= )= Y Cixi(1—x)" 7, 0<a<< 1]

j—k

3.5. 3anaua. B o6Go3anmayenusx sajgauu 3.4 HaliTH COBMeECTHYIO
QyHKLHIO pacnpejpenenus ci, B. Xy, X,
[TIpn 0<Cy <x<{l uMeem paBeHCTBu

0 Xy (@) < x Xy @) <y =l0: X (@) <),

OTKyJ1a moaywaeMm Fx . .x., (X y=y" mpn OSy<x<scl. Tlpn 0<<
<x<y<.l BOCMOIb3yeMCs COOTHOLIELIKEM

{o: X () <x, Xin (@) < yj =
={w: Xn (0) <y} Ofo: Xgy (@) >x, X, (0) <y}
ITockoabky
{o: X @>x, X @<y ={o:x< X;(0)<y, i=1,..., n},
1aXOauM OTCH1a
Fx(y X & 9)=Fy o 0)—(Fx, () —Fx, ) =y"—(y—x)"]
3.6. 3agaua. [Tokasarh, 4To
P ((a,, b]%x(a, b])=F (b, b,)—F (b,, a;))—F(a,, b))+ F(a,, a,).
[P((a,, b]X(ay by]) =P((— o0, b,]X(as, b])—
~P((—o0, a;] X(@,, by])=P((— o0, b;]x(—00, bs])—
—P((—o00, b)]X(—o00, @,])—(P((—o00, a,] X(-—o0, b,])—
—P((—o0, a,]X(—o0, a:])) =F(by, b))—F (b,, @;)—
—F(a,, b))+ F (a,, a,).]
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Pacnpenenennio BepPOSITHOCTEH IOJE3HO COMOCTABHTb (HU3HYyecKHi
obpa3 — pacnpejeneHHe enunnuyiloil Maccel. PapHoMepHOMY AHCKpeT-
HOMy paclipeleneliHlo Ha MHOXectBe uucen K/N, k=0, I,...,N—1,
COOTBETCTBYIOT TOyeuHbie Macch N ', NMOMeLleHHhe B TOukH k/N oT-
pe3ka [0, 1]. PaBHoMepHOe HeNmpepsbiBHOE paclpejieneHHe eIHHHUYHOI
Maccet Ha orpe3dke [0, 1] He HMeeT Touek cocpelOTOUeHIS MaccHI,
a mwboit orpe3ok [a, B]<= [0, 1] umeeT Maccy, paBHylO €ro AJHHE.
Ero mMomHO nmpeacTaBHTh cefe Kak nmpele/ibHHE cayyall paBHOMEPHOTO
IHCKPEeTHOTO pacnpejefeHHs npH N—oo,

HepaBnoMepHoe pacnpeneneHne eIHHHYHOH MacChi Ha HEKOTODOM
oTpe3ke [a, b] MOXHO MOJAYYHTb, NMpPOH3BOAA OedOpMalHI0 CTPEKHS
[0, 1] c exmHuuHOH paBHOMepHO pacnpejeneHHoil Maccoll. [lycTb
y=F(x), a<<x<{b, — Bo3pacrawouas HenpepulBHas (QYHKIHA,
F(a)=0, F(b)=1 (puc. 14), x=F-'(y) — Pyrguus, obpatuas x Heil.

Puc. 14 Puc, 15

Otpesok [a, B]=[0, 1] npu nedpopmanuu y—F-'(y) orpesxa [0, 1]
nepexonHT B oTpe3ok [y, 8], y=F"'(a), 8=F'(B) c coxpanenueM
Maccet f—a. Haye rosops, npousBOMbHHE OTpe3ok [y, 8]=]a, 0]
umeer maccy F(8)—F (y). Cpennsas mnotrocts (F (8)—F (y))/(6—vy)
pacrnpejesNeHHs macchl Ha oTpe3ke [y, 8] Npu cTArHBaiiKM OTpe3xa
[v» 8] x Touke x cTpemuTcs K nmpou3BonHON F’(x)=f(x), ecau oHa
cymecTByeT. Ee Ha3wBalOT NIJOTHOCTBIO pacnpegeselids Macchl B TOY-
Ke x. 3aMeTHM, YTO ec/IH NMPOH3BOAHAS CYUIECTBYeT Be3le, TO

8
F)—F(®)=[7(x)dx.
A4

PaBuomepHoe pacnpenenenne Maccel Ha oTpe3ke [g, b| 3anpaercs
dyukuueit F(x)=(x—a)/(b—a) ¢ maoTrocTe0 [(X)=1/(b—a), x=
&la, b]. Basp nmpou3BoMBHYI0 HEOTPHUATEJBHYIO HHTErpHpyeMyio
¢yuruHIo f(x), —oo<x< oo, TaKylo, 4TO

o0

Jimax=1,

—cv
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MOXKHO 3a1aTh paclpejeieHHe eIMHHYHON Macchl Ha NpsMoil ¢ Imo-
MOILbIO yHKyuu pacnpedesenus (¢. p.)

x

Fo)= § j@)dy, —oo<x< oo,

—-—00

B ao6o#t Touke HenpepmBHOCTH (QyHRUHMH [(x) umeem F'(x)=f(x),
1 notoMy ¢yukuus f(x), —oo<x< 0o, Ha3bIBAETCH MAOTHOCTHI0 paC-
npedeseHus Macchl.

[Tepexons oT ¢pHu3HuecKod MoAedH K BePOSITHOCTHOH, HeoOXOAHMO
JHUIIb 3aMEHHTb B NMPeABAYIIMX DACCyXAEHHAX Maccy (H3HUECKYIO Ha
«Maccy BEpPOSATHOCTHYIO», MM BeposiTHOocTh. C dopmanbHOl  TOUKH
3peHHusi B 060MX cjayuyasix peub HAeT 06 OOHOM M TOM XKe MaTeMaTH-
YeCKOM MOHSITHH — UYHCJOBOH Mepe 1la NpsAMoil, pasjuude COCTOUT
TOJILKO B HHTEpIIpeTaillH, 10 OHO OKa3WBAeTCH DelIaIoLIMM IIpH ompe-
JeJleHHH Kpyra 3ajnay M MeTOAOB HX HccjeloBaHusi. Pacnpeaenenie
BepOSITHOCTeH Ha NpsMOil, 3alaBaeMOe IJOTHOCThIO, HA3HBAETCH af-
COAOTHO HenpepoigHbimM. s abcosIOTHO llelIpepHBHREIX paclpeneJe-
HUH Bompoc o pacudpenyy obsaacTd ollpele/ieHHsl BepOSITHOCTION Me-
Pbl C TIPpOMEXKYTKOB Ha OoJiee CJOKHBIE MHOMECTBA MOXHO OTIHECTH
K TEeOpHHM HHTerpaJa, noJjaras

P(4)=f(xdx

A

Ha Kjaacce ¥ NoAMHOXecTB ASR, IJsi KOTOPBIX HHTErpaJ SBJSETCH
ANAMTHBHOH QyHKIHEH MHOXKeCTBa.

3.7 3amaua. M3 nayara KoopauHAT NpOBedeH Jyu B cayuaii-

HOM HanpasJeHHH a, 0<a<zm, A0 NepeceueHust ¢ npsiMoil [, mapa-
JesbHOH ocH abcuMCC H OTCTOSIIEH OT Hee HA €MHHYHOM PaCCTOSHUII
(puc. 15). Ipeanosaras, yTo yros @ paBHOMEPHO paclpejne’eH Ha OT-
pesxe [0, m], Ha#TH QYHKUHI M IJOTHOCTh pachpeleeHHsi BEpOAT-
HocTell abcuHCCH TOYKH NepeceyeHus Jyua H npsmoili /.
[Otobpaxenne x=ctga nepeBOAMT NpOMeXyTOK [a, 1) B
(—oo, x], oTkyna ¢yHKUMS ~ pacnpepeteHnss  pasHa F(x) =
=n"!'(n—a) =a~! (n—arcctg x), —oo<x<<oo. uddepenunpys, na-
X0/HM MJOTHOCTb f(X) =F'(x) = (a(1-+x2%))~!. Pacnpeneienue ¢ MJI0T-
HocTbiO f(x) HocHT uMs Koy,

38. 3anaua. [lycts ca. B. X(w) paBHOMepHO pacnpegeseHa ia
orpeske [0, 1]. Haltu dyHkuuu u njoTHocTH pacnpeneseHdi ci. B.

X2, VX, sin (nX/2).
[FL(x)=P: X2(0)<x)=Plo: X ()< V¥)= <x
fLx)=Fi(x)=1{2VX); Fy(x)=P ( VX( )<x): L 0¥,
fa(%)=2x; Fy(x) =P (0:sin? (X (0)/2) < x) = 27! arcsin YV x,
0<x< ], fo)=m—1(x(1—x)""% 0<x<<1.]
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39. 3anava. Ilyeth w=0, x1X; ... ecTb ABOHYHASA 3aMHch YHCA
oe [0, 1]. B oneite no cayyaiinoMy BmGopy TOUkH M3 oTpe3dka [0, 1]
BBefleM O€CKOHEYHYI0 MOCJIeJ0BaTeNbHOCTh CJ. B. Xp(0) =x, k=

=1, 2, .... Ilokasath, 4TO NnocjexoBaTeNbHOCTD C1. B. X, Xy, ... npex-
cTasaser coboft HcnHTaHMA DepHyJJaH c BeposTHOCTbIO ycmexa 1/2.
[P(o:Xe(w)=xx, k=1, ..., n)=

=p([0, Xy ... Xny 0, X1 ... x,1+2_"))=2‘".]

3.10. 3anava. HaiiTu niotHocTh pacnpeneleHHss BepOATHOCTEH
cl. B. Xy B 3.4.

[f(x) = %idx" (1—x) 22 T (n"'!_ oy ixi= 1 (1—x)' —
i=k i=k

n n
: ') x¢ —i— i— n—1)—(i—
_2 Tn__i)T(ﬂ—l)x‘(l—x)" l:z:rzcn_{xi—l(l—x)‘ D=1 _
Bk i=k
n—1
— Y nChox (1= =il (1 —

i==k

_ 3.11. Ilpumep (nmyaccoHoBckuii npouecc). IlpencraBum cebe, uto

Ha BpeMEeHHOH OCH perucTpHUpYIOTCHA cJyyalHEEe MOMEHTH NOfBJEHHS
HEKOTOPBIX coOLITHH, OUKCHPYS KaKuM-a1100 o6pasoM TOUKY OTCuera
0, npumMeMm a5 3TUX MoMeliToB obo3HauyeHue (pHuc. 16)

LT T <O, T, << LT, << T <

T, T, 0 T T, T, t

Puc. 16

BeposiTHOCTHYIO NpHpOAY paccMaTpuBaeMoro cJyuafiHoro nmoroka co-
OeITHH onpezesuM NyTeM ee NPUOJIMKEHIIOro ONMHCAHMA MOJAENbIO HC-
neiTaHuil bepHyaan. FIMeHHO mpeanoJiGXKHM, YTO BpeMeHHas och pas-
6xTa 11a MPOMEXKYTKH MaJOH AJHHBL /i, Ha KAXAOM H3 KOTOPHIX MpO-
H3BOAMTCH HCOBTaHHe DepHyJand ¢ HexkoTopoil MaJjoii BepOSTHOCTHIO
ycnexa pn, T4K 4TO B LeJoM HMeeTcs OeckoHeuHas B o0e CTOPOHH
nocJef0oBaTebHOCTh MCNBITAHHH DBepHynny. Ycnex B HCHOLITaHNHM, NpOo-
BeJenHHOM Ha uHTepsate (kh, (k+1)h), k=0, =1, =2, ..., Gynem
TPAaKTOBaThb KaK MNosBJeHHe coObITHA Ha 3ToM HuTepBase. [loayuae-
MHIT TaKHM OyTeM nOTOK cObbiTuli NMpHMeM 32 OpPUOJIMXKEHHe HCXO0/-
HOro nortoka, cuuTas, urto npu h—0, py—0 3to npubiuxkenue cTaHo-
BHUTcA Bce 60Jee TOUHHIM.
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,HJIF{ HenbiTaHU i Bepﬂynmf C NMOJOXHTEJbHBIMH HOMEpaMH 0603ua-

yum T3, (=2, 3,... uHcsao neynau Mexay (i—I1)-M u i-M ycnexams
U nosoxum T, paBHeIM 4YHCJy HeyjAau 10 NepBoro ycmexa. AHaljo-
rHYHO onpejenasieM ca. B, T, i=-—1, —2, ..., mo ucnuitaHuam bBep-

HYJJH ¢ OTpPHUATEJNbHBIMH 1oMepaMd. DOyHKUHA pacnpeje/ieHHs
ca. B. AT\ pagua (cm. 2.17)

[xh]
FP) = Y (1 —p) pp=1—(1—p*™ ",

=0
rae [a} oGo3idayaer uenywo uacTh uHcaa a. BepositHoets FUW(x) Toro,
uyto AT W= [0, x] no 3ameicay pomkia npu i—0 CTPEMHUTLCS K BEpo-
aTtHocTH F(x) toro, uro 1[0, x}. Iipeanonaras, 4To npH HEKOTOPOM
x>0 ¢. p. F(x) yaosserBopsier HepaBencTBy O0<F(x) <1, u3 coor-
HOILEHHS

I—(I—ph)l*"/"H’—»F(x), h_,(),

BbIBOAMM, uTO obsi3atenbiio pp—0 npu h—0 u, Goaee Toro, pa/h—-2,
rie A>0— nekoropoe uyHcsao. B camom nese, nepexoast x aorapud-
MaM, uMeeM

([x/B}+ D) In(1—pa) ~— (x/1) pp—1n (1—F (x)).

Hrak, Hapoasimue cooOpazeHHsl O CTPyKType cJayyaliHoro noroka
cobbiTHil ... <t_9<T | <T1<T3<... NPHUBOAAT HAC K YCJIOBHIO

Frn(x)=F(x)=1—e*, 0L x< o0.

Pacnpesrenenne BeposiTHocTelt ¢ §. p. F(x) # maoTHoctbio f(x) =Ae™™*
npu x>0, f(x) =0 npu x<C0 Ha3blBaeTCHd IKCNOHEHYUAABHBLM C TAPA-
MeTpoM A.

O6o3naunm N, ¢ udca0 cayyaiiHeiX cOObITH, Habawogasluuxcs Ha
BpeMeHHOM npoMmexyTke (S, ¢]. [Ipubruxeunem K Ng, ; ABasieTcs CJ. B,
Né',‘}—~ YHCJIO YCNIeXOB B HCHBITaHHSiX DepHyanu ¢ Homepamu ot |
Ro [{/h], koropast uMeeT GHHOMHAJLHOE pachpejeseine BepOATHOCTEH
¢ mapaveTtpaMu n=[{/h}, p=pn llepexoas k npemeay mnpu Hh—0,
pu/h—}, GukcHpOBaHHOM &, HMeeM

Crpt (1—p)" ™ = (k) n (n—1). . .(n—k +- 1) p* (1—p)** ==

_ )k b =y Ly (1 ROR
: (1 n)...(x - )(1 p) " (1—p) e,

NOCKOJIbKY
np=[t/h] pn~1tpalh—at, (1—pr)~*—1,

1> (1=1/n)...(1— (k—1)/n) > (1—k/n) F—1,

(1—pn) (/1= (1—Ah+ 0 (h) ) (/BXI+OUIN 51,
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I’ITaK, CJl. B. No,t AO0JIXKHA N0 3aMBIC/TY HMETb pacrnpejelieHHe BepoAT-

HocTeil
p(k; nt) = ((At)*/RY) e, k=0, 1, 2,

Pacnpenenenue p(k; ).) Ha3blBaeTCH nYUCCOHOBCKUM C NADAMETPOM A.
Y TBepIKaeHe
Crp*(1—p)"~*~p (k; 1)

npit n—oo, p—0, np—i 1 moboMm (uxcuposannom k=0, 1, 2,
HasuBaloT reopesou Iyaccona.

Ilyacconosckul noTox caydaitHulX cOBBITHH ..., T-3 T—i, T1, Tz ---
NoKa He NOJYYHJI y HAc TOYHOro BeposATHOCTHOro onucanud. OpHaxo
NpHBeJeHHAS KOHCTPYKIHS TO3BOJAET JIEFrKC ONPEeAeJHTh COBMeCTHne

pacnpegetenve ¢1. B.7, =1, To=0—1, ..., Ty=T,— T, T =
=T, Toy==1. 4 —Toe, ..., Ty =T_,—T _,, NpH J1000M r, YTo AdeT
KJIOY K DOTTPORiIHIO BEpPUSITHOCTHOrO  TNpOCIpPalcTBa,  HA KOTOPOM

MOTryT OBLITh OupedeJentl TaKkHe cayuaillibie BeaHyHIIbL.
3.12. 3amawa. B obussauvenusx npiumepa 3.11 nomsaTb YTO

conMecTHas (DYHKUHS pacnpeldcieHHs Cl. B. wT, T, BT,
, AT ) nneer cBonm npeaenom QyHkuuio F(f_,) .. F(L.)[ (&) ..
. F(t:), rae F(x)=1—e™, 0<<x< oo, F(x)=0, x<0.
[Bossmem anst kpatkoctu n=1 u, Hcnoawdys 2.17, sannmicM  cos-
MecTHYIO BYIKUMIO pacnpeieneHus ci. B. AT™, AT{"):

[x'h) [y.h]

FP U =Y. Y, (—p b, A—pY B1

i=0 j=0

xotopas BBuAy 3.11 cxoautcs npu A—0, pr/h—) x F(x)F (y) ]
3.13. 3aaaua. B o6o3nayenusx npumepa 3.1l neiith npegens-

nyio dyskuuio pacnpenenenus ca. 8. AT 4+ AT™ 4 ee naoriocts.

[Ca. 8. S, =T —f—Tl"” HMeeT OTpuuaTesbHoe OHHOMHAIBHOE pacrnpene-
nexue (cm. 2.17): pg, (k)= (k-t+ D(l—ptpd, k=0, 1, 2, .... ®.p. Fs,
c1. B. S, paBHa

[x] [x]
Fs, (=Y. 3, ()= =7 X (k+ D (1—py).

3ameTuB, 4TO

n

s d - kil d [1— 2 \
| tk:_ . — —
L(kr) dt‘g dt( 1—1 1)
[ k=0
=T (=" (2 (L —0) 7Y,

noayuaes npu x>0, n=[x/h]
Fis {3 = Fs, (xh) = 1= (1=p)"* —(n+2) py (1 — p)"™
- 1— e (1+Ax), fas, () >Mxe >, h—>0.]
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3acayxvBaeT BHHMaHHUS TO OOCTOATENBLCTBO, YTO HHTEPBAJ MEXY CO-
celHHMH COOHITHSAMH, HaKpuBawWUiA Touky 0, uMeeT pacnpelefecHue
BePOSITHOCTEH, OTJMYHOE OT 3KCIIOHEHUMAJbIIOro, B TO BpeMs KaK Bce
OCTaJbHble UHTEPBAMBl (Te—1, Tk), R=—1, =2, ..., UMEIOT OJHO I O
e 3KCHOolleHnHaJbHOE pacnpejedeHde, JT0 Tak Ha3blBaeMblll nap:-
Jokc spemenu oxcudanusn: nayaB HabgdojeHdHe 33 NYaCCOHOBCKHM IO-
TOKOM COORITHH B 1I€eKOTODHI MOMEHT, 0003HAuyeHHBIH Yy Hac HyJeM,
MBI BNpABE O0:HAATh BBAJY OZHOPOJHOCTH INOTOKA IO BpEeMeHH, 4TO
BpeMs J0 IepBOro MNOsiBJeHUS COOBITHS A0JMXKHO ObIThb MeHbIUE uen
«0OHIUIIOe» PACCTOAHHE MeKJY COCeAHUMH COOBITHAMHM, TaK KaK 4acTb
3TOr0 BPEMEHH y:ke IpOTeKJda A0 MOMelTa navana nabmopenus, On-
114KO, K&K MH BHAMM, 3TO He Tak,

3.14, 3axaya. PaccmMoTpuM oTpuuartesnvHoe OMHOMHAJbHOE pac-
npeaenexnue

p(h) (kh’):C’:Tk- 1,02(1 _ph)kl k:0, 11 21 MR

cocpenoToueHHoe B Toukax npsmofl Buma kh, k=0, 1, 2, ..., napa-
MeTp Pn KOTOPOro 3aBUCHT OT A TaK, 4to pa/A—>A>0 npu h—0.
ITonoxum

bb/h

PP b)= Y, puikr), 0<a<b,

k==fa h] -1

pPaBHOH cyMMapHOH# BepOSTHOCTHOH Macce, Jexalled Ha NOJyHHTep-
BaJse (a, b]. Ilokasate, yto npu A—(0 HMelOT MecTo cJjelyioliue co-
OTHOUICIIHSA:

ph) (kh) ~ (k™' (r — 1)1) Arhre—heh

pPaBHOMEPHO N0 R — oo, kh*— 0 (T. e. paBHOMepHO mo k> (h), rae
¥ (h) > o0, p(h) K~ 0),
b
P ((a, b)) > [ F(0)dx, f ()= i(r—1))x—le—s
s mobeix 0 << a<<b.
[p® (k) = (k+r—1)(k+r—2) ... (R+ 1}/(r—1)! p;(l—ph)"fvhf (kh).

[5/hy b
P™ (@, b]) ~ [Z h (khy— [ f (x) dx.]
k=[a/h]41 a

Oyukuus

[+

T(@) = | xte-xdx

0

JedcTBUTebHOrO nepeMeHuoro a>0 wHasniBaeTcs  eamma-@yukyued
dfinepa. MuTerpdpoBandeM N0 4acTAM JIerKO IOJYyYHTh COOTHOLIeHHE
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I'(a+1) =al'(a), oTKyna, B uacTHocTH, noayuaem I'(n+1) =n! Orme-
THM ewe H3BecTHylo U3 ananusza ¢dopmyny I'(1/2) =}r. Pyuxuus

g(x) = (1/T(a))x*le~s, x>0, g(x)=0, x<0,

SIBJISIETCA NJIOTHOCTBIO pacrnpejelNeHusi BEPOATHoOCTell M HasniBaeTcs
2aMMQ-NJIOTHOCTbIO C flapaMerpoM GopMbl a>0; 3KkcnoHennualbioe
pacnpeneneHue SBJASETCH YacTHBIM CcJayyaeM ramma-paclipeieselis
npn a=1. Ha puc. 17 npeacrapnenn rpaduku g(x) AJs8 11eCKOJIbKHX
3HaueHHW# «. B sagaue 3.14 naoTHOCTE NpejeabLHOro pacipeleseHus
paBua f(x)=Ag(kx), rae g(x) — raMma-nJIoOTHOCTb C napaMeTpoM

tdopMu a=r. [lapamerp A naotHocTd J.g (Ax) Ha3wiBaercsi aacitab-
HEIM.

Puc. 17 Puc. 18

Honyctum, uro P ecTb npousBojbHOe pacnpejelieHiie BeposTHOC-
Telt Ha npamo#t, F(x) =P ((—oo, x]) — ero dyHKuusa pacnpeeneHus,
¥ 0603HauuM [(X) NJIOTHOCTH pacupeleseHHs, eclH OHAa CyliecTByer.
PaccmoTpum JMnefiHoe pacTsikeHue (cxatHe) x—-A'x npsiMo# c pac-
npene/ieHHOH Ha Hell no 3akoHy P BeposiTHOCTHOH Maccoil. PesyanTa-
TOM 3TOro npeo6pasoanusi 6yjeT 10BOe pacrnpejejeHHe BeposiTHOCT-
Holl Maccel P,, KOoTOpoe npHNHCLIBAET INpPOH3BOJLHOMY [POMEXYTKY

(a, b] 3naueHue
P.((a, b])=P((ra, Ab]).

ConTBeTcTBylOIHe QYHKUHH M IJIOTHOCTH pachpeneseHHH CBA3aHal
COOTHOLIEHHSIMH

Fy(x) =F(rx), [i(x) =hf (ax).

OTMeTHM, 4YTO €C/IH Ha NPAMOH B3ATh HOBHIN MaciITab, NMPHHSB TOUKY
27! 3a eanHuyHylO0, TO pacnpeleseHue BeposiTHocTeii P, B HOBOM Mac-
wrabe uMeeT Ty K€ MaTeMaTHyeckylo GopMy, 4YTO H pacnpeieseHie
P B crapom. C 3T0it TOUKH 3peHust pacnpefenedwe P, ects npocto
pacnpenenenne P, usyuaemoe B apyrom macmrabe.

MacwtabHble npeo6pa3oBaHUsi OTHOCATCS K UHCJY BaXKHHX TNPH-
€MOB NDH H3YYeHHH pacmpejesieHHH BeposiTHocTeH. Tak, paBHoMep-
Hoe pacnpenenexue Ha [0, 1] u ramma-pacnpenenenue B 3.14 Onlau
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Noaydelbl NpeieJbHbIM NEePEXOAOM OT COOTBETCTBYIOIDHM 00pa3om
MacwTabupoBaHibIX AHCKPeTHRIX pacnpeieneHdd. Ha s3nke cayuail-
HBIX BeJAuyHH MacuiTabHple npeo8pa3oBalHs pacnpeleseduil CBOAATCS
K YMHUOXEHNUI0 CcJyuafinoil BenHYHHBI ia nocTtosHuyo. Ecan ci. B. X
umeet @. p. F(x), 10 ci. B. ¢X npu o>U umeer ¢. p.

Po:oX(0)<x)=P(o: X (0)<o"x) =F (67'x).

ITapamerp o Hapsily ¢ A=0 ! TakXe Ha3BBAKT MacuUITaBIILIM.

3.15. 3apgaua. Ilycts PU((a, b])—>P((g, b]), h—0 npu modulx
0<a<b, rae pacnpenenende BeposiTiocTei P cocpepotoueno Ha
[0, o0), mnenpepeiBHo. [loka3aTh, uTO K3 3TOr0 BHTEK4€T, 4YTO
P® ([0, b])—>P([0 b]) npu mobou >0,

[Mdas si0boro e>0 seifepem Taxoe 6>0, uto P ({5, 6°'])>1—e.

ITo ycaosuio umeem P ((8, §7'])—>P((8, 6°']), h>0, u, creposa-

TeJIbllO, AJs BCeX AOCTATOYlo Manbix h PUO((§, 67'])>1—2¢, Tak uto
P™((0, 8]) <2¢. Otciona npu §<b

P® ([0, b]) =P" ([0, 8]) +PW((8, b])<<3e--P((S, b])
AJIA BCCX JAOCTATOUIIO MAaJIbiX /1. AII?’IJIOI‘HL!HO
PO ([0, b])>P((8, b])>P((8, b])—e.
Oﬁb(‘_;’lllﬂﬂﬂ HOJI}”{EHHHG llepaBeIiCTBﬂ H ﬂOJIb3yﬂCb TCM, 4TO
P([0, 8])<e, P([0, b])—e<P((8, b])<P([0, b]),
HMEeM 18 BCSX AOCTATOUIIO MaJLIX I
P ([0, b]) —2e<P® ([0, b]) <3e+P ([0, b]).]

3.16. 3anxauva. PaccmoTpHM 1nOCHel0BaTeABHOCTHE JHCKPETHAIX

pacopejdesieHyii  BepoATHOCTeH, CCCPEXOTOMEHHLIX B TOoukax k/n,
k=0,1, ..., n:
. m —'hr
Py (kr’”) = Ugpllon. 2ky Uypy = Cm12 ’
{nb]
Pn ((a’ b]) = Z P (k/ll).
k=[na]!-1

BocnonwsoBasunice gopriyaoid Crupaunea (cm.3.17 v panee), noxa-
3aTh, UTO MPH N—»00

b

P, ((a, bJ)—>§ix)dx, <a<b<1, f()=a(x(l—x)"

[[lo ¢dopmyne Crupaunra ml ~ /2ame—mm™, m— oo, nMeeM

2m! Y 2n2me 3 (2m)*" 1 gam,

o -~
T (ml)e (V inme"mm?  Vam
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OTKYJa IIPH fi—o00 paBHOMEPHO N0 k—oo, n—k—oo (T. €. paBHO-
MepHO No &, n—k>1p(n), rae §(n) —>oo NpoOU3BOJLHA)

Palkin) ~a=t (k(n—k))~12=n1 (kin),

[nd] b
P.(@ b))~ Y nifkin)—> | fixyde, 0<a<<b<l.
k=[nal+1 a

CxoanmocTs BepositHocTell Pn((a, b]) npu a=0 uaun b=1 BHBOAHT-
cfl oTCIAa TakiM e 06pa3oM, Kaxk 370 caenaHo B 3.15.]

Pacnpenenenne BeposiTHOCTell € IMIOTHOCTRIO [ (x) =n— ! (x (1—x))~1/2
umeer ¢. p. F(x)=2n—larcsin JVx, 0<{x<<1 (cm. 3.8), u HasnBaercs
pacnpeieseHHeM apkKcHHyca. B cxeme CcHMMeTPHYHOro cJaytafnHoOroO
OyXaaHHA AJATENBHOCTH 27 CJ. B. Osn — MOMEHT IMOCJELHero Imo-
TlaflaHHsl B HayaJbHOE COCTOSIHHE — HMeEeT pachnpeleseHue Uaxlon at,
k=0, 1, ..., n (cM. 1.19). Cua. B. 09.* =02,/2n uMeeT pacnpejeieHHe
Bepostioctedl P, n3 3.16, Tak yTo NpH n—o0

Fo; (x) > F (x).

CJ1. B. Te3n — MOUMEHT NEPBOro AOCTHXEHHS TPAeKTOPHH JJHTEJIBHOCTH
2n cBoero MakcHMyMa — MNpHHHMaer 3HaueHHs 2k, 2k-+1 c BepodT-
HoctaAMH (1/2)ugplion—ok, k=1, 2, ..., n—1 (cm. 1.18), orTkyaa cae-
JIyeT, UTo NpH n—»0o
F‘;n (x) > F (%), T,,= Ty,/2n.
Ipadur apkcHHyc-IIOTHOCTH [(Xx) npeacTasJaei Ha puc. 18. ITo-
CKOJIbKY BEPOSITHOCTHAasi Mepa OTpe3Ka MNpeACTaBJAseTcs IJI0IAJbI0
NOCTPOEHHOW HAJ HHUM KPHBOJHHEHHOH TpameudH, TO H3 DPHCYHKa
3akiamouaeM, yto Haubo.ee BeposTHele o6aactu oTpedka [0, 1] npu-
MEIKAIOT K ero KoHmam. K npumepy, peiias ypaBHeHus F(x)=1/3,
F(x)=2/3, naxonum x=1/4, x=3/4 coOTBeTCTBEHHO, TAK 4TO HA OT-
peskax [0, 1/4], [1/4, 3/4], [3/4, 1] cocpepoToueHn paBHLIE BEpoO-
sATHOcTHHe Maccw 1/3. Takum o6Gpasom, npu Goaswnx s okono 0,06
BceX TPAeKTOPHH [HOCTHraloT B MNEpPBHH pa3 MakCUMyMa B MEpBYIO
au60 NOcJAeAHIOW YeTBEPTH MOJHOrO BpeMeHu 6ayxaaHus; oko.ao 0,33
BCeX TPAaeKTOpHI, HauuHammuxcAd u3 0, He MEHAIT 3HaKa Ha Ioc-
JIEJHHX TpeX ueTBepTsAX BpeMeHH OayxjaaHusa. Eue Gosee HeoXHJaH-
Ho, uyTo Ha orpesku [0; 0,1], [0,1; 0,9], [0,9; 1] mpuxoasTcs cooTseT-
CTBEHHO BeposiTHocTH = (,2; 0,6; 0,2.
HakoHen, oTMeTHM, U4TO acHMOTOTHueckas GopmyJa

Ugplgn—gr~n~'f(k/n), n—oo,

obbsicusier, nouemy orubaiolue Ha puc. 8 HMeT GHOpMYy apKCHHyc-
IJIOTHOCTH.
3.17. 3apaya. Bueectu dopmyay

Innl=ninn—n+2-'inn+const+o(l), n—oo,



npubmuxas cymmy Inl4In24-...4-Inn unTerpasom Slnxdx ¢ no-
0

MOIIbIO COOTHOQUICHHS
k41
{ Inxdr=27"(Ink+In(e+1)+0 (D).
k
k41
(= lnxdx—2""(Ink+1In+1)=
R
k—fl
=27 | (In(x/(k+ 1)) 4 In(x/k)) dx =
k
kil

— 9! )‘ (In (1 4+ (x—k—1)/(k+ 1)) +In (1 + (x— k)/k)) dx =

1
=27 [ (In(1—gi(k+ 1) + In (1 + y/k)) dy =
0
1

=27t ( (— e+ 1)+ gk 40 () dy =0 (7).

0
Beuay BeinykjaoctH QyHkuud Inx A, >0, a 43 OpPeJbIYIIErO BHITEKAET,

4TO CXOJUTCH PAJ Z A, =c. Taxum obpasoM,
k=1

n—-1

n n—1ktl
(tnxdax=Y § nxdx=2""Y (In(e+1)+1nk) +
! k=1

k=1
n—1 n
-+ 2 A= 2 Ink--2" nn4c+o(l), n—oo.
k=1 =1
WiuTerpupopaHueM MO 4acTAM HaxOJuM

glnxdlezlnn—n—f—l,
1

OTKY A
n

| S}

lnn!——_z mk=nlnn—n-F2 ' Inn—c+14o0(l), n—>oo

k-=1

Dopmyry Crupaunea
~ V2nne—"n", n-—» oo,
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BbIBeieM U3 3.17, ycTaHoBHB, uTO B opMy.Jie
nl~ayYnera", n-»oo,

nocrosHnas @ = /2n, Hcnoassyem aas sTofi uwenn 3anauy 3.16.
BBenem o6Gosnauexue an B, €clIM OTHOLIEHHE an/Br 32KJIOUEHO
MeX/1y ABYMS [OJOXKHTCJBHBIMH NOCTOAHHBIMH npH Bcex n=1, 2,....
W3 3.17 BbiTekaer, 4To

n!'=Vnennn

Hcnonsays 3ty dopmyay Bmecto dopmydst CTupauHra B paccyxie-
HUSX, IPOBeLeHHBIX B 3.16, noayuum

pn(kn) Z (k(n—k))~V2, k=1,...,n—1, n=2,3,....

Orcioaa npu awbom 0<6<1 1 n>>1/8 uMeem
- Inf] 8
P ([0, 6]) = Dn (0)“}‘2 Pn (k/n) g S (x(l _x))—l/2 dx.
k=1

0

B rakom cayyae no 3apaHHoMy e>0 MoxHO Bu6paTh §>0 HacTOJBKO
MaJlbiM, UTO npu n3>1/8

P.. ([0, ]U[1—8, 1]) =2P, ([0, 6]) <e,
P.((6, 1—8])>1—e.

CHoBa ofpaTuMcs K pelueHuwo 3anaur 3.16, HCNIOMb3YS BMeCTO (opMy-
asl Crupaudra cdopmyay nl ~ayne mnm. B pesyabrare noiyuuM ajs
0<a<pxl

HJIHA

B
P. (@ B)— | 22 (x(1—x)) 2 dr <1
a
H, B Y3aCTHOCTH,
1—8
l—e<Pa((8, 1—8]) > | 20~2(x(1—x)”"2dx<< 1.
8

Yerpemasas e k 0, noaydaem
1
g2a“2 (x(1—x) dx=1.

0
Ho

S (1—%)"2 dy = 2aresin Vx| § ==,

d.
TaK yto 202 =n"! a="12n.
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3.18. 3apauya, [lokasarb, YTO NPH A—>00
In (C32"/Chn) = —k¥n—+-0(1).

re OCTATOYHHIA YJ€H CTPEMHTCS K HYJI0 paBHOMEpPHO 1o k=0 (n3*)
(t. e. paBHoMepro mo k<y(n)nd/t, rme ¢ (n)—0 npousBoabuasn).
[[Tpn 0<k<<n umeem

(2n)! nln! __n(-D..(n—k+1)
(n+ k) (n—kY(20)! (nik)(nik—1). (n+1)

=(1 _L)... (1 — k"‘) (1 + L)”‘... (1 + —k—)—‘.
n n n n
ITepexoas k Jnorapudmam H HCNOJAb3ys pasJoxkeHHe Teiluopa

In(l4+x)=x—x224+0(1)x3 x—0,

noJyuaeM 0pH n—oo U k=o0(n)

n-k,~n
C?n /C211=

et = B in(1 ) ~in{1 21 =
k1 . ; . . .
Bl G (o))
SRt () on D)
——L=UE om0 S = —E om0
n n n n

Beibupas k=0 (n¥*), nonyuaem tpebyemoe cooTHolleHIe. ]

3.19. [IpusMep (Mogeap GpPOYHOBCKOro ABHXKEHHS). AMNIJIHICKHA
6otanuk P, Bpoyu obnapyxna B 1828 r., uTo 4acTHUB! NbLAbLbI, B3Be-
uieHHble B BOJE, COBepLIAlOT HelpephlBHOEe 6ecrnopsigodnoe ABIKeENHe.
MounekyasipHas TeopHsi BellecTBa paccMaTpHBaeT 3TO ABHMKellHe Kak
pe3yabTar «6oMBapaUPOBKH» YACTHUBI KOJeOJJIOUMMHCA MOJEKYJaMH
BoAbl. PaccMOTpHM NpOeKIHI0O GPOYHOBCKOIO JABHXKEIIWS HAd OChb M OIH-
mieM ee npHOJHKEHHO MOJAeNBI0 CHMMETPHYHOrO cayuaiiHoro 6yxaa-
HHS, MOJIaras, 4To nepeMelleHHs OuyKaaloulel 4YacTi{ubl HMEIT BeJH-
YHHY */i W NPOHCXOAAT B JQHCKpPETHble MOMEHThl BpeMelH [=jd, j=
=0,1,2,.... Ilpu h=58=1 sta Moaens u3yuyanace B § 1. Ceiluac Hac
HHTepecyeT NpeldelbHbli BapHaHT 3Toil Mogend, korpa O&—-0, A—0.
HeTpyaiuo nosisite, 4To COOTHOLIEHHe MeXAy NMOpsSAKaMH MaJgJocTH § U
h He MoOxeT OBIThb IIPOM3BOJIBLHUBIM, NMOCKOJLKY CBSI3b MeXIy NpOHIeH-
HRIM nyTeM A W 3aTpaueHHHIM BpeMeHeM O — cylllecTBeHHAs Xapakre-
DHCTHKa ABHXKeHHs. [lpHMeuarelbllo, yTo NOPSAOK MaJjocTH i OTHO-
cHTedbllo § Moxer ObiTh Halaed O6e3 obpaulenus K (HU3HYECKOMY
IKCIIEPHMEHTY, a JHIUL H3 YCIOBHS CYLIeCTBOBAlIMS MpeAeJablioro Ba-
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puanta anckperio# mopenau. Kak 6yner nokasado B 3.20, npeamnoJo-
¥KeHHs 11,/]/5—»0 H h/VES_—mo He NDUBOJAAT K cojepikaTebHOll MojesH,
M eAHMHCTBEHHHI pasyMublii BapuantT — 310 h/Y8—0, 0< o< co. IpoBo-
AMMble 7la1ee BLIKAAAKH CJAErka YNPOLIAIOTCH, ecaH NOJoxuM h/y§=

=o0. Kpose Toro, 3uaucuie ¢ onpeaenser Julls Maclrabuoe npeob-
pasoBailnie, H Mbl BEIO2peM o=1.

Hrak, nycts S, — nosoxenre B n-fi MOMeHT BpeMenu Oayxaaio-
uieft yacTHUbl B MOJe1 CHMMETPHUHOTo cayualioro 6ayxaanus 1.11.
Onpegeanv caysafilbii npouecc ¢ HeNPEPLIBIBIM BpeMelieM H Kycod-
HO-NOCTOANHBIMH TPAEKTOPHAME, Neaaras

W00 =hS (i, h=T8,
rae [a] o6o3Hayaer uenyk yacTh yucaa a. Ilycrs n=[#/8], Toraa
P(o: W (0) =kh) =Cy ™ %-n=p_ .

rde b noJgaraem Cp =0 npu s<0, s>n, s e ueaom. [Las n=2m, uc-
1oJIb3ysl COOTHOIIeHHe (cM. 3.16)

Com 272m ~ (nm)=12, m—>oo,
¥ 3ai1auy 3.18, umeeM npu [=o0 (m¥4), m—oo,

Pam, 21~ (nm) ~V2exp (—12/m).
Hns n=2m+1, k=2[+1, umeeM

. CntHlgam—1 2m +- 1 Cm+l'n2———2mv1<p2m.zl‘

' . 2
Pamory,20 = bamil ]

BepostHocTh

P:WPwela 8)= Y, »
(kh€[a,b]}

npu J00niX (PHKCHPOBAHHHX a<b ¥ n—-0o0, OYEBMAIIO, 3KBHBAJIEHTHA
cyMMe

n,k

LY ) o (— ),

(kh €fa.bT}

T/le MHOXHTeab 1/2 KOMIleHCHpyeT TO, YTO CyMMa B3sTa IO LeJHM R,
TOrAa Kak Pnxr=0 npu k Apyro# uetHocTH, yem n. JloacTaBasg ciona
n=[t/8], 6=Ah?, nepenuueM cyMMy B 3KBHBaJeHTHOM Nnpu h—0 Buze:

(2nt)y " hexp (— k2h¥/(21)).
{kh€[a,b]}

3aMeTHM, UTO OHA ABJASETCH HHTErpaJbHON A QYHKUHH

(1/V2nt) exp (—x2/(20)) = (1 VD) o (x1VE),



Tne $yHKMA
¢ (x)=(1/)/2x) exp(—x*/2)

— IVIOTHOCThL paclipefiesieHns BeposiTHocTefi (6yner nokasaxo B 3.21),
T. €.

oo

j' e(x)dx=1.

-——00

310 pacnpepgesienHe Ha3kwBAIOT C(TAHOAPTHbIM HOPMaAsvHbiM. Taxkum
obpasowm, npu A—-0

b
P: W@ < la b)) [ (11VE) @ (x1Vi)dx,

T. €. IIpeflesibHOE pacnpepesende fas W, — macwra6Hoe npeo6paso-
BaHHe CTAHZAPTHOIO HOPMAJbHOTO,

4%

>

Puc. 19 Puc. 20

Ha puc. 19 npeacraBieHbl rpaduKH HOPMaJbHBIX IVIOTHOCTEN

(1/v2nt) exp (—x*/(21))

JUIS HECKOJIbKMX 3HA4YeHHHA f; ¢ pOCTOM ¢ pacnpejejieHHe BepOSTHO-
cTeii GpOYHOBCKOH yacTHubl Bce OoJbllie «pacnosisaerca» N0 IPAMOI.
3aMeTuM, YTO BEPOSITHOCTD

e VY g!
2 § (VD oewva=2§ eay
eVt E

TOro, YTo G6pOYHOBCKAs uactHna OyfeT HaXOAUTbCH B MOMEHT BpPEMEHH
t Ha paccTOsHHH oT € /¢ 7m0 € !1/f OT HAuaJbHOTO MNOJIOXKEHHS, MO-
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HeT OblTh CHeJlaHa CcKoJb yrogHo Ogau3ko#l K 1 3a cyeT MaJjocTh e.
[TosToMy MOXHO cKa3aTb, 4To NpH f—oo OpOyHOBCKAas 4acTHUA Yyla-

JsieTcs OT Hauaja Ha BeJHUHHY NMopsiaxka VI
OTmeTnwm, YTO yCTallOBJEHHOE BHIIIE COOTHOLIEHHE

Chiho=2 _ Caitile= 1 L (V2/Vn) o (V2 kiVn)

o0bsicHseT cxoAcTBo orubarIux na puc. 3.
3.20. 3anaua. B obosnavenunx 3.19, samerns, yto W,MW=aW,"H,

nokasaTh, uTo ecan 0 — 0, h/V8 -0, TO
Plow: Wi (0)e[—a, a] )1
npu mobom a>>0, a ecam h/Y/8— oo, TO
Plo: WM (0)=[—a, a] )0,
T. €. B 000MX ClIyyasix NpelesbHbIe NMPOLECCH NOJY4YaloTCss BbIPOXKAEH-

Hble (B OQHOM cJlyuae OpPOYHOBCKAas yacTHLA He CABHraeTcid ¢ Mecra,
a B IPYroM — MrHOBEHHO YXOAHUT B GeCKOHEUHOCTb).

[Po: WP (@) & [—a, a)=P(o: (k1 V)WY (0)e[—a, o])=
=P(w: W'S‘/S)(m)e [——aVS/h, aVS/h]).

ITpu mobGom ¢ukcupoBanHoM a>(0 mosayyeHuoe BhipaiKeHHE OULEHH-
BaeTcsl CHH3Y BEPOSITHOCTHIO

P(o: w' ‘_’)(0)) e[—a, a))

npn @ <<a/8/h, u 3Ta BEPOATHOCTL QAT OUEHKY CBEPXY Nnpu  a@>>

> aV 8/h. YuuTeBas, uTo npefesbHoe 3HaueHue npu 6—0 3TOH Be-
POSITHOCTH PAaBHO

f(l/Vt—.)(p(x/Vt—) dx,

nosnyyum Tpebyemniit pesysabTaT, BEIOMpas @ CKOJb YrOQHO MalbM B
ciyyae VO8/h—> oo u cKoab yrogHo OOJIbIIHM B clyyae V&/h—>o.]

3.21. 3anaua. IlpoBeputs, uto @(x)=(1/1/2n)exp(—x¥2) ss-
JsleTca IVIOTHOCTbIO pacnpefeneHus BeposaTHocred: (I} moab3ysck pa-
BeHcTBoM I'(1/2)="7/n; (II) Bo3Bons umrerpan | @(x)dx B kBagpar
M IIepexois B ABOHHOM HMHTerpaje X NOJAPHHM KOOPAMHATAM.

1
e e S ARIC R

-0
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=l

(11)( f@(x)dx)QZEL f

e "Prdr :j e-"2rdr=1.
0

S e~ 12 dy dy =
—-20

f
x|
|-
TLmmy

[

[=+)
Oy 8

3.22. [Ipumep (aBymeploe GpoyHOBCKoe ABiikeHHe). PaccmoT-
PHM AByMepHOe CHMMETpHUlOe cJaydyafiHoe O.yXKJIaHHe 110 IeJ0UHC-
JIIHOIT IVIOCKOf pelleTKe IoJaras, 4TO lepeMeIlleHHst NPOHCXOAAT H3
711060ft TOUKH (X, y) ¢ UEJBIMH KOODAHHATAMH B OANO 3 UETHIPEX CO-
CEeIHX NOJIOXKEHHUIT:

(x+1, ), (x—1,4), (x, y+1), (x, y+1).

Ynpasiasier nepeMellCcHHEM UACTHLbI HOBTOPHBIT caydaiinblil BhOOp H3
muoxectsa {(l, 0), (—1, 0), (0, 1), (0, —1)}. Takum o6pasom, Ha
Ka)XI0M [1are 4acTHLA NepeMeliaeTcs B OAHY H3 YeThIpeX COCEIHIIX
TOUEK C paBILIMH BeposTHocTAMH 1/4. Haiigem pacnpefeneHie Bepo-
ATHOCTEH 10/0XKeHHS YacTHUL B MOMEHT BpeMeHH n. Pacuyer obJer-
yaeTcsl, ccJH IepefiTH K cHcTeMe KOODAMHAT X1, Ui, [OBEPHYTOfl OTIO-
CHTeNbHO x, y Ha 45° (puc. 20). ¥Yananl nenouyHcAeHHOH pelleTkH B CH-
CTeMe KOOPAMHAT X, Y WMEIOT B CHCTEME Xi, y; KOOPAHHATHI, KpaTHble
1/V2. TloacuutaeMm 4MC/IO TPAEKTOPHH MJIHTENBLHOCTH 1, BELYIUHX
H3 1aya’ga KOODAMHAT B TOUKY x,— R/}/2, ylzl/l/2, k, | — nenore,
Kaxanfi war 6JyxAaiollefi 4acTHUL 0311a4aeT B CHCTEMe KOODJAHHAT
X, y CABHMr Ha €JHMHHIYy BIpPaBO, BJEBO, BBEPX HJIH BHH3, 4 B CHCTEME
X1, Y 3TO O3HAayaeT OAHOBPEeMEHHBH cABHr Ha paccrosmie  1/)/ 2
KaK Mo FOPH3OHTAJNH, TaK M [0 BepTHKajaH (T. €. napajje]bHO X H
y1). Takum o6pa3oM, NpoeKUHH ABHKYyLIeHcH YacTHUbE HA Xi, Y Ipen-
CTaBJAfOT cOGOH oaHOMepHbe O6ayxiaHus ¢ maroM 1/1/2 roil ke
LJHTEJBHOCTH 1, Kak M AByMepHas tpaexkropis. OTciooja uncaI0 Tpaek-

TOpHIl AJHTENBHOCTH 1, coeanusiomux Toukn (0, 0) u (x;, y,)= (V2

: Y N
1/1/2), pasuo N, ,-N,, rae Nn_i:Cf,"")/— YHCJO TPAeKTOpHIT
oAHOMepHOro OJyxaaHHs, OKaHyMBawpwuxca B Touke (. Coor-
BETCTBYIOLIAS BEPOSATHOCTb PABHA Pri - Pn.i.

Buibepem A=1/28 u nepeiiiem K 6JyXKAAHHIO 1O peEIIETKE C UIa-
roM /, IPOHCXOASIIEMY B JAHCKPETHbIE MOMEHTHI BpPeMeHH ¢ Larom 4.
Kaxk u B 3.19, BBegeM HemnpepblBHOe BpeMsi U oBo3nauum P/ Beposr-
HOCTHYI0 Mepy Ha IJIOCKOCTH X, Y1, oJaras

[ V3by/h] [ V' 26,/h]
P (@, biIx (@ b= Y] Y e n=|5 |
k=] V2a,/h] i-1 =] V 2ay/h]+1

paBHOﬁ BepPOATHOCTH nonagaHHsg 4aCcTHUBL B MOMEHT !B npAMOYToOJb-
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HUK (a;, bi] X (as, bs] B KoopaunaTHO¥ cHcTeMe Xxj, y. [Ipu §—0 no-
ayuaem u3 3.19, urto
by by

P e blxten b [ 57 o () 7 () o

a4 az

Hpeuenb}{oe pacnpeneJenue BepOﬂTHOCTeﬁ Ha MJIOCKOCTH X, Y, pPaBHO

by by
. , * ]
(((ay, by]x (@ b.z])-:g—vcr(T",‘t_—) dxl-S (p( y”‘t ) v

1
Vi 123

a,
H, KaK BH/JHO, pacnajaercs B NPOM3BejeHHe OJHOMepHLIX pacnpejeJe-
HHil, OTBeUalOWHX OMAHOMEPHBIM GPOYHOBCKHM aBMXeHHsuM. Crsrubas
NPAMOYTOJNbHUK (@, bi] X (Qy, b:] K Touke (xi, y,), noay4aem

9, 9
P,((a;, by] %(az, bal)/((b,—a;) 1b,—az)) > @auty™! TN,
Tak uTO BeposiTHOcTHAas Mepa P, na njockoctd (x, y;) HMmeer 08Y-
MEPHYIO NnA0THOCTL pacnpedesedus  (2mf)~texp (— (x> +y12)/(21)).

BeposarTHoceTs 11060i1 AByMepHOil obnactH B MoxeT ObTb BhHIpaXkeHa
MHTETPaJIoM OT NMJOTHOCTH;

P,(B) = 5 (@)™ exp(—(x2 + y2)(20) dx, dy,,

(B mpeanoJoykeHuH, 4To HHTErpas no 3toi objacTu onpepedei).

3.23. 3anauva. Haiitn ¢yHxuuio pacnpejpeeHdss BeposaTHOCTeR
CJ. B. pr — paccroshng 6pOyHOBCKOIl uacTHUB OT Havana KoOpANHATB
MOMEHT { B ABYMepHOU MojenH 3.22.

[Fo = §] @ty exp(— (- )2ty ddy -
{2 +yr<ut)
2

= g do j. (2nt) " exp (— 22 r dr — 1—exp (—u?/(2t), u> O.]
o8

OrMetuM, 4TO BEPOATHOCTH

Fo, (67 VE)~Fy, (s V1) = emsi—e™ ™

TOro, yTo OPOYHOBCKAs 4aCTHUA HAXOAMTCS B MOMEHT { Ha paccros-
ey ot e){ no e~!' V! ot Hauana KOOPAKHAT, MOXeT OpiTh clesana
CKOJIp yroano 6sausxoii k 1 3a cyer manoctd e. Takum obpasom, 3710
paccTosHye HMeeT ¢ PocTOM ¢ NOpPs0K Vit

A6conoTHO HenpephiBHOE BEPOATHOCTHOE pacnpejnelieHie B n-Mep-
HOM TNIpOCTpaHCTBe R™ 3ajfaercs ¢ NOMONIbIO HEOTPHUATENLHOH HHTe-
rpupyeMoil GyHKuuH f(xy,...,x,), Takoi, uTo

o0

5 §f(x,, coay Xp)dxy ..o dxg =1,

—
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no dopmye

P4)={ ...§f(x1, sy X d, . dxn,

KoTopas onpenenser Mepy P Ha cHcTeMe MHOXeCTB ¢, LJf KOTOPHIX
HHTErpaJs onpejeseH M sBJseTCHA ANAMTHBHOH (YHKUHeH MHOMKECTBA.
®ynKuHa [ HasplBaeTcA IJIOTHOCTbIO Mephl P. B Toukax HenpephiBHO-
cTH QyuKUuH [ uMeeM :

Flxy, .o X)) =(0n](0x1...0x))F (%1, ..., %n),
F(xy ..., %n) =P ((—o00, x1] X ... X (—o0, x,,]).

Ha BeposirHocTHOM mpocrpaHcTBe (R™, &, P) MoXHO 3ajgaTh HeIo-

CpeJACTBEHHO ¢J. B. X (X) =Xy, X=(x1,...,4n), k=1,...,n, ¢ co-
BMeCTHOH . p. F U cOBMeCTHOU nAOTHOCTbIO pacnpedesenus |.

3.24, 3agaya. Cu. B. Xy, Xy, ..., X,, — KoOOpAHHATH n OpOLIEHHBIX
Haynauy touek Ha oTpezok [0, 1] HMeT COBMECTHYH IJIOTHOCTb
fxy, Xgy...,%x)=1 nmpu xi, Xy, ...,%,<[0, 1]. Halttu coBMecTHyO
MJOTHOCTL ¢al. B. Xq), Xgy---, X(n), Te X — noJoXKeHne R-§ no Io-

PAAKY TOUKH, CUHTAS OT JIeBOTO KOHIA OTpe3Ka.
[das moGoro napanennenunena [ai, by} X[as, b2] X ... X [an, ba],
tTakoro, uTo 0<Ca; < b <<ap<bhe< ... <Kap <bhpa<l, uMeeM

P(0: X (0) € [a b, k<) =LP(0: X, () € [ay, by, k<n),

rle CYMMHpOBaHHe Belercss no BceM n! nepecTaHoBKaM (iy,...,in) H3
yycea 1,...,n. [Ipononxas paBeHCTBO, NOJyyaeM
b, by

nl(b—a) .. {ba—an) =\ - \ nldx, ... dx,.

a,

Taxkum 06pa3oM, mis n-MepHBIX NMapaJljelenHnelos, cojaepXallixcs B
obaacra 0<Cx <<up<< .. . <x,<<l, umeem cdopmyay

Pxiyye X(my (A)= \‘ ..."Sn! dx, ...dx,.

M3 Teopuu uurTerpupoBaHus no PHMaHy BbITEKae€T, YTO 3TO PAaBEHCTBO
MOXHO PACNPOCTPAHHTh HA KJACC MHOXeCTB S, n-MepHbie OObeMBl
KOTOPBIX MOryT OBITh NpHOJIXKeHb o6beMaMH (HIYp, pa3GHBAIOIMHX-
cfl Ha NapaJJesieHnenbl, cO CTOPOHAMH, NMapaJlje/IbHBIMI KOODAHHAT-

HeIM ocaM. Takas ¢urypa, B 4acCTHOCTH {(X1,...,%n) 1 OSTHisSae<< ...
...<x,<{l}, oTKyZa HaxoRHM, 4TO COBME€CTHasl IJIOTHOCTb pacnpene-
neuus ca. B. Xy, X@y---,X(ny paBHa n! B npelenax yKasaHNoro Mio-
)ecTBa U paBHA HYJIO BHe ero. |

3.25. 3anaua. Ca. B Xy,...,X, HMEIOT COBMECTHYI IJOTHOCThb
f(X1, ..., ¢n). HaiiTi uacTHbre nioTHOCTH fx, (X;), (= 1, ..., n
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[ITonaras nsif KPaTKOCTH 7=2, noJy4aeM

Fr, () =Px.x (=0, u]x(—o0, o) = § (§ F(x x)dn)dzy

B [PERNOJOKEHHH, YTO JBOIIHOI HHTErpajJ] MOMKHO 3aMEHHTb IIOBTOp-
HeiM. CJefoBaTeNbHO,

oo

fr ) =\ Fla, x)dx,]

3.26. 3agaua. Cn B. Xy,..., X, UMEIOT COBMECTHYIO ILIOTHOCTb
f(x1,...,xn). [TOKasaTs, 4TO COBMECTHAH NJOTHOCTh CJ. B.
n
YIZX a“X,-, !:1, .y n, det||a,/||:;&0,
i=1
paBHa
n
le---'-Yn (ylv cey !/n) = |det Haiiul—l f(xv RS xn)s yl':'z Q;jXis j<fl,
i=1
wim, mnoiaraa Y=(Y,, ..., Y,), X=X, ..., Xa) A=llayll, x=
=0 .-y X3), V=(Yy5, - .., Y,), dopmyay npeoOpa3oBaHusi IJIOTHOCTH

NpH JHHeHAHOM HEBBHIPOXKAEHHOM Nnpeo6pasoBaHHH CJAYYAHIIBIX BEJHUYHH
MOXHO 3anHcaTh B BHAE

fy(y)= Idet A| " fx (yA~).
[Plo: Y@ eB=P:X(©)A=B)=P@:X(@) & BA )=
= 0 % e x)drg, L dry.
(BA7]

[Tpol3Boas 3aMeny nepeMeHHuX y=XA, nojyuaem

P:YweB) =] ... [1dta ™ fiyA " )dy, ... dy..]

{8)
3.27. 3anaua, [lycrs ca. B. Xy,..., Xn uMeoT chepHuecKH-CHM-
METPHYHYI0 COBMECTHYIO MIOTHOCTh:  fx,....,x, (%1 -+ -y ¥n) =h(x2+ ...
...+ x2). Halitu nnotnoets ci. B. Yy, ..., ¥n, cBA3an#bx ¢ Xi,..., Xn

OPTOroHa,ILHEIM npeobpa3soBaHHeM.
[Ans oproronansuoit Matpuubi A umeem A-'=A, |[detA|=1, |lyAl=
=|lyll, rae |lyll —eBkaHxOBa HOpMa BexkTOpa y, OTKyaa

ooy, Wy - y)=h@i+ ... +42)]

[Ipuvenssn 3.27 x npumepy 3.22, 3akjaoyaeM, 4TO KOOPAHHATH 6po-
YHOBCKOH 4YacTHUH B Jw0O0H AekapToBO#l cucreMe KoopAuHar (c o6-
INHM HAYaJIOM) HMEIOT COBMECTHYW ILoTHOCT  (2mf) —'exp (— (x2+
+y?)/21).
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§ 4.
HE3ABHCHMOCTDb

PaccMaTtpuBas ABa uiu 6oJiee BEPOATHOCTHHIX OMNBITA,
MOXHO TOCTAaBUTL BONPOC O HAJHYMH CBS3M MEXAY MX HCXOAAaMH.
Tak, eciu NpPOU3BOAMTCS TNOBTOPHHI caydainbii Boibop 6e3 Bo3Bpa-
LIEeHHS, TO NOCJe Ka)<JIOro M3BJeYeHHS COCTAaB YPHH H3MeHsAeTcad H
pe3yJbTaT MOCJAEAYIOUIEro HM3BJEUEHHS HAXOAMTCH B 3aBHCHMOCTH OT
pe3yJbTaTOB NpeAllecTByOLMX H3BJeuenuil. Hanporus, npn Bubope
¢ BO3BpallleHHeM COCTaB YPHH H YCJOBHS IIDOBEJEHHS ONHTA OCTANT-
cA HEM3MEHHHIMHU: NpH J1I000M H3BJEYEeHHH HMeeTc OJHO H TO XKe UiC-
JIO PaBHOBO3MOKHEIX HCXOJOB.

CoBMecTHOe H3yyeHHe HECKOJBbKHUX OINBITOB OCYILECTBJSIETCA B TEO-
pHH BEpOATHOCTEH NyTeM NOCTPOEHHs eJMHOH BEPOATHOCTHOI MOJEJH,
BKJIOYAOLlell Bce 3TH onmuThl, Ilyets Q={l, 2,..., N} — npocTpaHcTBO
3JleMeHTapHBIX COGLITHH, COOTBETCTBYIOUleEe OMHOKPATHOMY CJyuamHo-
My BuiGopy. IToBTOpHOMY BbIGOPY C BO3BpaumleHueM o0beMa 7 OTBe-
yaeT npocTpaHcTBO Qn=QX ... XQ={w= (@,...,®n)} BCEBO3MOXK-
HBIX NOCJeJOBaTeJbHOCTed @ AJHHH n U3 uyucen ot 1 o N ¢ pasuo-
MepHEIM pacnpefeseHdeM Ha ieM. OTjeJbHble ONETH  MOryT GHTH
NpeJCTaBJeHs B 3TOH MOJeNH CJl. B, X (@) =, 0= (0,. cyn), R=
=1,...,n: s3JeMeHTapHOMY cOGBITHIO @x K-ro ONEITa OTBeyaeT coGHITHE
{0: Xz (0) =0y} B Mogenu (2, p(w)=N"m). [ToctaBuM BONpOC O BHI-
JeJeHHu Toro cBodcTBa Mojend (Q7, p(w)) HAM NOC/IELOBATENbHOCTH
c1. B. Xi,...,X,, KOTOPOE COOTBETCTBYeT COJEpXKATeJbHOMY Ipen-
CTaBJIeHHI0 06 OTCYTCTBHM 33aBHCHMOCTH MeXJy OTJAEJbHBIMH OIBITA-
mu. C 3TOH LEJbI0 pAcCMOTPUM IPOM3BOJIbHBIE QyHKUMH V(@)=
—gx(Xx (@) =gr(0x) OT Pe3yabTaTOB OTAeJbHBIX ONbITOB. Hakaem

COBMEeCTHOe M yacTHble pacnpegeseHnusa CJ. B, Y[, ey y,nj
—n
Py, ..v (Yps - s Yn) = Z N "=
" ((oigk’mk\=yk.k=l,....n)
R N =
{01:81 (1) =y} ((un:gn(mn).:yn)
—n —
Py~ Y NT= X N
((u:gk(mk)=yk) (mk:gk(wk)=kk)

OTKyJa rnoJyyaemM COOTHOILUIEHHE

Pyl,yz....,yn(yp Yay + - oy yn)=pyl(y1) Py, (42) - - Py, (Yn)-

[MosicHuM, MoueMy 3TO COOTHOLiEHHe CJaelyeT CHUHTaTbh (OopMab-
HBIM BHLIpaXKEHHEM OTCYTCTBHS 3aBHCHMOCTH MeXAy Cl. B. Yi,...,Yn.
Bo-nepBbix, KaK MH II0K43aJ/IM, OHO BBIIOJHAETCA IJ cayyaiiHhIX Be-
JHYUH g (0y), 3aBHCAUIMX OT PE3YJbTATOB Pa3JIIMHBIX HCIIBITAHHH B
CXeMe NOBTOPHOrO BHGOpa C BO3BpAIIEHHEM, T. €. TAKMX CJIyYaHHHX
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BEJIHYHH, KOTODhle C COAEPXKaTeJbHOH TOUKH 3PeHHs Haj0 IoJararth
He3aBHCHMBIMH. Bo-BTOpBIX, PacCMOTPHM HeKoTopsie ca. B. Y, Y
, Yn, A1 KOTOPHX

p;;”,;;____‘;;(y1. Yar -y Yn) =Py (1) pﬁ(yz) . py:)(yn).

IlpesnosokuM JONOJHHTENBHO, uTO ca. B. Py, (=1, 2,...,n, umMeIOT
KOHEYHOe YHCJO 3HAYeHHIl, KOTOpPHE OHH NPHHHMAIT C palHoHaJb-
HbIMH BEpOSITHOCTAMH. B TaKOM ciyuae JIerkKO ONpeReaHThb cJa. B. Yj,

i=1, 2,...,n, B cXeMe IIOBTOPHOro BHOOpa C BO3BpallleHHeM, KaK 3TO
OBLI0 CHeNaHO BhIlle, TAK 4TO

py“___'yn(ylv y-p Tty yn)_ PY‘ Y. (yu yzv Pty yn)

dTto o3nauaer, yTo Habopui ca. B. (Y, Yy ..., Vo) B (Y, Yy ..o, Y0)
NpeJCTaBJAIOT COGO 3KBHBAJIEHTHEIE 00beKThl TEOPHH. C.HEJIOBaTe.Hb-
Ho, ¢ B. Y, Vo ..oy ¥ «YCTPOEHBI» TAK Xe, KaK eciH 6bl OHH 3a-
BHCEJAH OT Pa3JjHYubIX MCIHTAHHH B CXeMeé INOBTOPHOIO CJly4aBHOro
BHIGOpa ¢ BO3BpalleHHeM.

[Tepexolsa K NpOHU3BOJBHHIM AUCKpPETHHIM ci. B. Xi(w), i=1, 2,.

, N, HA30BEM HX He3aB8UCUMbIMI, eCIH HX COBMECTHOe pacnpeuene-

HHe BepOSATHOCTEH pacnajaercs B NPOH3BeJeHHe YacTHHIX paclpeje-
JIGHHH:

Pxy XX, Fo Xar o oo Xn) =Py, (81) Py (%) ... Py (¥n)-

Hesasucumele cn. 8. Xi, Xy, ..., X, DOPOXKAAIOT BepPOATHOCTHOE IIPO-
crpanctBo (&, p(x)) cneuuaJbHoro BHaa: L =Z1X...X Ln
P)=pg, (%) - Py (¥n)s X= (X1, -y Xn), TIE Py (%) npexcTaB-

Jaser cobom pacnpeﬂ.eneﬂue BeposTHocTeft Ha & i=1,...,n. Ilpo-
crpauctBo (&, p(X)) Ha3wBawT npaAMslm npou3gedexuem Tpo-
crpaiets (Fy, py (X)), i=1, 2, ..., n

i

IiMess NpOHM3BOJILHEIE BepOATHOCTHHE mNpoctpaHcrBa (&i, p(xi)),
i=1, 2,...,n, (Z:=R), MmoxHO 06pa3oBaTb HX NpAMOe NPOH3BEJCHHE
(Z, p(x)) ¥ 3anaTe Ha HeM HeNOCPEACTBEHHO cJ. B. X;(X)=x; X=
=(%X1,.... %), i=1,...,n, KOTOpHe OKa3bBAlOTCd HE3aBHCHMBIMH H
HMEIOT 3aJaHHble uacTHHe pacnpenesieHus p;(x;), i=1,...,n. Ilpamoe
NpOH3BeJieHHe TOYHO TaK e 00pa3yercs H3 AMCKDETHBIX BepOSATHOCT-
HBIX NPOCTPAHCTB (Qi, p;(w;)) ¢ MHOXecTBaMH Q; NPOH3BOJbHOH IIpH-
poanl. Jlerko y6eauTbcs, KaK M Bhille, 4TO J06bie GyHKUIH X;(0)=
=g;(w), i=1,..., n, o=(0, ..., ©;) O6yIyT OpH 3TOM lie3aBHCH-
MBIMK cayyafiHBIMH BeJHYHHAMH. BeposTiocTHOe nmpocTpancTBo (21X
X...XQp, pi(0))...pn{0n)) Ha30BeM NPOCTPAHCTBOM HE3ABHCHMBIX
HcnbiTaHHHE. B cayuae, Korna Bee (i, pi(®;)) COBIANanT Mexny cCO-
Oo#, GysemM rOBOPHTb O NOBTOPHLLX HE3ABUCUMBLY UCNGITAHUAX.

ITpuMepoM NOBTOPHBIX HE3aBHCHMBIX HCILITAHHH CHYKAT HCIHTa-
Hus Bepuyaan, rge Q;={0, 1}. B 2.17 6u/10 noKasaHo, YTO HE3aBHCH-
MEIMu fBJf0TCHA ¢, B. T, i=1, 2,...,r, paBHble KOJHYECTBY Heynau
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MexXJy nocJef0oBaTeJIbHBIMH yclleXaMH B cxeMe OecKOHeYHOH NOCJen0-
BaTeJbHOCTH HcnuTaHH# Bepryaan. Hampotus, ca. B. Vi, i=1, 2,...
...,r, B 2,18, paBHHe AJHHAaM IIOCJEJOBaTeJbHEX CEpPHH H3 YCIeXoB
HIH Heyaau B GecCKOHEUHOH IIOCJeJ0BaTeJbHOCTH HCIHTaHHil DepHyJ-
JH ¢ BepOSAAITHOCTBIO Yycnexa p#1/2, He HABAAKTCS He3aBHCHMHIMH.
B caMoMm neJne, pacniHcaB paBeHCTBO pv,.v,(l» l)zpv.(l)'pv.(l)

(I—p)p(1—=p)+p(1—p) p=(1—p) p+p(1—p)) (P*+(1—p)?),

HaxoAuM u3 Hero p=1/2 (mpu 0<p<1). C ppyroi CcTOpOHB, NOA-
cTaBJsg B GOpMyJy COBMECTHOrO pacnpejiesieHHss BepOATHOCTeH CJ. B.
Vi, Vg,...,V, 3Hauenne p=1/2, nerko ybGexjaaemcs, 4To OHO pacna-
ZlaeTcd B NPOM3BefleHHe YACTHHIX pacnpedejeHHH. Haanuue 3aBHCHMO-
CTH MeXay ca. B. Vy, V... npu p#1/2 Haubojee sCHO BhIPaXeHO
npu p, oueHb 6au3KUX K 0 au6o x 1. Ckaxem, npu p, 6auskix K 0, Be-
POATHOCTBL TOTO, UTO mepBas cepis 6yaeT cOCTOATb H3 HeyAay H HMeThb
IJIHHY k uaH 6oJbllie, paBHA

(I—p)rp+ (1—p)**'p+ ... = (I—p)*

H octaercs O6au3Koll Kk | mpu k 6oJbIIHX, HO TaKHX, uTO kp Mano. Ta-
KHM o6pa3oM, ecau HabaiojaeTcsl AJHHHAS NlepBasg CepHA, TO cKopee
BCEro OHa COCTOMT H3 HeyJady, TaK uTO BTopas cepus OyneT COCTOATH
H3 ycnexo H 6yaer KOpoTKoH. Ecau nepBas cepHs KOpPOTKas, TO BTO-
pasl cepus ckopee Bcero 6yaer AJMHHAS.

4.1, 3agaua. Ca. B. X;, Xy,...,X, HMEIOT COBMECTHOe pacnpene-
JeHue BHAZ Py x . x (%15 Xgy oo ey Xp)=h (%) By(xs) ... Ba(x,), THE
h;, i=1, 2,...,n,—HeKoTOpHe HeoTpHuaTteabHHe ¢yHkuuH. Iloka-

3aTh, 4T0 X), X3, ..., X, HE32aBHCHMHI.
[PaccmoTpum aas KpatkocTn n = 2. Hveem

Px, (%) = Z hy (%)) By (%) = hy (%1) Cor Py, (%2) = c1hy (X,),
{x3}

Cy = E hy (x5), ¢, = Z hy (%), €6, =1,

{%s} {x)
oTKyaa

Py x, (X1, Xo)=hy (%) ha (x;) = (B, (%) 65) (B2 (%5) €)= Px, (xy) Px, (x2)-]

4.2. 3anaua. Jaun He3aBHcHMBle cJ. B. X;, Xs,...,X,. Iloka-
3aTh, uTo Jio6oe nmoamMHoxectBo X;, X, ..., Xi Tak¥Ke COCTOMT H3

HEe32BHCHMBIX BeJHYHH,

[Tak xak nepecTaHOBKa CJY4YaHHBIX BeJHYHH, OYEBHAHO, He BJIHHA-
€T Ha CBOHCTBO HE32BHCHMOCTH, TO, NePEHyMepOBaB BeJIHYHHbI, CBEJEM
BONPOC K He3aBHCHMOCTH nogmHoxectBa X, X, ..., X Ilo HHAYK-
LHH, NIepexols oT n K n—I1, moJyuaem ¢ HcnoJab3oBaHHeM 2.8

iy
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(i« s Xnm))= 3, Py, (8) . Py (n)=
-1 (x ) n

Px...x
=P (1) Py ()Y Py (5= Py, (61) + - P (k).
{x,}
43. 3apaua. JlaHe He3aBHCHMHE CJ. B, X1,...,Xn, Xntiyeo-
yto ¢1. B, U=g(X),...,Xn) v V=A(Xnyy,...

«» Xntm. Iloxaaars,
» Xnym) TaKXKe HE3aBHCHMBI,
[dns xpaTkocTH 3anucy noJoxuM n=m=1. Umeem

Py (s =P (03 g (X, @) =4, h(Xy (@) =1)=
Po: X, (@)=1x, X,(@)=x)=

{x1.X5:8(x()=u,h(x;) =1}

= 2 P(o: X, (0)=x)

{(xe:8(x,)=u)
44. 3anaua. I[lycte ca, B. X, Y He3aBucuMu. BuBecTH dopmyny

pacnpejeseHis BeposTHocTed ca. B, U=X+Y:
po@= X px()py ()= Y px () Py (u—).

{x.y:x+y=u)} {x}

Y P X©@=x)=py@)p 0]

{xsth(x;)=0}

[w=P@: X@+Y@=w= ¥ P@X@=xY©=y]
{x, y:ix+y=u} .
45. 3anaua, Ca B. U, V He3aBHCHMH H HMEIOT GHHOMHAJBHHE
pacnpejeseHus:
pu(B)=Crp* (1 —p)"™, py()=Cnp* (1—Pp)

Hafitu pacnpenenenre BepositHocteit ca1. B. U+ V: (I) noabaysce 4.4
(IT) paccmaTpuBas NoC/JeA0BaTeNbHOCTb n-+fm HenbiTaHuil Bepuysann

n—l

C BEPOSATHOCTBIO yCIexa p.
[(I) Py .y (R)= %;C}',p" (1—p)*~ C i pr—i (1 —p)™ 1t =
i
=pt(1 __p)n+m—.k 2 Cf,Cf}Ti _ C,'§+mp" (1—p)"* Lm—k
{1}
I/le Ha NOCJEAHEM Lare yuTeHo ToxaecTBo (cu. 1.28)

Y cickick =
{1}

U, V uncio ycnexoB B mepBbiX n M MOCTEIYIOUIHX

(II) O6oanauns
Bepuyanay,

M HCNHITaHHSX B NOCJENOBATEJNBHOCTH M-+ MCHBITalHIl
nonyuaeM, uto U u V HesaBucHMH H HMEIOT OuHOMHAsbHbBIE pacrpe-
ZeleHus ¢ napaMeTpamu n, p u m, p, a UV umeeT Gunommnashoe
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pacnpenesieHHe ¢ napaMmMeTpamu n-s, p, Tak Kak IpeACTaBIseT Cos
6ot YHCJIO yCIIeXOB B NOCJAEN0BaTeNbHOCTH n+m HcenwiTaHuilt  Bep-
HYJITTH. ]

46. 3anava. Cn. B U u V He3aBHCHMBI M MMEIOT OTPHLATEJbHEE
OHHOMHMAJbHEIE paclpefiesleHHs] ¢ ONMHAKOBHIM 3HaueHHeM Nlapamerpa
p. Tlokasats, uto U+ V uMeer Takxke OTpHLATe/bHOE GHHOMHAJIBHOE
pacnpejiesieHHe, paccMoTpes napy ci. B. U, V, onpenenesHuX B cxe-
Me OecKOHeyHOH IOCJef0BaTeNLHOCTH HCNHITaHHA DepHyann u uMelo-
IUIX TO XKe COBMECTHOe paclpejesieHne BeposTHocTell, uto u napa U,
V (cm. 2.17). BuBecT 0TCIO[@, YTO CyMMa 7 HE3aBHCHMBIX reOMETDH-
YEeCKH pacnpelesneHHBIX C NapaMeTpoM p CJay4YadHEIX BeJIUHH HMeeT
OTpHLaTelLHOG OMHOMHAJLHOE paclpeje/eHde C NapaMeTpamH n, p.

[ B cxeme GeckoneuHOH nocJefoBaTeJNBHOCTH HCNBITaHHH DBepnya-
JIM onpenesuM cJ. B. U, paBHYKO 4HCTy HeyZAadu Jo r-ro yclexa, H cJg. B,
V, paBHyo ulcJy Heymau MexAay r-M u (r+s)-m ycnexamu. Toraa
U-+V npexcrabaser coboft uncao Heyxay fo (r-+S)-ro ycnexa u no-
ToMy (cM. 2.17)

pa+ f’\(k) = C’;’*'s'i‘k—ipr—*-s (1 _p)k.

CoBMecTHOe pacnpepesneHue BepostHoctell U u V paBHO
Py )= Chaimipt (1—PY Chirip! (1—p) =g ()7 (),

T.e. o1 B. U, V He3aBHCHMH H HMEIOT OTpHLATeJbHhle OHHOMH-
anbHBle paclpejeseHHs, a HX CyMMa TaKXe OTpHUaTeJbHass OHHOMH-
ajpHag, |

47. 3agaya. Ca, B. X, Y He3aBUCHMBL H HMEIOT NyacCOHOBCKHe
pacnpeje/ieHHs BepOATHOCTEH ¢ MapaMeTpaMH A, Ui

px (k)= (AYRke ™ py(l)=(/)e™ £k [=0,1,2,....

ITokazats, uto ux cymMa X+ Y uMeeT NmyaccOHOBCKOe paclpejeseHHe
C napaMmeTpoM A+ p.

k
[Py ()= Y} (1) = @i — ) =4 =
i=0
1 u k!
=1 LRy Sy ' .
e ug oy MET = (O TR e,

rjie ia NmocjefHeM llare Hchnoss3oBaHa topMmyna O6uHoMa HbioToHa
(cM. HuxKe). |
HokaxeM bopmyay 6uroma Heiorona

(a+br=Y Cla®t"™ n=1,2 ...,
k=0
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HJIH
n
(11t = Y Chte.
k=0
PackpoeM CKOOKM B IpOM3BEJeHHH

Qi) 8 ... (1))=Y . "

{8:.8....,8,)
e CyMMHpoBaHme Bejercss no BceM HaGopam &;, 8, ..., 6, u3 O m 1.
TNonaras {, =t,= ... =1, =1, noxyyaeMm
Bit-By+... -8
(1-- 1) = Z ot n__
{0:,82,....8,}

n
n +o n
8,3-...
e A )2
R=0{8,82,...,8,:0sF...-+8, =k} £=0

B koMOHIATOpHKe 1 TEODHH BepOATHOCTEH CYLIECTBEHHYIO pOJb
Hrpaer annapar NPOU3BOAAMIMX QYHKUMA: cTelleHHOH psAl

K>/ (t) =a0+a1t+a2t2+ ean

Ha3bBalOT npousgodaujei ynxyueid (n. ¢.) nocaedosaresbHOCTU g,
@i, 4z ...; 0. ¢. KOHEUHOH noc/nef0BaTeJbHOCTH @y, 4y, ...,0n MOX-
HO ONpejeuTb, NMOJOKHB An =0, o=...=0. Ilpegnonaras, 4to pax
ans ¢ (f) uMeer HeHyJeBOR pajnyc CXOAMMOCTH, 3alHIIeM Bbpaxe-
HHSl IS YJEHOB IOCJeJ0BaTeNbHOCTH 4yepe3 NPOM3BOAHBIE OT S¢(f) B
HyJe:

an=st™ (0)/nl, n=0,1,2,..., 50 (t)=st(t),

TaK YTO NOCJeLOBATENbHOCTh BOCCTAHABAHBAETCH IO CBOeH MnpoH3BO-

Aauwed ¢yHxkuuu, [Iasg nocjaegoBaTeNbHOCTH Po, Pi, Pa, ..., 3ajanollel
pacnpenenenue BepositHocTell (0<{py<<l, po+p1+p2+...=1), n. .
P (!) =po+pit+ ... HasnBaercs sepoarHocTHou. Psan pas FP(¢) cxo-

autes npu || <<1. Ilpoussodaujedli pynxyueli ca. 8. X ¢ UeJBIMH  He-
OTpPHLATEJbHHIMK 3HAUEHHAMH Ha3bBalOT I. ¢. Px(f), oTBeuarIyO
pacnpejeneHuio BepositHocrelt px(k), k=0, 1, 2,... c1. B. X
HaunGonee BaKHbe NpuMeHeHUS NPOH3BOAAMMX GYHKUHH CBSI3AHBI
CO C/IeAyIOLIHM HMX CBOHCTBOM: TnpoHn3BeieHHe ¢ (f)%(f) saBasercs

0. ¢. mnocneoBaTeNbHOCTH C,=dagh,+ab,_y+ ... +a,b,, n=0, 1,
2,..., rpe #(t), #(t) —n. ¢. nocaegosatensuoctell ug, @y, Az, ... H
bo, by, bg, ..., cooTBeTCTBEHHO. B camom neae,
oo oo 0 n
A BN)=Y, apt® $ b= Y Y a,bu .
n=0 m=0 k=0 k=0

Jn1s HezaBucuMBIX ca. B. X 1 Y uMmeem oTcioaa u u3 4.4, uto
Px()Py ()= Fx v (0).
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4.8. 3anaua. JloKasaTh TOMKIECTBO ZC‘ Cht=Ck, ., wucnonb3ys
{i}
. ¢.
Y€ b = 07 = (1 1y (1 +tym = T Clte

{k} (i}
xYcii=Y, ¥ cicit ]
(i} (%} (i}

49. 3agaua [uddepenuupys TtoxaectBo 1+i+£2+4 ... = (1 —
— )74 |tl <1, BuBecTd dopmyay

(1=~ Z Chiritt = ch_]tk.
HoKazaTte TOXJAECTBO

—n !
Z Cryr—1Cilkrs—1=Clirps—1.
{k}

o

[(r—l)' (l—t)—r_—_ E n(n_.l) e (ﬂ—-f—f—2) t'l-'f-H —

nz=r—1
2 kir—1) ... (k+ 1)t =Y (B +r—1)kl) t*
=0 k=0
Yool ==ty (=t = ):Cw_ltk
=0

XZ CH st = 2 t‘ZC r—!C5:;§+s~l.J

=0 (k)

4.10. 3agava. Beiudcauts n. ¢. 6MHOMHAJBHOTO, OTPHIATENLHO-
ro 6HHOMHAJBLHOrO U Ny daCCOHOBCKOrO pacnpejeaeHHi.

[ ¥ clor (1 —py ZC"(pt — ot =(pt+1—p),
k=0

Y. Gl (l—pppt=p (1—(1—p) )
k=0

(Orcioga MOHATHO, KAK BO3HMKJAH HAaHMEHOBAHUA GHHOMHAJBLHOIO H
OTpHHATeNLHOro 6HHOMHAJBHOro pacnpejedenufl.) Hakonen

2 (Kk/k]) e*?-ek - l—h Z (}\.t)k/k! — e—k»j»M ]
k=0 p=0
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411. 3anava. Pewnts 4.5—4.7 ¢ 1NOMOIBIO TNPOU3BOAAMIMX
PyHKuHH.

[() Pusv )=y () Py ()= (pt+1—p)"

yTo BBHAY 4.10 sBasercs 0. ¢&. 6GHIOMHAJBIOrO pacupee’eHHs,
u T A]

Ot nonsiTHa HE32BHCHUMOCTH CJAYyyaliHBIX BOJMYMII MepeHaeM K He-
3aBucuMocTH coObitTuil, Cobutus A u B caeayeT cuuTaTh He3aBHCH-
MbIMH, €CJH TO, YTO [POH3OLLIO HJAM HET OAHO H3 HHX, He BJMseT Ha
TO, IPOH3OUII0 HJH HeT APYroe, T. €. NOHATHE HE3aBHCHMOCTH cOObI-
TUH CBOAHTCA K HE3aBUCHMOCTH cJ. B. /4, /p — HHAHKATOPOB COOBITHH
A, B (l4(w) =1 npu wEA, [1(0) =0 npu ocsA). Cobutus Ay, A, ...

., An Ha3HBAOTCH HE3UBUCUMbLLMU (B coaoxymxocm) €CJU He3aBH-

CHMBI HX unukatopst /4 (@), k=1, n:
n
P(o:la (0)=0, k=1,..., )=T1P: 14 @)=8)
k=.1
aas moboro Habopa 6y,...,08, u3 0 n 1. Boas obo3nauenne A=A,

A°=A, nepenuiueM yc/10BHE HE34BUCHMOCTH COOHITHI B BHJe
P(AXAY . Al =P (AMP(AY) ... P(Ad)
IJas Bcex HabopoB 8y, 03, ..., 0,.

412, 3anaua, [lokasaTe, uTo nJs He3aBHcHMocTH coOuiTHi A, B
(unankatopoB /.4, [y) AOCTAaTOYHO BHINOJHEHHS JM060ro H3 PaBEHCTB
P(AB) = P(A)P(B), P(B) =P(A)P(B), P(AB) = P(A)P(B),
P(AB)=P(A)P(B). _

[HeobxoxuMo mnokasaTb, uTo .11000€ H3 BbINICAHIBIX DPABEHCTB
BJieyeT Bce ocTanbHule. Mcnonbdys pasbuenue A, A, 3anvwem: P(B) =
=P(AB)+P(AB) wuau P(AB)—P(B)—P(AB) [fpenmosioxuB, uTO
P(AB)=P(A)P(B), noayuaem orcwona P(AB)=P(B)—P(A)P(B)=
=(1—P(A))P(B)=P(A)P(B). Touno Tak »e BHIBOJIATCA H OCTa/b-
Hble pPaBEHCTBA. |

4.13. 3anavya, Huauratopune ci. B. X;, Xy He3aBHcHMH H P(w:
: X;(w)=1) =1/2. O6pasyem ca. B. X\;i®X;—cymMmmy mno wmoaymo 2
ca. B. X; u X; (101=000=0, 0B1=1D0=1). ITokasaTs, yTo m0-
6ble ABe H3 cda. B, X, Xo, X1EBX2 He3aBHCHMEl (B TO BpeMs Kak Bce
TpU CBA3aHH (QyHKuloHaabHOH 3aBHCHMOCThIO X DX @ (X,©X;) =0).

[P(o: X (@)=1, X, (@)P X (0)=1)=P(0: X, (0)==1, X,(0)=0)=
=P(: X, (@)=1)P(: X,(@=0=P(0: X, (0)=1)-1/2,
P(w: X, (0)®D X,(0)=1=P(0: X, (0)=0).1/2+
4P (0: X (w)=1)-1/2=1/2.
CJie10BaTeIbHO,
P(o: X, (0)=1, X,(©)@ Xa(0) =) =P (0: X[ 0)= 1) P(0: X,(©) D
B X, () =1).
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ITockoabky ca. B. X, X, X, uuankartopusle, 3akaoyaem (cMm. 4.12),
YTO OHH HE3aBHCHMHI. |

4.14. 3angaua. Cobmtua A, A, ...,A, He3aBucumn, P(A;)=
=p;, i=1,...,n. Haiitu BepoaTHocTh ToOro, yto: (I) HM OAHO H3 3THX
cobuiTHii He npousouwso; (I) npousoumso poBHo oAHo cobmtue; (I111)
NPOH30LII0 POBHO £ COOBITHII MPH JAONOJMHHTENBHOM NpPEANONOMKEeHHH
1=...=pa=p; (IV) npousowo xots 66! 0IHO cOOHITHE.

[(I) P(A...4,)=(1—py)...(1—pn). Hcrmoaways npeactasie-
HHe cobuitua (II) B BHIE

GA.. Zidd... A,

Lo-

HAaXOJHM €ro BepOATHOCTb

n

2(1_';71) s (I—Pk_l)Pk(1~Pk+l) tee (1~pn)

k=1

CoBuitve (I11) uMeeT {BepOSTHOCTh Cep*(1—p)"™*. Hakonen,
V) P(U A4)=1—=P(N A)=1—(1—=p)... (1 —pu)]

Mojenr, nOBTOPHRIX He3aBHCHMEIX HcnerTavdii (&7, p(x) ...
...p(xn)) Ronyckaer obGobueHHe Ha caydad OecKOHEe4YHOH Moc/aeno-
BaTeJbHOCTH HCNBTAHHH, Kak 3To OblI0 npofenado B 2.15 aas -
tandit Beprynmn: & ={0, 1}, p(1)=p, p(0) =1—p. IlpocrpaucTso
3J€eMeHTapHBIX COORITHH &£ COCTOMT H3 OeCKOHeYHBIX [0CJeJ0BaTelb-
HoCTel X= (X1, X3, ...), GEZ, k=1, 2,..., BepoATHocTHaA Mepa P
onpejeneHa Ha aarefpe MHoMxecTB ¢, cocTosilleil H3 ITOAMHOXECTB
A=Z Buna

A={x: (x1,..., X)) =AM}

IPH BCEBO3MOXHHX 7 H AM=Z ™. ®opmyaa

PAH= ¥ px).. . plx)

(Hrreerx ) €4

3ajaeT KOPPEKTHO BepOsATHOCTHYIo QyHkuuio P(A) Ha &£, P(J) =0,
PZ>)=1, P(A) aaautuBHa Ha . JloKa3aTeJbCcTBO 3ITHX YTBepKie-
HHit He OTJIHYaeTcs OT npoBefAeHHoro B 2,15, 2.16 ana yacTHOro cayyas
ucnntauui BepHyann. Kak u B 2.15, octaercs B cuJse 3amedaHue, 4To
anre6pa MHOXeCTB S HeNOCTATOYHA AJs ONHCAHHA MHOTHX HHTepec-
HHIX cBoficTB OeCKOHEUYHOH noC/JAef0BaTeNbHOCTH HCIBITAHHM,

OTMeTHM, YTO HE3aBHCHMMOCTb COORITHH H AHCKPETHRIX CAy4adHBIX
BeJHYHH AJsA [POH3BOJLHOrO BEDOSTHOCTHOrO MPOCTPAHCTBA oONpee-
JAETCA TAKHMH e COOTHOILIEHHSMH, KaK H B cJyyYae AHCKDETHOro Ipo-
CTPaHCTBA.
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[To aHanoruu c AHCKPETHHIM CJydaeM OIpeaeNsieTCs HelnpephBHAs
MojAeabL He3aBHcHMMbiX HcnbiTanvi, Ilyets fp(x), k=1,...,n, — npous-
BOJIbHbIE OJHOMepHbBIe NJIOTHOCTH pacnpeaeseHiiy,

A=\ $rm) .. Faeids .. dx,

A

— BEPOATHOCTHAA Mepa ¢ IJIOTHOCTBIO [i(x1)...f,(¥n), ompenenex-
Has Ha CHCTeMe IIOJMHOXKECTB ¢, AJISl KOTOPOH HHTErpaJs onpeieseH H
sBJseTcs aAAMTHBHOH (QyHKUHeH MHOXecTBa. BeposiTHOCTHoe MpoO-
cTpaHctBo (R", ¢, P) Ha3niBaeTcs MOAENbI0 He3aBHCHMBLIX HCIbITa-
HHH; HCIILITaH#e ¢ HOMEpPOM k B 3TOH MOJeJH HMeeT IIJIOTHOCTb pac-
npeneneHus BeposTHocTeH fu(x), k=1,...,n. [Ipu [y (x)=[(x), k=
=1,...,n, (R™ &£, P) Ha3zoBeM NOBTODHLIMH HE3aBHCHMBIMH HCIbITa-
HUSIMH C IJIOTHOCTLIO paclpeieseHHs OTAEJNbHOro HCNbiTaHus f[(x).
[TpocrpaHctBo (R*, &, P) ans onucaHHs OecKOHEUHOH IoOCJeA0Ba-
TEJNbHOCTH MOBTOPHBIX HE3aBHCHMBIX MCIOBITAHHA ¢ MJIOTHOCTBIO [(X)
BBOJHTCA IO TOH K€ CXEMe, UTO H B JHCKDETHOM cJy4ae,

Cn. B. X1, Xo,...,Xn, 3a1aHHble HENOCPEACTBEHHO B MOJeJH He3a-
BHCHMbIX HcnbiTaHui (R?, &, P) i X;i(X) =x; Xx=(X1,...,%Xn), i=1,...
.«., N, ONpeleNsIOTCA De3y/NbTAaTaMH HE3aBHCHMbIX HCIBITAHHH, H HX
cjelyeT Ha3BaTbh He3aBHCHMEIMH., OAHaKO, KaK H B AMCKPETHOH Moje-
JIH, CBOHCTBO HE3aBHCHMOCTH CJyuaiiHbiX BeJIHUHH Lesnecoob6pa3Ho Bhi-
pasHThL yepe3 uX paclnpejaesenHe BeposTHocTeHd. HenpephiBHble cJ. B.
Xi(w), i=1,...,n, 3a1aHHbHle Ha HEKOTOPOM BEPOSATHOCTHOM MpO-
cTpaHcTBe (2, %, P), Ha3oBem Hesasucumbimu, €CJIH HX COBMECTHASA
IVIOTHOCTb pacnajaeTcsi B IPOH3BeJeHHE YACTHLIX:

le,...,Xn(xlv vy xn):fxn (xl) RN fx,l(xn)'

beckoHeuHass nocJiefoBaTeNbHOCTh cJ. B. X;, X, ... HasbiBaeTcs
He3asucuMoll, ecqH He3zaBHcHMa Ja100as KOHeyHasd NOANOCACLOBATEM]b-
HocTb Xp, ..., Xn.

4.15. 3anauva. Cn. B. Xy,..., X, HE32aBHCHMH H HMEIOT CTaHAapT-
Hble HOpMaJblible INIOTHOCTH @(X;) = (1/}2n)exp(—x:%/2). [Toka3ars,
4YTO CJ. B.

yl.:zailxh jzlv--'y n,
i=1

rae MaTpuua [la;;|l opToroHaJbHa, Takye HEe3aBHCHMBI H paclpeje.e-
HEl 110 CTaHAAPTHOMY HOpMaJIbHOMY 33KOHY.

[[IpumeHuTs 3.26 U 3.27.]

4,16. 3apgaua. Ca B, X;, X; HE3aBHCHMbI H HMEIOT CTaHAapTHLIE
HOpMaJbHble TJIOTHOCTH, ca. B. R, (D — nossipHble KOOPAHHATHl TOYKH
C A€KapTOBbIMH KoopAHHaTaMu X, Xy:X;=Rcos®, X,=R sin®. [lo-
Ka3aTh, 4TO R 1 D He3aBUCHMBI.
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[Mas mogmHOXKecTBa B= (0, o0) X [0, 21) 3anuieM

Pro(B)= Sj (1/(2)) exp (— (x2 + x2)/2) dx, dx,,

B={(x,, xs):x,=rcosq, y,=rsing, (r, ¢) < B}.

Ilepexoaa B MHTerpaje K NOJSPHBIM KOOPAHHATAM M BHIYMCJIAA SKO-
6uaH |0(x, x2)/0(r, @) | =r, nonyyaem

Pr.o (B) =\ (1/2m) exp (—r212) r dr de,
B

OTKYAA HaX0JHMM COBMECTHYIO NJIOTHOCTh CJl. B. R, @
fr.o(r, @) = (1/(2n))exp (—r*/2)r, r>0, 0SE<2n.

Buiuncasg yacTHeie miotHoctH (cM. 3.25)
2r

fr(N={ fro(r, ©)d = rer2, fo(9)=1/(27), r>0, 0< 9 < 2m,
0

noJiyuaeMm TpeGyeMblil pe3yJIbTar. |

4.17. 3apgaua. Ca. B. Xy,...,X, HE3aBHCHMH H OJMHAKOBO pac-
IpejeJieHn ¢ 3KCIOHEHIHAJbHON MJOTHOCTBIO f(x) =e—*, x>0. Baegem
ci. B. Xy, k=1,...,n, Ha3nBaeMHe NOPAOKOBbLIMU CTATUCTUKAMU:
Xoy=min{X;, i=1,...,n}, Xm=max{X;, i=1,...,n}, X(h) paBHa
k-My 1o BeJIHUHHE B nop;mxe BO3pPAaCTAHHA CPEAH 3Haqeﬂuu Xi,..., Xn.
[Tokasats, yto ca1. B. Yi=(n—i+1) (Xn—Xu—n), i=1,...,n, X=0,
HE3aBHCHMBl H HMEIOT OJHHAKOBHIE YACTHHIE NJOTHOCTH f(y) =e¥, y>
>0.

[ Oas moboit mepecTaHOBKH ij, iy,...,In U3 uHcea 1, 2,...,n cJ. B.
Xiy Xigo « .1, Xin HMEIOT TO XK€ COBMECTHOE paclpefie/ieHHe, 4YTO H

¢l B. X1, Xy, ..., Xn. Tlosatomy Bee nl cobertuit X, <X, <... < Xi,
paBHOBepOATHH. DoJee TOro, AJs JIOOGBIX NPOMEXKYTKOB I"i-”i' i=1,
.., N, DAaBHOBEDPOATHBI COOBITHA

K <Xiy< oo <Xip Xey—Xi, | Sy, k=1, ..., n}, X;=0
YuuteBag, uto paBeHcTBO X;=X; npu {7~/ NPOHCXOZUT C BEPOAT-
HocTblo 0, HMeeM AJid JI0ORIX y1>0 i=1,...,n,

P(0: (n—i+ 1) (X (©) —Ximpy (@) > g i=1, ..., )=
=nlP(: X;(0)<... <X, @), (n—i+)X;(@)—Xi_1 (o)) >y;, i=
=1,..., n)=nlP(o: X;(@)—Xi—1(@)>y/(n—i+1), i=1, ..., n)=

=n! § S e T T ndy L L dx, =
(xi—xl._1>yl.;(n—i1'-l) di=l....,n}
=n! § e~ dx, S e xdx, ... S e ‘ndx, =g e b, . .e—”".]
yiin Xg+y2(n—1) a7 ¥all
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418. 3agauya. Ca. B. X, Y HMEIOT COBMECTHYIO ILIOTHOCTb
fx.r(x, y). [okazats, uTo ca. B. Z=X+Y uMeeT naoTHOCTb

(5]

fz(® = § fxy(x, z—x)dx.

— oo
Ecan X v Y He3aBHCHMB, TO

o0

fz@= [ fx(9fy(@—2) dx.

— o0

[Fz0= (§ fxvix, g)dxay= :fdv §fx,y (4, v—u)du,

iy

rie cienaHa 3aMeHa NepeMeHHBIX u=x, v=x+y.]
419. 3agaua Cua. B. X;, X; HE3aBHCHUMH M HMEIOT CTaHIapPTHEHIE
raMMa-pacnpejejJeHusi ¢ napaMeTpaMH p;, Pz COOTBETCTBEHHO:

fx,()=T(p) "' X lex, x>0, i=1, 2.

Ilokasate, uto ca. B. Y=X,+X, umeer ramMmMa-pacnpesenenue ¢ napa-
METpoM pi+ps.

[f v () =T (p) " T(p,)™" | w:-te—x(y— 2y 'e=0— ux.

CnenaB 3aMeHy NMepeMEHHON X=yu, nojyyaem

1
fy (4)=cevyptee=1, =T (p)"' T (p) " " et (1— ™ du,
0

Tak kak wuurerpan ot fy(y) no Bcelt npsmoit pasew 1, To c=
=I(p,+p2)~!. OTMEeTHM NOMYTHO AOKa3aHHOE PaBEHCTBO

1
f upr— (1 —u)* ' du =T (p) T (pu)/T (p, + pz)-]
0

420. 3agava. Ca B. X, i=1, ..., n, HE3aBUCHMEl H HMEIOT HOP-
MaJibHOe pacrnpejeseHne ¢ napaMerpaMmu a;, 0;~>0:

fx, () =09 (01" (x—ay). @ (x)=(1/V 2n)e-r2,

Iokasate, yto ca. B. Y=X,+...+X, umeer HopMaJbHOE pacnpejene-
HHE C napaMeTpaMH a=a,+...4a,, o=(ci+ ... +02)"% Boc-
noJs30BaBUIKChk 4.18 aubo 4.15.

[Ca. B. U;= o} (Xy—a;), =1, ..., n, HesABHCHMbI H HMEIOT CTaH-
JapTHble HOpMaJbHble pacnpenesnenus, Y =X, 4 ...+ X,=0U +q, +
4 ... toUpn+a,=0((0,/0) U, 4+ ...+ (0,/0) U,) 4+ a= oZ +a, TaK utO
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LOCTATOYHO NPOBEPHTh, YTO CJ. B. Z sBJASETCS CTAaHZApTHON HoOp-
MaJsbHOR. [Tocko/bKy cTpoka (o/o, ..., On/0) HMeeT eIMHHUYHYIO €BK-
JHIOBY HODMY, TO €€ MOXHO AOMOJHHTb A0 OPTOTOHAJBLHOH MATPHLH
H 3aTeM BOCMOJbL30BaThCs 3agavell 4.15.]

4.21. 3agaua. ChopmyrupoBaTh M pewmuTh 3anauu 4.1, 4.2 aas
caydainblx BednuyH, 06JanaloiX MJI0THOCTAMH.

[Ecan fx,. ..x (X5 -y X)=h (%) ... B (x,), TH€ By i=1, ..., n,—
HEKOTOpLIE HEeoTpPHLIATeNbHbEe (GYHKUHH, TO cJ. B, X;, ..., X, HE3aBH-
CHMBL H T. 1.]

IlonsiTHe HE3aBHCUMOCTH CJAYYaHHHX BEeJHYHH ObLIO BBEJEHO OT-
eJbHO 151 AMCKPETHOTO H HempepuBHOTO caydaeB. Caenylomee onpe-
nenenne obneiunser oba apuanta. Ca. B. Xy, ..., X. Ha3oBeM He-
3Q8UCUMbIMU, €CJIH AJS JI06BIX TPOMEXYTKOB ]“:-”ﬂ —oo<{a; <<b'<<
oo, i=1,...,n

Pl: X (e, i=1,..., )=[]P(o: X, () E La5)-
i—1

Habopwt cn. B. Xy, ..., X, n Yy, ..., Y nasoBeM nesasucumeimu memx-
dy coboi, ecan
P(o: X[(m)Ela‘_,b[, i=1, ..., n, Y,-(co)Elcj_.dj, i=1 ..., m=
=P(o: X, el i=1,.., )P:Y;(v) E]”i"’i’ i=1, ..., m
JJIs1 JIIOOBIX TIPOMEXYTKOB I“i'bi’ i=1,..., n, ]”i"’i’ i=1, ..., m

4.22. 3apgayva Habopn nenpepblBHHX 1. B. Xy,..., X ¥ Xaotq, . ..
.oy Xnym He3aBHCHMH MeXay coBoi. Ilokasath, uto ca. B. U=
=g (X, ..., Xn), V=h(Xns1, ..., Xntm) HE32aBHCHMBI

[[lo.tarass aist KpaTKOCTH n=m=1, HMeeM
P:Ulw)yesly, V(eI )=
= if P, () x(xs) drydy =

(g(x2) h(e:)) € Tg pxlg, g}

= [ . fxw)de=
{8(x,) €lg, p} {h(x) €1 g}

=Pe:UelLy)P:V(eel,4)]

4.23. 3anaua. Ca. B. X, Xy, ... HE3aBHCHMBl H OJMHAKOBO pac-
npeje/eHbl CO CTaHAAPTHOH 3KCHOHEHUHAJbHONH MJIOTHOCTHIO f(X)=
=e %, x>0, OnpenenuM nyaccoHo8CKul noToK COOLITUL HA TMOJYNpS-
Mo# (>0 (cp. 3.11-3.13), mosaras t,=X;+...+Xe, k=1, 2, ..., 1

N(t)’_—“nﬁTngt, TII—:l>t1 n:01 11 2!"'1TU:0'

BeyHcanTh pacnpejpeneHss BeposaTHOCTeR T, H N (£).
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[Ucnoabsys 4.19 npu p,=pp—=1 u 4.22, uuayKuuei no k noayuyaem,
4TO CJ1. B. T, HMeeT raMma-pacnpejeseHie ¢ napaMeTpoM k:

fr, (0 =(Li(k— 1)) £ 'e~, £ 0.
¢. p. ca. B. T, paBHa
Fo (t)=1—e ' (1+ 41+ +1" Y n—1)),
B yeM Jerko ybeaurbes AuddepedunpoBakuem. lanee,
P:N({ o)=n)=P(0: 1,(0) <!, Thy(@)>1)=
=P(@: T, (0) <t)—P (@ : Tuy1 (@) << t)= ((nl)e.]

4.24. [IpumMep (BpemeHa OXHMAAHHA B NYacCOHOBCKOM IpoHec-
ce). B ycrnoBusax 3amauu 4.23 Gyaem HHTEpPHpeTHpOBaTb mapameTp !
KAaK BDEMEHHOH M BBEJAEM CJ. B. Tw(n+1—! U [—Twn(y, KOTOPHE HA3LIBA-
I0T COOTBETCTBEHHO OCTAIOMMMCS M NpouIefIIMM BPEMEHAMH OXHAA-
rus. Ilpn N (t) =0 Ha otpeske [0, {] He 6BIJIO 3aperiCTPHPOBAHO CO-
OnlTHH cAyuyalHOro MOTOKa, U Mbl mojaraeM tp=0, {—to=f{. B octansb-
HBIX CAydasfgX BEJHYHHA [—Ty() PABHSETCS BpPEMEHH, NpPOIICAWEMY C
MOMEHTa NOocJe]Hero nepen ! NMOSBJACHHA COOHTHS INYacCOHOBCKOTO
NOTOKA.

3anuiieM COBMECTHYIO IVIOTHOCTDb CJI. B. Tn, Tny! =Tn+ Xn41, YIHTH-
Bast, YTO NAPa Tn, Tnyl CBS3aHA C NAPOH Tn, Xn4y JAHHeHHHM npeobpa-
30BaHHEM C onpexeauresem l, ¥ npumenss 3.26:

Fopn (0 O =Fr, x, (4, v—w)=fz (0).fx,  (0—t)=

=(/(n—N))uter, 0<<u<y,
rae Mbl BOCNOJb30BAaJHCh HE3aBUCHUMOCTBIO Tn, U X,y H QopMyJoR

AJs TJIOTHOCTH frn(u), nonyyeHHod B 4.23. ]I BBIUHCJACHHS CO-

BMECTHOTO pacnpejeseHust Cl1. B. £— Ty, Ta+1~—L  HCOOJAb3yeM
P a3J0XKeHHe:

fo:t—tvn € las, tny—te g =

=Ulott—wwnelos v € leg, N)=n}=
n.=0

= le:t—wElup, tapr—teloa N(l)=-n}.

n=0
Ipn a >0, ¢> 0 cobuite t—1, & 4.5, Tny1—1 &€ I, 4 BIeUeT cobbiTHE
Ta <t The1 >t T. e. N(f)=n, OTKyHa, npojo/nkas PaBEHCTBO, HMEEM

Ule:t—t,.E L, tpi—t e o)
n=0 .
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HanomuuM, uTO B HcnoJb3yeMod HaMH MoJedH GeckoHeuHOii 1foc-
JeJ0BATeJbHOCTH HE3aBHCHMbIX CJyuaHHLIX BEJHUYMH BEPOATHOCTHAA
Mepa 3ajaHa JIHIIb HA TAKHX NOJMHOXEeCTBaX 3JEMEHTAapHbIX cOO6bl-
THH, KOTOpPble ONHCBLIBAIOT NOBEJEHHE KOHEYHOrO YHCJa UYIEHOB nocJe-
JoBatenbHocTH. [1oaMHOXKeeTBO {0 @ I —Ty() € las, T u—t € I 4},
O4YeBHHO, He BXOJNT B YKa3aHHBIH KJacc, 3aTO OHO NpeACTaBJeHO B
BUjle CUeTHOro OObelHHeHHs NONAPHO Henepecexaroluxcsi COOBITHH
M3 3T0r0o Kjacca. Kaxercs Bnosse JIOTHYHBIM ONpeaes]HTb BepOAT-
HOCTb PAcCMaTPHBAeMOro cOOLITHA KaK CyMMY psjga H3 BepOATHOCTEH
COOBLITHH B YNOMSAHYTOM NpeCTaBJEHHH:

X P(m N = Ia,b, Tn{—-l‘—tE If.d):
n=:0

oz

= z P:t, €l vt a, Tt € ltict a)-
n=-0
I n>1, 0<C<a<<b<t, 0<<c<Cd ans 4iena psiia nMeeM BbIpaXkeHHe
t—a t+d
S S (1/(n— 1)) ur—'e-*dudy.
t—b t+c
CyMMa 3THX BHIp2XeHHI o n OT | J0 oo paBHA

b d
e'e~? dudv = " e—"de e Ydy.

c

t—a t+d

t—b t+c
Ilpu n=0 nonyvaeM
Pl:t—1,=t, 1,—tslg)=P@: 1, Ity t1a)=
=(l—etH—(l—e ) =et(e*—eM.
Taxwm obpasoM,
P:t—tvn€E lap tnyn—tE lcg)= Q;(la,b) Qz (1c.a),

rie Qu — Mepa ¢ mIoTHocThio e*, x>0, Q' — BeposATHOCTHAsA Mepa
CMEIaHHOTO THNA: OHA MMeeT aTOM BeJHUHHH e~! B TOuke f, T. e. Be-
POATHOCTHAs Macca e’ mpHNHcaHa TOYKe f, a OCTaJbHAasi BEPOATHOCT-
Has Macca pacnpelejeHa HenpephiBHO Ha oTpeske [0, ] ¢ nAOTHOCTbIO
e—*. Tlonaras no ouepeau a=0, b=oo u ¢=0, d=oo, noayuaem

Po:!—1tyneE Ia_b):Qtl (Ua), PO tvnn—tE 1e.d)=Q:(Ic.a),

TaK 4TO NMpOLIEILICE H OCTAIOLIeecss BPeMela OXH/1aHHs sBJIAIOTCH ne-
3aBHCHMBIMH CJYy4ailibiMH BEJHUYHHAMI, NPHUEM MNOCJIelHee 3KCNOHEeH-
WHAaJbIO pacnpeneseno. Korna {—oc, aTom e~! Hcuesaer, H npolea-
llee BpeMs OXIJAHWS B Npejese OKa3blBAETCH 3IKCHOJEHUHAILIBIM.
Fmenno ¢ stofl cuTyauueir Mbl HMeJH jgeno B npumepe 3.11, rie mpe-
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JeJbHBIE caydall pocTHrajicsi 3a cueT DacCMOTpeHHsi MYacCOHOBCKOTO
npolecca, HauaBlUerocsi Ha —oo.

425. 3anaua. B obo3nauenusnx sagaun 4.23 nokasathb, 4TO CJ. B.
Ne=Tr/Tnt1, k=1, ..., 0, pacupeneneHsl TaK ¥e, KaK NOPSAAKOBLIE CTa-
THCTHKH JJifl 77 He3aBHCHMBIX DaBHOMEpDHO pacrpejeseHHbIX Ha OTpes-
ke [0, 1] cayuaitueix BesMunH (cM. 3.24).

[[Toaeaysce popmysioit 3.26 npeolpasoBaHus IJIOTHOCTH INPH JHHEHHOM
npeo6paszoBannu tx=X;+...+X,, k=1, 2, ...., nt+], caydaiubX Be-
anunH (cp. 4.24), nonyuaem

por: [ft,,r,,...,rnﬂ (tl, ty, oon th):e—’"“, 0<t1<t2< e < lppr

Ionaras nas xpatkoctd n=2 u subupas 0<a;<b <a,<h, <1, 3a-
nHuIeM

P@: 1, (0) < a5, M2(0) E Io,5)= f S j et dt dtdt,,
{A}
rie UHTETpHpOBaHHKe BejeTcs 1o ofaacTu
A=t )ty & 1o, ity s Lo, <ty <<t} =
={ti/ty & Lo, b, 1aIt; € lo, 1}

3amenssi TPOIiHOM MHTErpaJ NOBTOPHBIM, NOJyHaeM
1 Bt bty
ge—fsdta | dts § dt, =T (3) (b,—a,) (b,—ay).
b 8ty a,l, X
Orciona, Kak u B 3.24, 3akjmodaeM, 410 fy, . (¢, 12)=2!, 0<<t,<lo<<l.}
4.26. TTpumep (nyaccoHOBcKuit

npouecc). IlyaccoHoBcKH# TNOTOK cO- 4

OprTuit (cM. 4‘23)., OJIHO3HAYHO mnpex- 5 ——

cTaBJsieTcss ceMeidcTBoM cia. B. N(Z; ;‘, ‘g !

®), t>0. Ilpn kaxpom £>0 (N(f; 0) 3 — L ||

paBHO HHCJY 3apPErHCTPHPOBAHHBIX ] — ! {
0 é—sl L

cobuTHit Ha otpeske [0, ] (N(0;0)=
=0), npu ¢uxcuposaioM o N (f; o) T TeTs Tl
ecTb  HeyObIBalOLlass  CTyneHuaTas Puc. 21

(YHKLUS NepeMeHHOro ! ¢ eHHHYHH-

Mi ckaukamu (puc. 21). Cayuadnsui npoyecc N(t; o), t>0, naspi-
Baercsl nyacconogckum. B 4.23 noxasano, 4To

P(w:N(t; 0)=n)=(t"/nl)e~t, t>0, n=0,1,2, ... .

CosmecTHBIE pacnpefeseHHsi BeposiTHOCTeH 3HaueHHH mpouecca B KO-
neuHoM 4HcJe Touek f;, i=1,2,..., k

P((D:N(ti; (l))=‘ﬂ.[, i=1, 2, ey k)

Ha3blBAIOT €r0 KOHEuHOMepHoimu pacnpedesernusmu. CHcTeMa Bcex KO-
HeYlOMepHLIX pacnpelefeHuit cjyualiHoro npouecca BLINOJHSAET Ty
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e POk, UTO 1f COBMECTHOE paclpeie’]eHHe BepOATHOCTeH KOHEYHOro
Ha6opa cayuafiHbIX BeJHUYHH: OHAa OlpejgensieT BEPOSATHOCTH JIOOBIX
cOBBITHH, CBS3aHHLIX C IIOBEJIEHHEM IMpolecca, H C ee MOMOLIbI MOXK-
HO 33laTh HENOCPeACTBEHHO Npouecc ¢ JaHHBIMH KOHeUHOMEDHBIMH
pacnpejneneHHsIMH.

ITokaxkem, UTO NY4aCCOHOBCKHHA NpoLecC HMeeT He3asucumble npu-
paujenus; gas Jio6bXx kR, 0=fe<<t;<<...<t, ca. B. N(&)—N (1),
t=1, 2, ..., k, HE3aBHCHMBH], H OTClOJia BbIBEJEM €ro KOHeYHOMEepHble
pacmopeneneHus. B cBolo ouepeab HE3aBHCHMOCTb NpHpAIeHHH myac-
COHOBCKOrO mpollecca Jerko cAeiyeT H3 CJeAYIOLIero cBOHCTBa myac-
COHOBCKOro mnotoka cobbiTiii. Bo3bmeM mnpousBosbHyw Touky (>0 u
pPacCMOTPHM “aCTH MYyacCOHOBCKOTO MOTOKA Ha mpomexyTtkax [0, f] u
[f, oc). Oka3piBaercs, YTO 3TH 4aCTH HE3aBHCHMbI, & MOTOK, BHICEKde-
MBI MPOMEXYTKOM [f, co), — NyacCOHOBCKHH C HayaJoM B TOuke f.

Hrak, nycts Xi, Xo, ... — IOC/I€IOBAaTENbHOCTb HE3aBHCHMBIX CJY-
YafHbIX BEJHUHH C OJWHAKOBOH 3KCIMIOHEHUHA/IbHOH MJIOTHOCTbIO pac-
npeje/eHus,

'E'k=X1‘+‘ . +Xk, k=1, 2, . ’to=0,
{N(t) =n}= {ta<t, T >t}

rae >0 u N(0)=0. lNoaoxuB Y,=1tni)4+1—t, Yi=tniyri—Tn(t)+io1, i=
=2, 3, ..., noJyuaeM, uTo COOBITHSi MyacCOHOBCKOTO IIOTOKa MOC/e
MOMEHTa ! pPerWcTpupyloTcs B MoMeHTHl [+Yy, t+Y,+Y, ..., Tak uto
TpebyeTcsi mokasaTb, 4TO ¢J1. B. Y, Yo, ... HE3aBHCHMBbI, 3KCIOHEHIH-
anTbHO pacnpeaejeHbl ¥ He 3aBHCAT OT noToKa Ha orpeske [0, f], T. e.
OT CI. B. Ty, ..., Tv(), N (f). CooTBeTcTBYyIOIHE pacCyXAeHHs OJIH3KH
K NPOBEJEeHHbIM B npuMepe 4.24.

He3aBucumocTh yacTeit NMyacCOHOBCKOI'O IOTOKA, BbiCEKAEMBIX Mpo-
MmexyTkamu [0, ¢] u [{, o), CBOAMTCA K COOTHOLIGHHAM

Pl:Nt)=n i€y, i<n, Yyl 4, k<m)=
=P(0:N({t)=n, ;&€ /a0, i<nP(o:Yye/, 4, E<<m)

npu J06bix n>0, m>1 u npomexyrkax I=[0, o). [Ipy n>0 nepe-
NHUIeM JeBYIO YacTh COOTHOUIEHHS € YYeTOM HEe3aBHCHMOCTH CJ. B.
Xy, Xy, ... B BHJe NpOH3BeAEHHS

p((,O : (T]! e Tn-»,Ll) EA)P((O : Xn+kE Ick'dk’ 2<k<m)Ep1pb
A={ty ooy tai) € Lay, (<0, 4,<t, toga—t & Loa).
I/ICHOJIb:‘]yH BbIpaXelnHe I/ COBMECTHOH NJOTHOCTH CJ. B, Tly, -« Tnhl

43 4.25 u npeanonaras, uto 0<<a, <b <a,<by<<... <, <b, <
< t, noayyaeM

—t B n bt
b= S A je nerdt. oL digaa :aj: ;S dt, ... dt, C;Ete nadty e,

n
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b, by dy dpm
p1p2=S S e~idt, ... dt,,-g S e T T imdy, L. duy,.

a, a, A Cm

Ilonaras ¢; =0, d;y= oo, i=1,..., m, ﬁaxolmM OTCIOJa, UTO
(nput b; < ait1)

_ 5, by
P:N(t)y=n, y&lap, i=1,..., n)=S | ety
a

a,

Beogs dyukumio A(f, ..., t)=e7mpu 0 < ... <, <tn
h(t,, ..., tp)==0 npu OCTa/NbHbIX 3HAYeHH#X f,, ..., f,, MOXKHO 3alH-
caTb jqs MHoxectB BC_ R

P:NWt)=n, (1, ..., T,)=B)= S Q Rity, ..., ta)dt, ... dt,,
(£}
P@:NWt)=n, (ty ..., T)EB, Yy & lopa, k<m)=

d m
=P(@:N({)=n, (1, ..., rn)EB)-j 3 e T T mdy, L. duy,.
€y [

INonaras B=R" u cymMmupys 1O 7, NOJyyaeM

Z P:N(t)=n, Yyl q4, k<m) =

n=1

dy dm
=(1—e—’)S . S‘e_“‘_"'“”m du, ...du,.

Ilpy n=0 unmeem

P(o: N()=0, YhEIC Ay E<m)=
=P(o: X, >1, X —te g, Xhelckdk, 2<km)=

(=%

dy m
a2\ —Uy—. . —U
=e 5 .o le mdy, ... du,,.

&

o

m

CoGeirue {Y),  I;,.4,, k<{m} npeicTaBuM B BHAE CYETHOro OOBEIH-
HeHHs 1107apHO HenepeceKaomuxes cobeithi {N(t)=n, Yy E I, 4, k<<m},

n=0,1, 2, ... . Kak u B 4.24, onpedeaum BepoSTHOCTb 3TOIO COGLITHSA
KaKk CymMMmy psja
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Pl:N{t)=n, YV = Ick‘dk’ R<<m)=
0

ibs

d, 4
=5 . 5 e T T imdy L duy,,

) ‘m

YTO 3aKaHYMBaeT J0Ka3aTe/]bCTBO HE3AaBHCHMOCTH JBYX uacTed myac-
COHOBCKOI'O NOTOKA, BbiceKaeMHX npoMexyTtkamu [0, f] u [f, o), 1
yCTaHaBJHBaeT NyacCOHOBOCTb YacTH NOTOKA Ha [f, o0).

M3 nokasannoro BHTekaer, uTO npu Jiwb6om s>t ca. B. N(f),
N(s)—N(t) uesaBucuMn u N (s)—N(f) umeer nmyaccoHOBCKOe pacnpe-
JpejneHHe ¢ napaMeTrpoM s—f. B obuieM cayuae npu 0<t;<to<<...<[ly,
NpHMEHAS NOCJNEeA0BaTe/]bHO YTBEpPXKJEHHe O He3aBHCHMOCTH 4YacTei
nyaccOHOBCKoro motoka Ha [0, #] u [f;, oo), [, o] u [ty, o©) ¥ T. 1,
3akjawouyaeM, 4To ¢i. B. N(&)—N(ti~), i=I1, ..., k, He3aBHCHMH H
HMEIOT NyaCCOHOBCKHE pacnpejiel]eHHsi ¢ mapaMeTpaMH fi—fiy, (=
=1, ..., k. Orciona nonyuaem KoHEYHOMEpHble pacrnpeie/eHHsl nyac-
COHOBCKOTI0 mpoluecca:

Pl:N{t)=n;, i<R=P@:N{)—N{ti-))=n—ni_y, i<k)=

t

k
n ti—tiq) "f-l/(n,-—.'n_l)!)e_“i~ i n << L <]

4.27. [Ipumep (cayuaiiHoe OayxpaHHe H OPOYHOBCKOE JBHXKe-
Hue). Ilycts X, Xy ... — He3aBHCHMbBIE CJYyualHbhe BeJHUYHHBHI,
Plo: Xi(w)=1)=p, 0<p<], P(w:Xi(0)=—1)=1—p. IlpocToe cry-
yalnoe OaynOarue, HauuHaloUleecsd M3 HYJH, ONpele]sieTcd Kak Io-
.CJIeI0BATENBHOCTb CAYYaHHBIX BEeJNHUHH

S,=0, S,=X,+...+X,, n=I,2

BayxnaHue ¢ HauaaoOM B NPOM3BOJBLHOH IeJOH TOUKE 4 eCcTb NOCJAE]0-
BatesbHocTh a+S,(w), n=0, 1, 2, ... . CayuailHoe 6ayxnaHue
Sa(w), n=0, 1, 2, ..., npencraBaser cobo#i cay4adnsui npoyecc c
-duckperuoim napamerpom (spemenem). Tak Kak IpH J100bIX

0=n,<n <np<< ... <<my ¢ B. Sy —Sn_ =Xn 11+... +Xn,
i=1,..., &

HE3aBHCHMbI, TO 3TOT Npouecc HMeeT He3aBHCHMbIe npupauleHus. [lpu
p=1/2 6ayxnauue Ha3nBaeTcHd CHMMeTPHYHHIM. OHO GBbIJNIO HCNOJB30-
BaHO B § 3 npu 3BpPHUCTHYECKOM ONpejeJeHHH npoluecca 6poyHOBCKOrO
ABHXKeHHS Wt

B 3.19 6ua0 ycTaHOBJIEHO JJg CJAy4YyadHOTo Npolecca ¢ HenpephiB-
HHM BpeMeHeM

Wi =S/ Vn =X+ ... + X))V, h=1Vn, t=0,
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rie [a]l —uenad uactb yucaa a, p=1/2, yro

P W<y~ § (VD)o (uVT)dy, noseo,

@{x) — craHzapTHas HOpMaJibHas IVIOTHOCTb. JTO MPHBEJO K MNpej-
NOJOXKEHHIO, YTO CJAY4YaiHBIH Mpouecc, ONHCbIBAIOUIHH OAHOMEpPHYIO
TIpOeKIHI0 GPOYHOBCKOTO ABHXKE€HHS, MOJXKEH YAQBJETBOPATb ycCJO-
BUIO: IJIOTHOCTb paclpejesieHHsl BePOATHOCTEH 3HaueHUs Mpouecca B
MOMEHT BpeMeHHU ! paBHa

fwe(x)=(1VT) o (x/ V).
Ipun mobbix 0=1{,<<?, << ... <f, ci. B.
Wgtl)_Wg?_)_lz(x[nfL_ll 'rl_f— L "}— X[rli‘.])/ng ": 11 mray k9

HE34BUCHMBI, TaK 4TO

k
Plo: Wi —WP <x, i<h=T1P: W—Wi <x)—
i-=1
k%
- [_] j (I/Vti'—ti—l )cp(y:/Vt.-—ti—l )dyi-
i=] —o
Takum o6pasoM, oT npouecca W;: HyXHO eule NOTpe6OBaThb He3aBHCH-
MOCTH NpUpauleHuil, npuueM npupauteHue W;—W;, s<(t, noJKHO GHTb

HOPDMa/IbHBIM ¢ MJIOTHOCTBKO (1/Vi—s) (x/Vt——s). [TostoxuB n; =
le,L,—W;H, HMeeM

f’]lv---v"]k(yll R yh)hn(l/Vt —tiy )‘P(!/z/Vt l'—l)

i=1

JluHeiinoe npeobpa3oBaHHe W/gl. =N+...+mn, =1, ...,k umeer

onpefeuTe]b, PaBHbIH €IHHMUeE, OTKyAa, NpHMeHAs GopMyJy npeob-
pa3oBaHusa mioTHocTH 3.26, nosyuaem

fwin,.owey Ky ooy X)) =TFnom (g Xa—%y, o0y Xp—Xe1) =
k
:n (I/Vti—-ti——l )(P((xi—-xi—l)/vti—ti—l ), xo=1,=0.
i=i

Hrax, auckpeTrHoe npubanixKeHue npouecca GPOYHOBCKOTO ABHIKe-
HUS OPUBOJHMT K NpPeANoJIOXKeHu1o, YTo npouecc Wi(w) AoJXeH MMeTh
YKa3aHHble KOHeYHOMEepHble pacrnpeieseHusi (¢ TOYHOCTBIO A0 Macll-
tabHoro npeobpasoranusi). OcTaercsl OTKPHITHIM BONPOC O MOCTpOe-
HHM BEpPOATHOCTHOTO MPOCTPAHCTBA, HAa KOTOPOM MOTJIO 6bl GHITH OII-
peneneHo cemedictBo ca. B. Wi(w), t>0, ¢ 3a1aHHBIMH KOHEUHOMEp-
MAbIMU pacnpejesleHUAMH, 0 ueM GyaeT peun Huxke (cM. 10.41).
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§ 5.
YCJIOBHASY BEPOATHOCTD

MmeeTcss HeMaslo NMpaKTHYECKHX CHTYaLHH, Koraa Hab-
Jqojaateds pacrnojaraer wHpopmanuell o 3HaYEHHAX, KOTOpPHIE NPHHA-
J¥ HeKoTophle «Habaonaemsie» cia. B. Y(w), Z(w), ..., a HHTepec
npeicTaB/sfieT HEKOTOpas HeJOCTyNHas HENOCpeACTBEHHOMY HabJiofe-
uuio ca. B, X (o). ITycTs, HanpuMep, H3BecTHO, 4TO Y(w) Elap, Z(0)E
elca, ..., T. e mnpouzomwso cobutHe B={o:Y(0)Els Z(0)=
&l;4,...}. Bo3uiuKaer BOompoc, KaK H3MEHATCH HAIIHW NPeACTaBJEHHN
0 ciayuakliHoMm ob6bekte X (w), ecai NMpOCTPAHCTBO 3JIEMEHTapHHIX COOHI-
THil COKpAIEHO J0 HEKOTOpOro cBoero moamuoxectsa B? Tak, B cxe-
Me moBTOpHOro BhGopa 6e3 Bo3BpalleHHs H3 YpPHH ¢ M XpacHHMH,
N—M depHBIMH INapaMu AONYCTHM, 4YTO NEPBLIA BHITAIEHHHH Liap
Kpacublii. Torga npu BTOPOM H3BJIeUEHHH KDACHHI Ilap NOSBJAETCH C
seposiTHocTblo  (M—1)/(N—1), a wuepHHH — €  BEPOATHOCTBHIO
(N—M)/(N—1). Ecsin ke 1BeT nepBOro M3BJEYEHHOrO Ilapa Heu3Be-
CTEH, TO BO3MOMHOCTH TOSBJEHHS KpPacHOTO H YEpHOro lapa MNpH
BTOPOM H3BJEUEHHH XapaKTepu3yloTcs  BeposTHocTaMH M/N n
(N—M)/N (cm. 1.5). Ilpu BniGope ¢ BO3BpallleHHeM HHpopMauHs O
pe3yJabTaTax NpeAIIeCTBYIONIHX H3BJEYEHHH HHKaK He OTPaXKaeTcs Ha
BO3MOXHOCTHX CJEYIOLIEr0 H3BJIEYEHHA, H BEPOSTHOCTH NOSABJEHHS
KPACHOTO H YepHOro luapa ocraworcsi paBHbiME M/N u (N—M)/N co-
OTBETCTBEHHO.

[IpexnosioXuM CHayajia, YTO MPOCTPAHCTBO 3JEMEHTApPHHIX COOHI-
THiE Q cooTBeTcTBYeT onbiTy ¢ N DaBHOBO3MOXHLIMK Hcxoaamu. [lycTb
H3BECTHO, 4TO NMPOK30LLIO HeKOTOopoe cobuTHe B. Kaxercs mpaBromo-
AOBHBIM, UTO COKpallleHne NMpOCTPaHCcTBa Q 10 MHOXecTBa B He p0/1K-
HO TPHBOAHTL K M3MEHEHHIO OTHOCHTEJLHBIX BO3MOXHOCTEH MOsiBJe-
HHE DA3HYHBIX 3JE€MEHTapHBIX COOHITHH we&B. JTo NO3BONAET CUH-
TaTb Bce Mp 2JeMeHTapHbIX COOLITHI, COCTaBJAAOIHMX B, paBHOBO3-
MO’KHBIMH, TeM CaMbiM IIDHXOJAKM K HOBOMY MNpPOCTPAHCTBY 3JE€MEH-
TapHHX cobbiTHik B n ompeaeneHHOH Ha MOAMHOXECTBax A<=B Bepo-
ATHOCTHOH Mepe

P5(A) =Ma/Ms.

[TofenuB unCJAMTE]Ib W 3HaMeHaTean B npaBoil yactH Ha N, nepem-
wemM dopmyay, onpepensiomyio Pg(A), B Buae
Ps(A)=P(A)/P(B), A<B,

rie P — BeposiTHOCTHas Mepa Ha HCXOAHOM MDOCTPAHCTBE 3JIEMEH-
Tapuoix cobuitHii Q. BeposTHocTHylo Mepy Py mosesxo pacmpocTpa-

HMTb Ha Bce MOAMHOXecTBa €, nosaras Pz(w)=0 mpy o&B, uto
NPHBOAHT K (hopmy.e

Ps(A)=P(AB)/P(B), A=Q.

Ipu mo6uix dukcupoBanubix A u B+ uncio Py(A) HasbBaoT yc-
A06HOU BePOATHOCTbI0 cOBLITHS A TIpH YcIOBHM COGHTHS B, BeposT-
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HocTHas Mepa Py HaseBaercst yciosnod (npu ycaoBHH cob6uHTHs B).
Jas yc1oBHOH BeposiTHOcTH Hapsiny ¢ Pg(A) ucnoawssyior o6osnaue-
nie P(A|B).

YcnoBHasi BEpOSTHOCTb, KaK H oObuHas, 6e3ycaoBHAs, JAOMNycKaeT
YaCTOTHYIO HHTepnperauHio. Ec/H HeKOTOPHH ONLIT NMOBTOPSETCs MHO-
rOKpPaTHO, TO 3aKOH YCTOHYMBOCTH 4acTOT yTBEpK/AaeT, UTO YacTOTHI
Va4, va, vap cO6bTHE A, B, AB npubiuXKaoTcia K BePOSITHOCTSM:

vaP(A), va= P(B), vaz=P(AB).

Brijienns Jdlib Te HCNHITAHUH, KOTOPHIE NMpUBEAH K COOLITHIO B, AJA
4acToThl cOOBITHA A B 3THX UCHBITAHHSIX MOJYyYaeM BHpaXKeHHe

vas/vs =P (AB)/P(B)=P(A|B).

Takim o6pasom, uactoTa nosiBJaeHusi cobbiTis A B NOANOC/E10BATE]b-
HOCTH HCIBITaHHH, NpPH KoTopeix Habgawjaercss B, npubianxaercs c
POCTOM UuHCJa HCObITAHUH K ycaoBHOH BepositHoctH P(A|B).
OtmeuenHble coO6paXxKeHUsT COXPAHSIOT CBOE 3HAUEHHE W AJs IPO-
H3BOJIbHOTO AHUCKDETHOrO BeposiTHOCTHOro mnpocrpanctsa. Ecau mpo-
u3ol10 cobritHe B, TO OTHOCHTeJbHBEIE BO3MOXHOCTH OCYLIECTBJEHHS
Joboro w8 no-npexHeMy XapakTepU3YIOTCH paclpejeseHHeM Be-
positHocTell p(w), CyXeHHBIM Ha B, Ho ypo6Hee HopMHpOBaTh p(®),
weB, nepeiigs k pp(w)=p(w)/P(B). Oyukuus ps(w) yZoBJeTBOPsET
YCJIOBHIO HOPMHPOBKH X.enPs(w)=1 u Pg(A)=P(A)/P(B), A=B, —
BepositiocTHass Mepa Ha B. OnpepenuM pp(w) Ha Bcem Q, nogaras
Ps{®)=0 npr weB, 4TO COOTBETCTBYET HEBO3MOXHOCTH OCYUIECTBJe-

HUs weEB, korpa mpousomwsio B. B peayabraTe npuxoauM K onpede-
AEHUIO YCAOBHOU 8EPOATHOCTU

Ps(A4)=P(A|B)=P(AB)/P(B), A, B=Q, P(B)>0,

#MeloueMy Ty Xe ¢GopMmy, 4HTO M AJS ONBITOB C PaBHOBO3MOXIIHIMH
HcxofaaMu. B rakoii ¢opme onpejenende YCJOBHOH BEPOSTHOCTH CO-
XpaHsiercsi AJsl NPOU3BOJBHOTO BEPOSITHOCTHOrO NPOCTPAHCTBA.

Hrax, HapsiAy ¢ OCHOBHHIM BepOSTHOCTHHM I[POCTPaHCTBOM
(Q, p(w)) umeem ans mwboro B=Q, P(B)>0 BeposTHOCTHOE IPOCT-
pancteo (R, ps(w)). Pacnpenesnenue sepositHoctedt ca. B. X (w), pac-
cmatpuBaeMoi Ha (Q, ps(w)), HasplBaeTcss YCJOBHHIM IIPH YCJOBHH
cobuitus B. Bass By={w:Y (w)=y}, nonyuaem ycjoBHOe pacmpene-
JeHde cJ. B. X NpH ycI0BHH Y=y:

Pxr(x14) =P ({0 : X (o) =x}|{o : Y (0) =4}) =px,r (x, 4)/pr(4).

IIpu s1060M y, Aas Kotoporo py(y)>>0, pxyy(x|y) npeacraBaser coboil
JMCKPETHOE paclpejeleHde BeposiTHOCTEH Mo x. AHAaJOrHYHO omnpeje-

JsieTcsl YCJIOBHOe pacnpejesenue nabopa ca. B. X=(X,, ..., Xa) oT-
HocuTenbHO Habopa cal. B. Y=(Yy, ..., ¥Ym).
5.1. 3anaua. Ilycte X=(X,, ..., Xr) — nocneioBaTeJbHOCTb HC-

neitanné Bepuyanu ¢ BeposTHocThio yemexa p, T=X,+ ... +Xn Hai-
TH yCJOBHOe pacnpepesnenue X OTHOCHTeNbHO 7.
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(Ipu i=x,+ ... +x, umMeeM
e (X, D)/ (pr(8)=px (x)/pr(t)=p'(1—p)™=/(CLp' (1-p)r-D),

T. €. pacnpenesenue pyr(x|f) cocpepoToueHo Ha MHoXecTBe Ch Ha-

60poB X=(x1, ..., x») ¥3 0 1 1 c { eAMHHUAMH H SBISETCH pABHOMEp-
HBIM 112 HeM.]
5.2. 3apaua. Cn B. X, ...., X, HE32aBHCHMBI H OJMHAKOBO pac-

npenenens no [lyaccony:

Px, (k)= (A"l e, k=0, 1,2, ....

Haditu ycaonoe pacnpepenenne HaGopa ca. B. X=(X), ..., X,) or-
HOCHTEJBHO ca. B. T=X|+...+X,.
[Mcnoan3ys 4.7, umeeM npu t=x;+ ... +x, x=(x), ..., Xa)

P (X1 = oy X)pr () =™ L ) X

X e (((nA) /) e = (! . ) .

Takum oGpasom, npu yciaoBuu cobeitust T=¢ ca. B. Xy, ..., Xn UMEIOT
TaKOe Xe pacnpefiesieHHe BepPOATHOCTeH, Kak ecad Obl X; npeacraBJs-
JIO Y4MCJIO 1IApOB B i-M sil[HKe, {=1,...,71, Npu cayuyafiHoMm pa3melle-
HHH IO HAM ¢ wapoB (cM. 1.25).]

53. 3apnauva. Ca. B. X, ..., Xn He32aBUCHUMBl H OAMHAKOBO paB-
HOMEPHO pacnpefesieHbl ¢ MHOXeCTBOM 3Hawenwit 1, 2, ..., N (no-
BTOpDHBIJ cayuaitHeli BhGOD ¢ Bo3BpauenueM). Haditu ycnoBHoe pac-
npenenenne X=(X,, ..., X,) npu ycaoBud X =max(X,, ..., Xa).

[P(0: X @) =R)=P (0 : X; (@)<hk, i<n)—P (0 X, @<k—1, i<n)=

= (BN ~((k—DINY', pyyy (X1 = (" —(—1))7,

lgkgl’v, x:(xl,.--,xn). max(xl,...,xn)zk-]

B MaTeMariueckoifl CTAaTHCTHKE M3yYyalOT METOAbl H3BJI€UEHHS HH-
¢dopMauui 113 pe3ybTaToB HabMOAeHHE xi, X3, ..., Xn 32 Cl. B. Xy,
X, ..., Xn, uTOOH cjJ€MaTh BHBOJbl O HEH3BECTHHIX NapaMeTpax Be-
POSITHOCTHOH MoJeaH, onHcbiBawoweft Xy, X3, ..., Xn. Tounee rosops,
npejnosaraercsi, uTo Ha npocTpaHcTBe & = {X} Bo3MOXHBIX Habawope-
HHH X==(X, X2, ..., Xn) 328JaHO CEMEHCTBO BEPOATHOCTHHIX paclpeje-
JeHuit Py, 3aBuCHilEE OT HEKOTOPOro napaMerpa 6, u uTo HabJlOAEHHE
X MOJIy4eHO B pe3yJbTaTeé BEPOSTHOCTHOIO SKCIIEDHMEHTA, MOPOXKAal0-
uwero Mepy Py na & ¢ HeKOTOpbIM HeM3BECTHhIM HabJ0OaTe]1I0 3HA-
yeudeM 0.

[TonsATHO, 4TO HaJuHuyHe B 86/60pKe X WHGODMAUHH O HEH3BECTHOM
IICTHHHOM 3HaueHHH 0 CBSA3aHO C 3aBHCHMOCTBIO DacnpejesieHHs Be-
positHocTelt Ha & ot 0. Ecnu 6l Ha caMOM J€Ji€ SKCIEPHMEHT He 3a-
Bicea OT 0, TO Heuero 6blJ10 6bl PACCUMTHIBATH HA oueHuBanue O no X.
OTclofia BO3HMKAET M «PAa3JIOKHTh® 3KCIEPHMEHT Ka 4acTH, COJep-
MalMe H He comepxkamue Hudopmauuwo o 0. B 3apauax 5.1-5.3 3r0
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ynaetcs cienatb. Tax, B 5.1 pacnpeneneHHe BeposiTHocTeil ci. B. T=
=X,+...+X, — GuHOMHa/JbHOE C IapaMeTpaMH 7, p, a YCJIOBHOE pac-
npejenende X, ..., X, npu ycjaoBuu T He 3aBHCHUT OT mapamerpa p.
310 o3Hauaer, uTO ecAH H3BECTHO, 4TO T={, TO yTOYHEHHEe 3HaYEeHHH,
KOTOpbl€ MPH 3TOM NpiHAIH cia. B. Xy, ..., X, He BHOCHT JONOJHH-
TeqbHONl HHbopMauui o napamerpe p. [lo3ToMy npH pelueHHH 3ajauH
OLleHHBAaHHs1 HEH3BECTHOrO p no HabJIOZeHHUAM X=(Xi, ..., Xn) MOX-
Ho Oes3 ymep6a nepeilTH OoT X K f=x,+ ... +xp JlanpHedlluil aHaau3
yrpoulaeTcst 3@ CYET TOro, 4TO OT TOYKH X -MEPHOTO NPOCTpaHCTBA
MHl @epelln K Touke { na npsiMoii. IlapameTp p siBisieTcsi BEpOSAT-
HOCTbIO B cXeMe DepHyJIH, H 3aKOH YCTOHYMBOCTIl UaCTOT CJYXMUT OC-
HOBaHHEM JJ51 OLUEHHBAHHS P C HOMOILbIO (Xx1+ ...+x,)/n.

[IpoBeneHHLIE Bhillle PacCy/J€HHS I[0Ka3blBalOT, YTO BO BCHKOM
ciaydae 3TOT crnocod OUEeHHBaHHS HCHOJb3YeT BCIO NOJE3HYIO AJs OLe-
HHBaHus HHpOpMalHIo, coaepxkamylocs B BulGopke. B 3agaue 5.3
AHAJOTHUHYIO POJb BHIOJHSET . B. X(ny=max(Xy, ..., Xx). B ypHo-
BOH HHTepIpeTauuH peyb HJeT 06 OlleHKe HeH3BeCTHOro 4HC/a IIapoB
B YPHC N0 pe3yJbTaTaM n-KpaTHOro cjydyadHoro Beifopa c BO3Bpallle-
HueM (l1apbl 3aHyMepoBaHHl yucaaMd oT 1 go N). Kax BujpHo, Ajs
oleHkH N JOCTaTOYHO 3HATh X(my=max(xj, ..., Xa). B craTHcTHKE
YHKUHIO OT pe3ynbTaTOB HAGJIOAEHHH, COAEpXKallylo BCIO MOJE3HYIO
MHPOPMAIHIO O mapaMeTpe MOJe/H, Ha3hwBalOT 0OCTATOYHOU CTATUC-
Tuxod. JlocTaToyHOCTb cTaTHCTHKH h(X) O3HauaeT, YTO YCJOBHOE pac-
npejeilenne BHIOOPKH X=(Xi, ..., X,) DIPH YyCJOBHH h(X)=y oIdHO H
TO Xe AJas Joboro pacnpejeneHds BepositHocteil P H3 3agaHHOrO
ceMericTBa.

OmnpezxeseHue yc/J0BHOH BEPOSTHOCTH MOXHO 3amHCaTh B BHAE

P(AB)=P(A|B)P(B),
MJIH /A pacnpefeseHHil BeposiTHOCTEH cAyyaHHBIX BEJTHUHH
pX.Y(xv y):‘py.;x(ylx)px(x)-

B taxoit ¢opMe 3T0 ompezesieHHe MOXKHO HCIOJb30BaTh AJsi HOCTpOe-
HHS MOjenH 3aBHCUMBIX onuiToB. [IpencraBum cebe, uTO Ha HEKOTOPOM
MHOXecTBe & 3afaHO pacnpefesnesde BeposiTHoctell p;(x), a aas
KaxXJoro xe& Ha MHOXecTBe 9f 3aJaHO pacnpene/]eHHe BCPOSATHO-
creft pp(y]x). Onpenenum Ha MHOxecTBe & X% ¢yHKUHIO p(x, y)=
=pa(y|x)pi(x). Tax xak

P =Y pn® Y mln=1
{(x) €2 x5} (x€2) {(vEX)

To p(x, y) — pacnpenenenue BepostHocTe Ha & X% . Ecau pa(y|x)
He siBAsieTCA NOCTOSIHHOH no x (Ha mOAMHOXecTBe X :p((x)>0), ToO
p(x, y) He pacnajaercs B npousBeaeHHe p,(x)pa(y), H BEPOATHOCT-
Has Moienb (& X%, p(x, y)) oTaMYHA OT MOJEIH HEe3aBHCHMBIX HC-
NLITAHKI.
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HCHOJIbSyeM H3JIOXKECHHbIE cooépax&emm, yTo6bl JaTh JAONOJTHHATE b~
HO€ NOsSCHEHHE TMOHSTHA AOCTATOYHOH CTATHCTHKHU. Bo3bmeM pas npH-

mepa wMmojenb HcneTanuii Bepnymau. Ilyets F={0, 1, ..., n},
(p)=Cipt(1—p)"*, teT, &=}, x=(x1, ..., %a), xi=0 uau 1,
i=1, ..., n, pa(x|t)=0, ecnu x;+...+x7#t, u py(x|t)=1/Cp* npu

x1+...+x,—=t. Ha MHOXecTBe T X& onpeneaum p(i, x)=
=p;(t) p2(x|t). Pacnpenenenne BeposTHOCTE# p(f, X) COCPEROTOUEHO
Ha napax (f, x), Takux, uto f=x;+...+xn,, H BEPOATHOCTb TAKOH
napbl paBa P Hn(1—p)* T "*n, Jlerko MOHATH, UTO MOJAEJb
(T XZ, p(t, X)) 3kBuBajeHnTHa Mojenu ucnuTanuit Bepuyman. Ilpu
3TOM ompliT (7, po(f)) 3aBUCHT OT napaMeTpa p— BePOSATHOCTH
ycrnexa, B TO BpeMs KaK «ycJOBHHA» onbiT (&, pa(x|f)), nmpuBoAsA-
WM K 3HaUeHHIO X napsl (¢, xX), oT napaMerpa p He 3aBucur. Ciaeno-
BAaTENbHO, AJA ONpeAesieHHs, KAKOBO HCTHHHOE p, 3JEMEHTOM X Maphl
(¢, x) MOXkHO mpeHeGpeyb.

54. 3agaya. Cia. B. X, Y He3aBHCHMBLl U HUMEOT OUHOMHAJbHbLIE
pacrnpefesieHHsl ¢ NapaMeTpaMu n, p 1 m, p cooTBeTcTBenHo. Haijiti
ycaoBHOe pacnpeaedenue X npu ycaoBun X+Y.

[Tax kak ca. B. X+Y uMeer OHHOMHAJIbLHOE pacnpejieleHde ¢ napa-
meTpaMu n+m, p (cM. 4.5), 1O

Pxixiy (k| )=P(o : X(0)=k, X(©)+Y (@)= X%
X (P(o: X(©)+Y (@)= )" =Cip*(1—p) *Crp ™ (1—p" " %
X (Champ (1 —p) ™y 1 =CRC Ch i m.]

5.5.3angaua. Ca B. Xy, ..., X, He3aBUCHUMbBl H UMEIOT OAHHAKO-
Bble  TEOMETPHYECKHE  pachpefeieHHs — BEpOsATHOCTEH  Px, (k)=
=(1—p)p, £=0, 1, 2, ... . Haitth ycnoBHoe pacnpejneseHie X=
=(X,, ..., X») npu ycaosuun T=X,+...+Xx

[Beuny 4.6 pr(f) =C,f.;_,_, p*(1— p)’, otkyna mpu x,+...-+x,=¢,
pxir (X|t) = px (X)/p7 (1) = 1/Cns1.]

5.6. 3agaua. PaccMoTpuM npumep BbIOOPOUHOTO KOHTPOJSA NpO-
NYKUHH, TpeAnoJaras, uTo KaXjoe H3jJeJHe He3aBHCHMO OT OCTab-
HbIX fABJSETCA CTAHZAPTHLIM C BEPOATHOCTBLIO pPi M, NPOXOAS KOHT-
pOJIb, HE3aBHCHMO OT OCTaJbHHX MNPOBEPHETCH C BEPOATHOCTHIO Po.
O6o3nauum U uuca0 M3feanH, NPOLIEAUIMX CTOJ KOHTPOJA (K&K MpO-
BEpPEHHbIX, TAK U HENPOBEPEHHBIX), NMpexie yeM OOHapyKeHO nepsoe
6pakoBaHHOe H3Ae/THE, H V KOJHUECTBO GpaKoBaHHBIX (M HENpOBepeH-
HbIX) H3Jenuil U3 uucaa 3tHX U u3jgenui (cumtaercs, u4TO NPH NPO-
Bepke Gpak ob6mapyxupaercsi). Haiitn ycioBHoe pacnpeneienue V
npu ycaosuu U.

[OnxieM paccMaTpuBaeMblii ONBIT ABYMS HE3aBHCHMbIMH NOCJIEA0OBa-
TEJbHOCTAMH HcnbiTanuit BepHymau Xy, Xo, ...., Yy, Yo, ..., TA®
X;=1, ecnu i-e uagenue — cranpapthoe, u X;=0, ecau oHO OGpaKOBaH-
Hoe; Y;=1, ecnu i-e m3jgenaue nojsepraercd Koutpomo, # Y;=0 — B
NpOTHBHOM cayudae, Tak uTo P(o: X;(@)=1)=p,, P(0:Y;(0)=1=py.
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Orcroaa

py(n)=P(0: (Xy11(0), Ynra(@)=(0, 1), (X;(0), Y;(0))=£(0,1), i<n)=
=1 —=p) o, (1—(1—p) pe)",

cpuv(n, K =Plo (X, Yau)=(0, 1), (X, Y, ..., Xy, Y)EB),

rae B, cOCTOHT M3 BCeX NOC/iefoBaTeabHOCTER (X1, Y1, -.--, Xn, Yn),
yto paBuo k map (x; y:)=(0, 0), a ocranbune napu (x; y:)=(l, 0)
uni (1, 1). Takum o6pasowm,

pov(r, K= (1—pg) s Ca((1—p) (1 — pa) (0, (1 —p2) +p1p)" ™
Monaras P (fo : (X, (@), ¥, (@) = (0, O}[{0 : (X, (@), Y (@)50, 1)) =
=({1—p)(1—p)/(1—(1—p,)p,) =1—p, noayyaem, yTO YCJOBHOE pac-
nipesesieHue

pvu(kin)=Ca(l—p)*p" ™", k=0,1,. ., n,

— OGuHOMHAaNbHOE. |

5.7. 3apauya. [lycts HEKOTOpOE HAacEKOMOe OTKJAaAbIBaeT cayyaf-
HO€ YHCJO0 SHI C MyacCOHOBCKUM paclpelesleHHeM BeposiTHOCTeH.
[IpeanosioKHM, UTO H3 OTJOXKEHHBIX SIHL HAaCEKOMbl€ Pa3BHUBAIOTCS He-
33aBMCMMO U BEPOSTHOCTh Pa3BUTHA HACEKOMOTO U3 sifiua paBHa p
(c BeposiTHOCTBIO 1—p pa3BuTHe He mpoHcxoauT). Ha#ith pacnpegene-
HUe BEpOSITHOCTEH YHC/aia HOBRHIX HACEKOMBIX.
[PesyabraT onniTa MOXHO OnHcaTh Napofl leJbiX HEOTPHUATEJNbHbIX
yucen (&, ), rae k — YHCJIO OTJIOXKEHHHIX SIHL, [ — YHCAO pa3BHBLIMX-
csi nacekoMbix. Ilonoxkum Q={(&, [)}, X (0)=4k, Y (@)=, o=(k ).
YcrnoBue 3afayd MOXHO BHIPa3uTh B BHIE CJAEAYIOUIMX COOTHOLIEHHIL:

px(B)= AWYRYe*, pyx(|B)=Ci'(1—p)"", 1, k=0, 1, 2,....
310 mos3poaser IIOCTPOHUTDH BEPOATHOCTHYIO MOJACJIb OIBITa, MOJOXHB

p(k, I)=pyx (k, 1) px (k) =((oA)/i1) e~ (A (1—p)) ik —1)!

Cosmectuoe pacnpenenenue ci. B. X (o), Y(w), onpenenensbix Ha Be-
positHocTHOM mpoctpanctee (2, p(w)), paBHO pxy(R, )=p(k, 1),
OTKyAa

pr()=Y prr(t, D=(MIN e T ((1—p)—ik— D)l =
k=1 k=1

= ((pA)11) e—* er—P) = ((pAY/ll)e—P*, =0, 1, 2, ... .]

5.8. 3anaua. [lycts BepoATHOCTD Pn, YTO B CJAy4aiiHO BHIOpanHOH
ceMbe n JeTed, paBHA ph=ap”, n=I1, 2, ...., po=1—(pit+pet...).
IlpeanonokuM, 4TO B ceMbe U3 n geTell Bce 27 KOMOMHAUMH TNOJOB
paBHOBepOsTHH, HalTu pacmpeseneHne BepOSITHOCTEH uyic/aa MaJjb-
YHKOB B CJ1y4afHO BbiOpaHHOH ceMbe.
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[[TpeacTaBuM pe3yiabTaT oNWTa CTPOYKOH w= (1, Xy,...,X,), n=0,

1,2, ..., x=0mn 1i=1,... n (0=(0) npu n=0), nonaras n pap-
HBIM 4YHCJy jJeTeit u x;=1, ecau i-fi peGeHOK B ceMbe MaJbuHK, X;=0,
eciu peBouxka. Ilyets N(w)=n npu w=(n, X1, ..., Xn) H 3aIHIIEM

YC/IOBHE 3a7auH B BHjE
Py()=pn, p@IN=n)=2"" o=(n, x,, ..., X,).

Ha npoctpancTtBe 3seMeHrapHbix cobmithit Q={w} BBeneM pacmpeje-
JIEHHE BeposiTHOCTe#l

p@=p@|N=n)py(M)=2"p,, o=(n, %, ..., X).
IMycte S(w)=x,+... +%, 0=, %, ..., %), S(w) =0, 0=(0) —
YHCJI0 MAJBYMKOB B ceMbe, TOrza
Pys(n, = ¥ p@)=C2"pu n=1, pxs(0, 0)=p,

Xy-k.. -+xn'-=k
ps(0)=py+Y 27" ap” = p,+ap/(2 —p),
n=1

ps (k) :Z

prs(n, k) =Y Ci27"ap", k>1.
-k n--k

Hcnonwsays 4.9, uMeem
ps (k) =0(p/2) (1 — p/2)™* "= 2ap* 2—p) ™, k>1]

Omnpenenss NOHATHE YCJOBHON BEPOATHOCTH, MBI HCXOIHJIH HB
IpeJCTaBJEHHS, YTO eCJH C JalHBIM OILITOM CBA3aHsl ca. B. X(w),
Y(w) 1 X(w) naGnwonaeMa, To U3 HabawjeHnsa 3a ca. B. X, Boobuie
rOBOpA, MOXHO H3BJeYb HHMOpMauMio o HeHabawojaeMoil ca. B. Y.
Hctounuk stoit mHbopMannm — cBA3b MeXAy o¢yHKuMaMH X(w) H
Y(w) uepes obGuiee 3Hauende w. Ecau m3BectHo, uto X(w)=x, T0 NpH
3TOM COKPAIlaeTcsi MHOMECTBO BO3MOXHBIX HCXO/OB ONBITA @, @ CJe-
JIOBATENbHO, U3MEHSIOTCS, BOOOIe TroBOpS, BO3MOXXHOCTH NOSIBJEHHSA
TeX WJH HHBIX 3HaueHu# cJa. B. Y(w). [Ipy nasHoM x ycjoBHoe pac-
npejeneHue pyix(y|x) B cpaBHeHHM c Ge3ycJOBHHIM py(y) OTpa)kaer
HaJnuue nHpopManuu B X oTHocuTeabHO Y. B uacTHOM cayuae, KOraa
prix(y|x) or x He 3aBucHT: pyx(y|x)=h(y), rae h(y) — Hexkoropas
(GOYHKIHA NepeMeHHOro y (NpH Takux x, 4To px(x)>0), M3 cooTHOLIe-
HHUSA

Px.v (%, Y)=pvix (4] 0)px (x) =px (x) £ (9)
1 3anaunt 4.1 BeIBoiuM, uTO A(Yy)=pr(y) ©
Px.y (X, 4)=px(x) py (4).
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Takum 06pa3oM, H3 COOTHOWEHHA
py‘-x (ylx) =Py (y)

BHITEK@eT, YTO ¢J1. B. X ¥ Y He3zaBucuMbl M HaobopoT. To XKe yTBepX-

JdeHue coxpaHsercs [Aas HabopoB ci. B. X=(Xi, ...., Xa), Y=
=(yl, caay Ym):
Px.y (X, ¥) =Dy (X) py (y) & Py x (Y]X) =Py (¥),
Ae X =(xy, ..., Xp), Y= ..+, Yn)-
5.9. 3anmaua. JlokasaTs, uto X=(X|, ..., Xa) u Y=(Y,, ..., Ym)

He3aBHCHMbl MeXay cofofi Toraa ¥ TONBKO TOrAa, Koraa Anas Jro6bx
¢yukuuit A(x) U g(y) HesaBucumbl ci1. B. A(X) u g(Y).
[Heo6xo1umocThb yCTaHABIMBACTCA aHANOTHYHO 4.3. O6patHo, npex-
NOJIOXKHB, YTO AJs HEKOTOPHX X°, Y°, pxy (X°, ¥ )*px (x°) px (¥°)»
onpegenuM h(x)=1 npu x=x° g(y)=1 NpH y=y° U TOJOXHUM
h(x)=0, g(y)=0 n1s ocTaiabHLX 3Haqe}mﬁ X, y. Toraa

P:h(X@)=1, g(¥ (©)=1)=py y (, )
# by () py (8°) =P (@ A (X (@) = )P (0: g (Y ()= 1),

T. e. ci. B, h(X) u g(Y) — 3aBucumnie.]

5.10. 3axgaua. Jokasatb, uto ca. B. X;, Xy, ..., Xn He3aBHCH-
Mbl, ecTd npu  Jo6oM k ca. B. X, He 3aBHCHT 0T Habopa c1. B.
(X], e Xk-—l) k=2 can

[ITo ycnoeuio Px, Xn(xl, ey X)) =Py X, (x5, ... 'xn-l)Pxn (xn)=

=Py, x, , K1 s Xn2) Py () Py (Kn)= o=
=Px,(51) -+ Py (k1) Py (Xn)]

CoBMecTHOe pachnpe/eleHue NpoU3BOJbHoro Habopa cJa. B. X, ...
, Xn Bcerja MOXHO NpeACTaBUTb B dopMme

Py, xi..... xn(xl' Xgy ooy Xp) = Py, (xl) px,lx (%5 ] %) X
X Pxax,.x, (a1 %1 %) - Px, x,..... xn_s(xnlxp ceey Xn—t),

rjle pacCMaTpUBAKOTCH JHIb Takue Habopbl Xy, ..., Xn 3HAUEHHH
c¢1 B. Xy, ..., Xn, KOTOphle HMEIOT TMOJIOKHTEJIbHYIO BEpPOSTHOCTb:
Px,....x. %1 -y xn)>0 (a creoBaTeabHO Py Kpp - er Xp) >
>0 npu Bcex k=1,...,n).

Kpome BaXKHOT'O 4acTHOTO ciayyas, KOrja Bce YCJIOBHbIE BepOST-
HOCTH Py, ix,....x, (Xr41]Xy, .., %) He 3@BHCAT OT Xi, ..., X& H,

o1l Xueeen

cJef0BaTeNbHo, CJ. B Xy, ..., X, He3aBUCHMBI, UMeeTCH ApYrofi BaX-
HBIH ciyyad, Koraa ycnonﬂue BEPOATHOCTH Py x,....x, (Xt t] Xy -0 es

. Xy) B3aBHCHAT OT Xi, ..., Xz— JUWb opManbHO, T. €. NpEACTaB-
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JA10T cobol HeKoTOpble DYHKUUM Pg(Xk, Xz+1)  TOJBKO NEPEMEHHBIX
Xk, Xp+1. B 3TOM ciyuae rosopsit, uTto cj. B. Xy, ..., X, CBA3aHBH
MAPKOBCKOL 3a8UCUMOCTbIO, ud Cl. B. Xy, ..., X, obpasywoT map-
KOBCKY!0 yens, IO UMeHH pycckoro yueHoro A. A. MapkoBa, BnepBhle
HCCJIelOBABIIEr0 TaKOM XapakTep 3aBHCHMOCTH C OOLIMX NG3MLHE.
PopmMyna, Belpaxarmias COBMeCTHOe pacnpefieeHHe 4epe3 IpOI3Be-
IeHHe YCJOBHBIX, A/ MapKOBCKUX leneil npuobperaeT BHl

pX;.X;.....Xn (X, X5 -, xn):pxi () pr(xy, %) - - p,,_l(xn—h Xp)-

Bepro u o6paTHOe yTBepiKaeHUE: ecJH

pX;:Xz----:Xn (xlv Xas ooy xn) =P (xl) P2 (xli xz) e pn—l (xn--h xn)v
rjie p: ABJSAIOTCH pacinpeaeNeHHsIMH BeposiTHOCTeHd mo x;, i=l1, ..., n,
TO TOCJeA0BaTeqbHOCTL Xi, ..., X, o00pa3yeT MapKXOBCKYIO LEIb.

JlefiCTBHTe/IbIIO, CYMMHDYsl COBMECTHOe pacmpejeseHye ca1. B. Xj, ...
., X, O BCEM 3HAYCHUAM Xn, HAXOAUM

pxl,....X”_l (X, ooy Xn)=p, () P2 (xy, %) ... P (Xn—s, Xn—1),

OTKyZa

an Xeoen Xy | (x,,lxl, vy Xn—1) = Pn (x_n—h Xn)

M T. [.; B YaCTHOCTH, Py (%) =p, (x)).

5.11. [Ipumep (momens OpendectoB mnpouecca aupdysun).
IpencraBum cebe, 4TO ypHa, coaepxaumass N 11apoB, MBICJAEHHO pas-
JejeHa Ha JBe NOJIOBHHH. KaXAylo eIMHHIY BpeMeHH CJy4yaHHO BhI-
6upaercst oguH M3 N apoB M NMePeHOCHTCS H3 CBOEH MOJIOBHHH B
apyryio. IIpy n-kpaTHOM HOBTOpEHHM ONbiTa HMeercsi N paBHOBEPO-
SITHHIX 3JEMEHTAPHBIX COGBITHH, OMNHChIBAOIIMX BHOOp wwapoB. Bae-
geM ci, B. X, — 4HCJO WIapoB B KakKoH-HHOYAb ONHOH MOJIOBHHE Yp-
Hbl Mocsie k-ro M3BJeueHus, k=1, 2,...,n. [lonuepkHeM, uto X, —
GbYHKUIH 3JeMEeHTApHOro CcOGLITHA B CXeMe NOBTOPHOro Bhibopa ¢
BO3BpalleHHeM, ec/M YKa3aHh HOMEpa INapoB, JIEXKAIIKX B BblAEJIEH-
10H NOJIOBHHe YpHH B HauajbHbI MOMeHT BpeMeHH. IlycTb umcio
IIapoB B 3TO¥ NOJOBHHE BHayaJe paBHO Xo=a.

[ToxcyuTaeM UHCJIO 3JeMEHTapHBIX COOBITHH, YAOBJIETBOPHAIOUINX
ycioBuio Xi=xy, ..., Xp=xn. JTO UHCJIO HEHYJIEBOE, €CJH BCE Xi, ...

., Xn 3akJoueHbl Mexay O u N, a cocefHHe 4J/leHb NOC/Ief0BaTe b~
HOCTH OTJIMYAlOTCs POBHO Ha eiMHHMLy. PaccmaTpuBas Habopbl, y/iOB-
JeTBOPAKIIME YKa3aHHBIM Tpe6OBaHHAM, 3aMeTHM, YTO Ha OUepPeIHOM
mare nepexoay oT l<xij<N—1 K x;=x;_;+1 coorBercTBYyer N—xi-,
BO3MOXHOCTEH Bhi6Opa Wapa M3 ypHbl (BhlOMpaeTcs 1iap c HOMEpOM,
He COAEPMAIMMCST CPefH HOMEpOB IIADOB B BHIIETEHHOM NO.IOBIHE),

nepexojy K X;=Xx;—;— | OTBeuaeT x;.; BO3MOXHOCTei, nepexoram OT
xio1=0 K x;=1 u oT xi_;=N k x;=N—1 orBeuaer mwbas H3 N BO3-
MOXXHOCTEH.
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Beegem naGop uucea pgu, k, =0, 1, ..., N, nonaras prrp1=

=1—k/N, pur—1=FR/N npu k=0, 1, ..., N u px,=0 npu ocrajabHbX k
i [ Jlerko BHAETh, UTO YHCJO 3JEMEHTapHLIX COOBITHHA, COCTaBJSIO-
wHx coboiTie {w: X:(w)=x; (=1, ..., n}npd HauaJbHOM uHcJe lIa-
pOB B BLIAEJNECHHON TOJOBHHE @, DaBHO NpPgxNpxx, .. - NPz, .x.
OTKyJA@ MOJyuaeM COBMECTHOe pacnpegeneie cl1. B. X, ..., Xa B
BHjIE

p,\'“,\’h___'xn (xl, Xoy « oy xn):pa,x,pxnxz e pxn_1'xn’

M3 KOTOPOro CJaefyeT, uTO 3TH BeJHYHHB 06pasyloT uenb Mapkosa.
Tor ¢akT, uTO ycaoBHOE pacnpegeneHHe

Px|x.....x,_, (ol %y, -y X)) = Pry_x,

3aBHCHT JHWIb OT ¢J. B. Xp_;, 03Hauaer, uTo uHbopmauus o X, co-
Hdepxawascs B c1. B. X, ..., Xx—, cocpegoTouena B ¢a. B. Xp_;. ITO
JIErKO NMOHATH H 6e3 BCAKUX BHIUHCAEHHH. YcaoBue Xy ,=Xx,_, 03Ha-
YyaeT, uTO B BBIACJCHHOH NOJIOBHHE COLEPMHTCH X,—; 1WapoB. [loaToMy
HMeeTCs Xx—; BO3MOXHOcTed u3 N nonyuuTs Xy,=x; —1 0 N—xp—
BO3MOXHocTed U3 N monyuutb Xp=xp—,+1, Bce 3TO He3aBHCHMO OT
NpeabCTOPHH mpolecca 40 MOMeHTa k.
[TokameM, Kak MOXHO MOZEJHPOBAaTh MapKOBCKYW uems Xi, ...
.» Xp, HCXOAS HENMOCDEACTBEHHO M3 UHCEJ g, Y€pe3 KOTOphie Bbl-
paxaeTcs HX COBMeCTHOe pacnpefesenne. 3agafHM cjaelylOuifd Me-
xanu3Mm Oayxjanus mo Toukam 0, 1, ..., N. CesxKeM ¢ KaAbM k=
=0, 1, .... N ypuy ¢ N wapamu, u3 KOTopbnix N—k wapoB nomMeyeHsl
uiieaioM +1 1 R mapoB — uucaom —1 (npu k=0 u k=N Bce wapm
noMeueHn! OZHUM uHcaoM). IlpegnonoxuM, uto ecan Oayxpaiomas
YacTHUA HaXOAHTCA B NOJOXEHHH j, TO NPOM3BOZUTCA ORHOKPATHBII
BLI6OD ¢ BO3BpAalleHHEM H3 YPHH C HOMEPOM j, H HacTHIIa cMellaercs
Ha eJHHHLY B HanpaBJeHHH, OTMEYEHHOM Ha H3BJeueHHOM mape. [lpu
j=0 u j=N HanpabJeHue onpejesiercd OJHO3HAUHO, TaK YTO YPHBEI
C 3THMH HOMepaMH BBeJeHHl OJ/1s eguHoobpa3us. Buoi6paB HekoTopoe
4 B KauecTBe HAauaJbHOTIO NOJOXeHHs, 0003HauuM X NMoJOXeHHE yac-
THUB B MOMEHT BpeMeHH k. Jlerko BHAeTh, uTO U3 N* 3jeMeHTapHLIX
COOBITHH ONBITA MAJHTEJLHOCTH 7 HMeercs NDg s P o o - - Px, 41ty

3JIeMEHTapHBX COOLITHHA, NPHBOAAIIMX K TPaeKTOpHH (a, X, Xz, ...
..., Xg), TaK 4TO

pi?,,')?,,. ?n(xl, Xoy ooy Xp) ':px,,x......x,,(xl’ Xy oovs Xp)

B nocrpoenHoi Mogend 3aBHCHMOCTbL CJ. B. Xp OT NPEABLICTODHM

npounecca X, ..., Xe—1 TOJBKO Yepe3 MNOCJIEIHIOW CJ. B. Xp_i
NporJsabiBaeTcst 0cOGEHHO OTYET/IHBO. BBHAY BEepPOSTHOCTHOH 3KBHBa-
JEHTHOCTH HaGopoB ca. B. (X, ..., X,) # (X, ..., X3) artu co-

obpakenns NepeHocaTcs H Ha HCXOXHLIA mporuece.
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5.12. 3apgaua. [lycts Xo, X1, ..., Xn — MapkoBckas uens. [Toka-
3ath, yro npu k=0, 1, ..., n uMeer MecTto cJjeaywouwas dopmy.aa:

an-X;----.Xk(xo’ > SURERE xh)':px,(xo)pxlvxn(xxlxo) ce pxk|xk_1(xh[xk— 1)'

[pxm'__,xk(x(,, R A
=Py iXa. Xy (e [%0 «+ -y %e—1) P, Ky (Xor «+ s Xe—1)-
CyMMHDYsl MO BCEM BO3MOXHHIM 3HAUGHHMSIM Xg, Xi, ..., Xp—y H YUH-
TBIBAR, YTO Py ix, Xk_l(x,,[xo, ...y Xe—1) 3aBHCHT OT Xg, X1, ..

., Xp—p JHUWL (OpMAJBHO, NOJYyYaeM [Js COBMECTHOro pacmpejesne-
HUA . B, Xp_y, X

Px 1_xk(xk—19 xh) :pxkp(o____,x o (xhlxo’ cy xk—l)px’bl(xk—l)’

k= k

OTKyja

Px,iXo. Xivoo. X,y (Xnl X9, 215 -+, xk_1)=ka;xk_1(xh|xk—l)-

Huaykuus no k 3aBepuuaeT Z0Ka3aTeJbCTBO.]
UYacro ucnonb3yemyo dopmyay

P(4)=Y P(4B,),
{k}

rae By, k=1, 2, ..., — noaHasa rpynna cobbITHH, MONE3HO MepenUcaTh
B BHAL

N&zgwm&wwu
{

OTo Tak HasniBaeMas Gopmyasa noaHOU B8epOATHOCTU. JlaA JMCKperT-
HeiXx ca. B. X, Y (uam Habopos cia. B. X=(X;, ..., X»), Y=
=(Yy, ..., ¥Ym)) umeem oTclona

px (%)= (}; Py (£19) Py (9),

TIe CyMMHpPOBaHHE BeJeTcs [0 BCceM 3HAaueHHAM y cJa. B. Y.
5.13. 3axaua. Bupecty u3 512 uHaykuuedl no &, uto
pxk....,xn (ns - vy X5) =Px, (%x) pXk+1le (Xei1[28) - - - Pxnlx,,_1 (%n | Xn—1)-

[Belno.iHuM nepBBIA wWar WHAYKUHHM, CYMMiipyst coorHowenne 5.12 no
BCEM 3HAUYEHUAM Xo:

px‘.....xn (oo xn)=(Z}px,(xo)pxdxa(xxlxo)) px,,x‘(lexl)x

{%o

X pxn\xn4 (xn Ixn—l):pxl (xl)ple,\'l (lexl) v pxnp(’Ll (xn [xn—l])-
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TS COOTHOULIECHHE

5.14. 3anauya. [Tokasarb, yTo A1 MAaDKOBCKOH II€MH BLINOJHSAET-

pxk“.....xn*x.,.....xk(x/H-h veer XnlXo, o ey XR)=
:pxml....,xn'xk(xkﬂ’ N L]

{13 5.12, 5.13 nonyuaem
o X)X

-, xnlxov sy xh):pxn_____xn(xm ..

Xy Xov. 0 Xy, (Xer1, -
—1

» X)) = me],Xk (Xe31]2) - - Py, Xn_l(xnlxn—l) —

oy Xn ] %)

p
Xy goeees

X(px.,.....xk (xg -

:(pxk(xh))“l pxk_____xn(xhv sy xn):pxkn""'anxk (xk+1, .

5.15. 3anaua. [Tokasarp, uTo AJ8 MapKOBCKOH Liend «Oyayuiee»
X=(Xet1, ..., Xp) u «npousioe» Y=(Xo, ..., Xe—1) yCA08HO HE3ABU-
Cumol NIPH 3aaHHOM «HacrosiweM» X, T. €.

px.Yle(x’ Yka):pxaxk(xlxh)py;xk(YIxh)r
rie x=(Xxg, ««., Xe—1}, Y=(Xe41, - - -, Xn).
[Hcnoasays 5.14, noayuaem
—1
px_y|xk(x’ y‘xh):px_y_xk(xv y, xh)(pxk (xh)) =

—1
:px:xk_y (xlxh’ Y)'pxk_y(xhs Y)(pxk(xh)) :px]xk(xlxk)py_xk(Yka)'I
ITocnenoBarenbHocts ¢, B. Xg, Xy, ..., X, 6bl1a Ha3BaHa MApKOB-
¢KOMl 1enblo, ecau npy J06oM &
: Xi-alXyy ooy Xp)= Xy, Xkil),
pxk+1‘x°""'x}:( -1 Xy 1) = Pu (Xp Xk11)
rae p.(xp, ¥u4)) €CTh OYHKUHMS TOJIbKO NEPEMEHHBIX Xi, Xpp1. B 5.12
YCTAKOBICHO, UTO Py (Xp, Xig1) =Py X, (xe=1{xy), , Tak uyTO ompeae-
le1 Nk '
Jelié MAapKOBCKCH LenH MOXHO AaTth B opMe

px./:“ Xoi.-.. X, (xkﬁ-l Ixm ERE] xh): px’_(H xk(xk+1 lxh)'

Ocobennnit HHTEPEC MpEeXCTaBJAIOT MAPDKOBCKHE MOJEJH, AJS KO-

TOpbIX QYHKIHHA px OPH BCEX K ONHHAKOBBI:
Pl% )=px ix, (910)=pPx y)=pxy=pyix).
BepositHocTH p (X, Y)==pxy HA3HBAWT NEPEXOOHOLIMU BEPOATHOCTAMU
MapkoBckoi uenn. [logdcpkuem, 4To NMpH KamiaAoM (QHKCHDOBAHIIOM X
p(x, y) npeiacraeaser cobofl paciipeie’eHrHe BEPOSITHOCTE 1o .

B npumepe 5.11 pyep=1—x/N, pex=x/N, x=0, 1, ..., N, oc-
TadbHble Pyy,=0. [Ipocroe cayuafinoe OGayxaaune Sp.=a+X,;+...
o X, =0, 1,2, 0.0, r1e Xy, X, ... Ie33BHCIMBI,

97

4 M. B. Koanos



pxk(l)-—--p, pxk(—l)= l—p, k=1, 2, ..., fB1sE€TCA MapPKOBCKOH HeMbIO:
pskuls"""sk (sk—f—l,sor ey sh)zp(m: Si ((D):Si, 0<i<k+l)x
X(P(:S;(@)=s;, 0<i<A) '=P(0:S;(@)=s;, 0<i<hk,
Xet1 (@) =8e11—5)-P@:S; (@) =5;, 0<i<h) ' =
=P (0 : Xi41(0)= Ser1—S$p),
rlle Ha nocJjejHeM lare Oblla HCNOJB30BaHAa HE3aBUCHMOCTb C.I. B.
Xr+1 or Habopa ca. B. S, ..., Se. TlepexoaHEe BepoATHOCTH 3TOMH
MApKOBCKOH LeNnu paBHH pPiip1=p, Pii—1=1—p, ocTanbuble p;=0.
5.16. 3anaua. [Tyctb N Genbix N uyepHBIX WAPOB Pa3/oXKeHbH
A0 IBYM YpHaM Tak, 4TO B O6EHX yPHaX UYHCJO IUapOB OJMHAKOBOE.

IIpousBonuTcs NMOBTOPHHE clydYaHHBIE BbHIOOD M3 06eHX YpH, NpH KO-
TOPOM BHITallleHHblEe 1Wapbl o6MeHHBa1OTCA MecTaMH. O6Go3HauHM X,

k=1, 2, ..., uncsio GejanlX WAPOB B NEpBOH ypHe mocJse R-ro u3BJeye-
HHA, U NycTh Xo=a — HauyajbHOe uHcJo 6esEX 1IapoB B 3TOH ypHe.
Ilokasats, uto Xo, Xy, ..., X — MapKoBCcKas lenb, BEIIMCATH €€ me-

pexoiHble BEPOATHOCTH.
[OnbiT mnutenbHocTH 7 uMeer N2* pDaBHOBEPOATHHIX 3JEMEHTAPHHX
co6uiThil. CobutHe {w: X;(w)=x; =1, ..., n} uMeeT HeHyJeByIO Be-
pPOATHOCTb, TOJBKO npH |xi—xi| <], i=0, |, ..., n—1, x=a. Ha
i-M mare nepexoay oT l<x;<N—1 k x;+1 coorBercTByeT BHOOD uep-
HOro mapa u3 neproil ypunl (N—x; Bo3MoxHocTell) W 6enoro wmapa
u3 Bropoll ypubl (N—x; Bo3MmoXHocreil), uto pnaer (N—x;)? uz N2
BO3MOXKHOCTell. AHAJIOrMYHO mnepexoj K Xip =Xi—! NPOHCXOAMT B X;°
cayuasx, a K Xiyy=x; — B 2x;(N—x;) cayuaax. Ilpu x,=0 u x:=N
BEJMYHHA X;3) MOXET NPUHMMATh JHIL ABa 3HAaYeHHH, AJS KOTODHX
MOXHO BOCNOJb30BAaTbCH Y¥Ke BhIBEJeHHbBIMH (OPMyJaMH S 4MCIZ
Bo3MoxHocTell. [TosoxuM

pl,l_Ll=(1'—]/N)zs pi.i—'l :(]'/N)Z’ pl-l=2(]/N)(1 —j/N)

npu j=0, 1, ..., N u pu=0 — npu ocranbubix k, . Uncso snementap-

HHX co6MTHH, cocTaBasiomux cobutHe {w::Xi(w)=x; i=1, ..., n},
2n

MOXHO 3anmucath B Bune N*p,  p, Py OTKY/a

Xz "

pX,,X,....,Xn (xl’ xz’ e xn)zpa.x,px,x, R p“n_r“n'
TaK 410 X;, ..., Xn — MapkoBcKag Lenb C NepexoLHBIMH BEDPOSATHO-
CTAMH pur]

Jns HenpepeIBHOH BePOSTHOCTHOH MOJENH ONpeJeJeHHE YCJIOBHOIT
BeposTHOocTH P (A|B), Kak yxXe oTMeuaJjoch, HMEET Takylo ke ¢op-
My, UTO M AJs JUCKpeTHOH. UTO Kacaercss HenpepbiBHHIX CJYYaiHBIX
BEJIHUHH, TO, KaK M3BECTHO, pOJb pacnpejesieHHss BepoATHOCTEH B
JUCKDETHOM cJyyae 3[eCh BHUTOJHSET IJOTHOCTb DACHPEAEsIEHHS Be-
positHoctell. COOTBETCTBEHHO BMECTO YCJOBHHX pacnpele]eHHH pac-
CMATPHBAIOTCA YCAOBHbIE NAOTHOCTU.
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Ilycte X, Y — mapa cayyadiHuX BeJHYHH (u1M HAGOpOB CJ. B.
X=(X1, ..., Xa), Y=(Yy, ..., Yn)), [xr(x, y) — ux coBMecTHas
NJIOTHOCTh, ONMpEAeJICHHAs Ha MHOMXecTBe & X %Y, Tak uTo

Sf fx.y(x, y)dxdy=1.
FTXY

[IpeanonoxuM AoMOJHUTENBHO, 41O fiy (¥)>0 npu Bcex ys% (3rto
Tpe6oBaHHE SIBJISETCH H3JMUIHEM B O6lUEel TEOpHH, 2 B KOHKDETHHX
c1yyasix €ro HeTpPyAHO YJOBJETBOPUThb, BHJEJHB HEKOTOpOE MNOA-
MHOKecTBe %Y ’'<=d/, Ha KotopoM fy(y)>0 u P{o:Y(w)e¥')=1).
Ycaosnoili naorHocTero X npH ycsioBuM Y HasbiBaeTcs IJIOTHOCTb pac-
npejeseHus Ha &, onpejensieMas popmyJiol

Fxiv(x|y)= fxy(x, §)ify(y)

¥ 3aBucALad OT Y% Kak oT napamerpa. Tak Kak

§ixv iy dx = v ) deify @) =1,

4 4

TO fxjv(x]y) DeACTBHTENBHO SBJSETCS NJOTHOCTBIO BEPOSITHOCTHOrO
pacnpeneneHus nmo x. OTMeTHM cJeAyiollee COOTHOUIEHHE:

Fx)= { Fxy(x, 9)dy= [ fxw (219) Fy (5 dy,
Yy Y

KOTOpOE NpejAcTaB/seT coGoit HenpepblBHBIA aHanor ¢GopMyJib NOJHOR
BEPOSTHOCTH.

5.17. 3apngava. Cn B. X;, ..., Xn He3aBHCUMBl H paBHOMEpDHO
pacnpenenensl Ha otpeske [0, 0], X()<X@< ... <X(ny — NOPAAKOBLIE
cTaTHCTHKH (cM. 4.17): X(») paBHa k-My 1o BelHYHHE B mOpsiiKe BO3-
pacTaHus cpeau 3HaueHu#t X, ..., X,. Hality ycnoBHYIO NJIOTHOCTh
nabopa ci. B. Xy, ..., X(n—1) IPH YCJIOBHH CJI. B. X(n).

[U3 3.24 cnexnyer, uTo

FX(yes Xy (s - 2) =107, O < SHR <6,

¥ paBHAa HYJIIO NPH OCTAJbHHX 3HauEHUSIX apryMeHTOB. Tak Kak
Pl@: X (@<<H)=P(o: X; (@)1, i=1, ..., n)=(40)", 0<<E<H,

TOmpH 0T x, << ... <x,, O

FXny Gon) = 07", Fx ) XK gy (B - Xn %) = (= D)/

3aMeTUM, uTO YCJIOBHasi MJOTHOCTh cJi. B. X(), ..., X(n—1) IPH YCJIO-

BHH X(n)=xn COBNajaeT ¢ IJOTHOCTBIO n—| NOPAAKOBbLIX CTATHCTHK

A n—1 paBHOMepHO pacnpeneneHnbix Ha [0, x,] HE3aBHCUMBIX CJy-
Ya#HLIX BEJHMYHUH.]

5.18. 3anaua. Cn B. X, ..., Xpt| HE32BHCHMBl H HMEIOT CTaH-
AApTHYIO 3KCNOHEHUHMAJIbHY0 NJAOTHOCTB, T,=X;t...+X, k=1, ...
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..., ntl. HafiTh ycaoBHY0 niaoTHocTh Habopa ca. B. Ty, ..., Tn NPHK
YCJAOBHH CJ. B. Tnti.
[H3 4.23 u 4.25 umeemM
Fro,, (tng))=(Lnl) th e 1, 0, 1> 0,
Fruvertny (i ooos o) =€, 0ty < oL <y,
ft,.....tnltn“ (tll ey tultrﬂ-l):n! ;J,’-Ih 0<t1< L <tn+l-]

Ananoruyso AHCKDETHOMY CJy4a MHOTOMEDHYKO NJIOTHOCTb MOX-
HO Da3JIOXHKTb B NNDOK3BEJIeHHE VCJIOBHBIX NJIOTHOCTEH

fxp.--lxn (xll LS | x’l) fxl (x )f‘rl‘xl (lexl)x
Xfxlvxllxl(xalxl, Xz) - fxnvx“____xn_‘(x,‘ lxl, . Xn._.1).

Ecan naotaoctsn  fx, 1x,...x, (%et1(%y, -0 %) KaK  dyHKURK
Xi, ..., Xr NOCTOSIHHHI, R=]1, ..., n—1, TO0 ca. B. X,, ..., Xn 9BIAAKOT-
cs He3aBHCHUMbIMH. Kak ¥ B THUCKDETHOM CJyuae, MapKOBCKGA 3Q8U-
CUMOCTb onpepenseTcs TpeGoBaHHEM, 4TOGLI IJIOTHOCTH
fxma_x,....,xk (%e41]%y,..., X,) 338BHCEIH OT Xy, ..., Xp—) JHWL GOPMATb-
HO, k=2, ..., n—1, llpn 3tom roBopsT, uTO ca. B. X}, ..., X 0b6pasy-

10T Henpepbienyo Maprosckyio yens. CBoHCTBA AMCKpETHhLIX MapKOB-
CKHMX Uuenejl, BoiBeleHHBe B 5.12-—5.16, ocTawTes BepHLIMM 1T a8 He-
NpephIBHLIX LEne# c 3aMeHOX YCJOBHLIX pacrpejefleHKR Ha YyCJI0B-
Hble MJOTHOCTH. Jloka3zaTesbcTBa COXPAHHIOTCH C 3aMEHOH, rAe 3TO
HYXHO, cCyMM Ha HHTerpannl. OTMETHM, B UAaCTHOCTH, paBEHCTBO

Fxooooixy (s - ooy Xn)=Fx, 06) Fxtx, (% 1 %) - - - Fxix_ (Xa|%a1),

nn-1
KOTOpPOE MOXEeT ObiTh NPHHATO 32 ONpCAEJeHHe MAapKOBCKOK LEenH;
ka“:xk (xe41(x%) HaapBalOT rzepemdubmu HAOTHOCTAMU.

B kauecTBe npumepa HenpephIBHON LENII MOXHO NpeAJOXHTh MO-
cnetosatensHocts Wy, Wy, ..., We, 6 <t,<...<tn 3HaueHuit
npouecca 6poyHoBckoro aBuxenus. Kak ciexyer ua 4.27, nepexoinne
NJIOTHOCTH 3TOH Len® paBHH

fW(lM, wee ) (Kipr [ X5) = iy — 1) (k1 — x) Va1 — 1),
519, 3apgava. Cr B. Xi, ..., Xn HE3ABHCHMB H KHMEKOT T.IOT-
HOCTH fx‘_ (x), i=1, ..., n, §,=X;+...+X,, k=1, ..., n. [loka-
3aTth, 410 Sy,...,S, 00pa3yloT MapKOBCKYIO UeNb, BHITMCATh NEpexon-

Hble MJIOTHOCTH.

[[To dopmyne npeobpa3zoBanus naoTHocTH 3.26, yumuaaﬂ 4TO SIKO-
6uan nepexopa or X, i=l, ..., n, K Sy, k=1, ..., n, pasex 1, Ha-
X0uM

fS.....,S"(sp ey Sn)=fx,.....xn(sl. 5,815 -y Sn_sn—l)':
=fx, (81) fx, (s—5) - .. fx"(S,,—Sn_x)-]
100



520. 3angaua. Cn 8. X;, ..., X He3aBHCHMB H HMEKT CTaH-
A2PTHYK 3KCNOHEHUMAJbHYK NJOTHOCTh, KMcnoaways 4.17 u 5,19, no-
Ka3aTh, YTO NOPRAKOBbLIE cTAaTHCTHKH X(y<X(5< ... <X(n o6pasyioT
uenb Mapkoga,

k .
[X(,-‘, :Z (X(iy—Xu—n), Xo=0, rae cnaraemule Heaanucﬂmu.J
i=0

§ 6"
ITPOCTPAHCTBO H MEPA

XapaktepHag oco6eHHOCTh COBDEMEHHOH MaTeMaTH-
KH — HCNOJb30BaHHE aKCHOMAaTHYECKOrO NOAX0Aa AJNR OnpejeseHHS
o6 beKTa, CAyXallero npeJMeToM H3yueHHs. B Teopum BeposTHOCTERA
3TOT noaxonx 6wa paspaboran A. H. KonmoroposwmiM. Maremartunue-
CKaA CTPYKTypa, H3yuaeMas B TEODHH BEpPOSITHOCTEH, NpeaCTaBJfeT
coboit Tpoitiky (R, s, P), Ha3nBaeMylo 8epOATHOCTHbIM NPOCTPAHCT-
gom. 3neck Q — NpPOHM3BOJbLHOE MHOXECTBO, TOYKH KOTOpPOro Ha3nBa-
0T 3AeMeHTapHbIMU COOBITUAMU, S¢ — KJacc NMOAMHOXecTB {2, Ha3hl-
BaeMbiX cOObITUAMU, YIOBJETBOPSIOHA TPe6GOBaHHAM:!

. &, Qe A,
2. Ae UHAe U,

3. Aed, i=12 ... 25UA=eu4
i=1
P — ¢ynkuus na & co 3nauennsmu 0<P(4) <1, P(Q)=1, P(J)=0,
YAOBJIETBOPRIOWAR CBORCTBY c4eTHOU a0OUTUBHOCTU (HJIH O-aAAHTHB-
HOCTH)

Aed i=1,2 ..., Ad=2, i#]=3P(UA4)= Y PA)

f-2]

H Ha3nlBaeMmas BEPOATHOCTbIO (BepOATHOCTHOU Mepod, pacnpedeseru-
em gepoaTHOCTEU).

Knacc MHOXecTB .9, yAOBJIETBOPAKIWHE TpeGoBaHuamM 1—3, Ha3ul-
BAIOT o-aa2ebpoli muoxecrs. Tak Kak

ilj A= .'D: 4,

TO o-anrefpa 3aMKHYTa OTHOCHTEJLHO onepauMH CYETHOro nepeceue-
Huf. [lonarasgs B cBolcTBe CYeTHOR aAAHTHBHOCTH A1 =Anpa=—. ..

* o
) 3a uckaKveRdeM BHOAHOM yacTn, TOT naparpad MOXeT GHTh OMYIEH YHTATE]EM,
KOTOPOro MaTeMaTHYeCKHE «TOHKOCTH® HE MHTEPECYIOT.
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.=, BLIBOJAUM H3 Hero CBOACTBO xoneuHOl addutusHocTu (HJIHN
NpOCTO 2AAUTHBHOCTH)

Aed, i=1,2...,n A =0 ,;:,e,-)p(UA)_fp(A,)

Bcem nepeuncieHHBM TpPeGOBAHHAM Y/JOBJETBOPHET H3yuaBUIEeCH
B NpejLAyIHX pa3jjesax AMCKPETHOE BEPOSATHOCTHOE MNpOCTPAHCTBO:
Q — He GoJee yeM CUETHOE MHOXECTBO, S — KJjacc Bcex NOAMHO-
XKecTB £,

P(A)= Y rl). A,

wEA
rae 0<p(w) <1 — nmpoxaBoibHAas GYHKUHA HA 2, Takas, 4TO

Y r@=1.

WEQ

BeposTHOCTHLIE MOJEJNH C HECUETHHIM MHOXECTBOM 3JIEMEHTapHHIX
COBLITHH, KOTOPHE paccMaTpHBaJHCh A0 CHX MOp, YAOBJeTBopsaax 6o-
aAee cnabuM TpeGOBaHMAM: KJaacc cOGHTHE S¢ npeacTaBasa cobok
arzebpy MHONCECTB, T. €. BMECTO YCJOBHA 3 BHINOJHAJIOCH

3a. e i=1,2 ..., n,%IL_JIA,E.A.

a mMepa P na aareGpe MHoXecTB ¢ YAOBJIETBOpSJa CBOACTBY KOHeu-
HOR agAUTHBHOCTH. HejocTaTku TakOH MOJENM OTMEUaJuCh HEOJHO-
KpaTHO. B KOHKpETHHIX npuMepax BO3HHK2NZ noTpeGHOCTE B MHOXe-

CTBaxX 3JEMEHTApHHX coluTuil Buaa A= U A, rae Aic=A=

npuHajaaexanu aiarebpe S£, B TO BpeMs Kak AEst, uu B MHOXeCT-
oo

Bax BHJa B = U B;Euﬁ, rae B,‘E.ﬂ, l=1, 2, . B,-B,-=Z npH
=1

i#j (cm., Hanpumep, 3afauy o pa3opennu urpoka 2.19). Ha asarpya-

HEeHUS MB BHIXOJHJH, doonpedeassa Mepy P no «HenpepLIBHOCTH® HJIH

«CUETHOZA aJAUTHBHOCTH®:

P(4)= limP(A,), P(B)= iP(B,.).
Ao n=I1

O6a 3THX COOTHOIIEHHR — 3JAaKOHHHIE CpEACTBAa BbliUCAEHUR BEPO-
ATHOCTER COGHITHA NpPH akCMOMaTHYeCKOM moaxoje. [Ipu 3TOM, OfHa-
KO, BOIHHKAET ApYyroe 3aTpPyAHEHHE — BONPOC O CYIWECTBOBAHHH Be-
POATHOCTHOX MOJE/IH, KOTOpas, C OJAHOH CTOPOHH, yAOBJETBODHET aK-
cHOMaM, a ¢ Apyro#t — ajeKBaTHO ONMKCHBAET TOT peanbHbI#t MM YMO-
3pUTENbHLI} BEPOATHOCTHHWH 3KCNEPUMEHT, AJA KOTOpOro CTPOMTCH
BEpOATHOCTHAA MOJEJb. [10CKOJBKY MOCTPOEHHE BEPOATHOCTHOH MOJe-
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JIM Ha49HHAETCH C ONpejAeJeHHs BeposTHOCTHOA Mepw P na HekoropoMm
JOCTATOYHO Y3KOM KJAacCe MHOXECTB 3JIEMEHTAPHHEIX COGLITHR, 3ajaua
3aKJIouaeTcss B TOM, YTOOhl pacIHPHTh 06J1acTh ONpeReNeHUs MepH
JI0 HEKOTODOH o-anre6pH, HA KOTOPOH oHA Ohl1a Ghl cCUETHO-AJHTHB-
Ha. [Ipo6iemMa Takoro paciIMpeHHs, WJH, KaK FOBOPAT, NPOOOAKEHUR
MepH, HMeeT ofmeMaTeMaTuyeckoe 3Havenue. TpeGoBaHHe KOHEUHO-
CTH MEphl BCEro NPOCTPAHCTBA, KaK 3TO MMEET MECTO AJs BEepOATHO-
CTHOH MEephI, He SBJfEeTCH 3/JeCh NPUHLUKUIKAJLHHM, H, €CJIH He OroBo-
peHO NpOTHBHOE, JAJaA Mep OyAyT RONMYyCKaThCR M GeCKOHeYHble 3Ha-
YEHHA.

Hrak, paccmoTpuM ¢yukuuio MHOoXectBa u(A), O<p(A) <o,
3alaHHYI0 Ha HEKOTOPOM KJacce MOJAMHOXecTB % nmpocTpaHcTBa K2,
OT KOTOporo notpebyem, KaK MHHUMYM, UTOObl OH SIBJISJICA nOAYQA-
2e6poll MHOKMeCcTs:

l. @, Qe D,
2 AL Be=sDd>ABe D,

3. Ae @-)Z:_Ul A, AieD, AAi=F, i+j

T. e. AonoJHeHue K JwboMy 3nemeRTy A9 npeacTaBHMO B BHAE KO-
HEYHOro O6beMHEHUS HeNepeceKaloIUXCH MHOXecTB u3 9D, a oT
¢yukuun p(A) norpeGyeM BHNOJHEHHs CROHCTBA aAJUTHBHOCTH KO-

n
HeYHOH uJHM cueTHOR: econ A,eD, i=1, ..., n, n<oo, U A=A,
i=1

n
o p(A) = Sp.(A,). Takue ¢ysxuumu p(A) 6yayT Ha3bIBATHCH KO-
i=1
HEeYHO-aJAUTHBHLIMM MEpaMH, eCJIH B NOCJeQHEM COOTHOIIEHHH AOmy-
CKAIOTCA KOHEUHHIE f, M CUETHO-aJUTHBHLIMH MeEpaMH, €CJH JONy-
CKAeTCsl TaKkKe n=—oo.
Xopowo H3BeCTHhIE NPUMEPH Mep: AJHHA, mjaowanh, obbeM H,
B cJyuae NOJAMHOMECTE N-MEPHOro NMpoCcTpaHcTBa R, n-mepHui 06h-
eM. 32 MepBOHAYAJLHYIO 06/1aCTh ONpeJeNeHHs] ITHX Mep MOXHO NpPH-
HATh COBOKYNHOCTb BCeX mnpoMexyTkoB l.»=(a, b}, [a, b), (a, b),
[a, b], —o<a<b<oo, npAMOYroNLHUKOB fap X /e,d, n-MEpPHHIX Na-
pannenenunenos I, X...X/la b, COOTBETCTBEHHO MOJaras

H{lab, X ... X Ja 5 )=(b,—ay) ... (ba—an),

raie —o<a;i<b;<oo, i=1, ..., n. Jlerko BUAETh, YTO KJIaccC n-Mep-
HHX NapananenenunefoB ofpasyer mnoayaarebpy, a p — aJAMTHBHAN
mepa Ha 3To# noayaarebpe (cm. 6.4).

6.1. 3angava. [lycts 2 ects noayanareGpa MHoxecTB. PaccMoT-
PHM KJacc MHOXECTB ¢, COCTOSIUMA M3 BCEBO3MOMHHIX KOHEYHBIX
o6beanHeHHH HemepeceKawumuxcs 3JeMeHToB u3 2. [lokasats, uTO
¢ aBJasiercss aare6poi MHOXKECTB.
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[ycrs A={,i,Ai, B=U;;Bj — KoHeuHble 06bEAMHEHHS Henepecexkai-
wMXca 3aeMeHToB M3 2. Toraa

AB=\] AB;
)
— KoHeuHOe OOBEAMHEHHE HenepecekalowWwuxcs anementoB A;B; wa D
H, caegosaTennHo, ABe=st. laaee,

[Tockoabky A; N0 onpeaesneHHio mnoayaire6pel %2 npeacTaBEMO B BH-
Jie KOHEYHOro O6beJMHEeHHs HenepeceKkalUIMXCH 3JeMeHTOB H3 2D, 10
Aicst, i=1, ...., n. [lo yxe pnoka3aHHOMY OS¢ 3aMKHYTO OTHOCH-
TenbHO 06pa3oBaHHs TnepeceveHnit M, caegoBartesasHo, A=s£. Ocra-
etcs 3ameruts, ut0 A|JB=AB e 4]

Anre6pa ¢, nocrpoeHHas mno noayaare6pe 2 B 6.1, coaepxur,
OYeBHAHO, Ji0OhIE KOHEUHble 06BeAMHEHHs 3JeMEHTOB 3 2 u ABJA-
eTcH MHHHMAaJbHOR anre6poil MHOXECTB, coaepxaueid 2. Ee Haan-
BaloT aarebpoil, nopoxdennoil nonyaare6poir D.

6.2. 3anavya. [lyctb 9 — noayaarebpa MHOXECTB, S¢ — IODOX-
JeHHas e aarebpa, u — mepa Ha 2. J[laa awboro A=,

n
A= U A, Aed, i=I1, ..., n AAj=@, iF ], noroxam
1=1

m(A)= .}__‘l_u(Ai)-

[loxasaTh, uTo 3TOit (OpMy/nOK KOPpEKTHO onpejeseHa GQYHKUUA
w(A) Ha 5, KOTOpas SBAAETCH KOHEYHO-aJANAMTHBHOM MEpOH. Ecan
Mepa p Ha 9 CUETHO-a2ANMTHBHA, TO 3TO e BEPHO 1Js MepH | Ha Sf,
[Monyctum, uto A= ,A; 1 A=U;,B; — ABa pa3THYHLIX NpPEACTaB.1€-
HUR MHOxecTBa A=S4 B BHJ1e KOHeYHOro o6LEIMHEHHS Henepeceka-
IOUHXCHA 3JeMeHTOB i3 2. B TakoMm ciyuae npn Job6om i HMeeM

A—AA={,A:B;,
2 U3 aAAHUTIIBHOCTH MEDLL U Ha @ noJyuyaeMm
p(A)=Zu(A:B)).

Auanoriyxo npi Jao6oM j

p(B)) =2 (BjA).
TakuMm obpasoM,

¥ (A) =2 (AiB;) =2 (8B)).

JlokaxeM aQAMTHBHOCTb (0-aANMTHBHOCTb) GYHKIHK [ Ha S,
[ycrs A={,Ai, rae A, Aiest, AiAj=C npu i#], a HHAEKC | npobe-
raer HEKOTOpOe KOHeuHoe (cyeTHoe). MHOXecTBo. [IpexcTaBuM Kax-
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ace A; B Biue Kohcu/:oro O6be1HMHEHHSI HeNepeceKalolUXcsa 3JeMeH-
ToB u3 D: Ai=;yAij, AyED, u BOCNOIb3yeMCH aJIHTHBHOCTLIO
(o-anUTHBHGChI) MepBl p Ha DD:

w(A) =p (U Ag) =Zinp (Ag) = Zyn (A ]

6.3.* 3axavuva PacemoTpuM noayanrebpy BceX INPOMEXYTKOB
lay=(a, b), fa. b). [a. b), [a, b]. ~w<a<b<goo. Oaa awboro Ko-
HEYHGTO NpOMURYTRA Jop NOJTOAHM W ([a,6) =b—a, 2 AJA NPOMEXYT-
X4, y KOTGPOTE Yo7 OB 0JilH KOHel OeCKOHedeH, MOI0XHM u([)=oc.
[Tokasain, uiv ;u - cYeTHo-aAAHTHBHEAsT Mepa Ha 9, a BBuay 6.2 1
Ha nopomenunii 7) anrebpe if.

n

[[Mycts —o0<u<b<oo, !“'b:kull“k"’k‘ raie nNpOMeXyTKH [a,.b,,
k=1, 2, ..., nonapHo He nepecekaiorca. OueBraHo, npH J:060M KO-
HEYHOM N

n
Ia.bE’kUl loy .6, b—a > Z(bk_'ak)'
= k=t

yCTpEMﬂﬂﬂ n K oo, noJgydaeMm

b—a> Z (br—ay).
k=1

Jns BHIBOAA HepaBeHCTBAa |[B NPOTHBONOJOXHYIO CTOPOHY BO3bMEM
npou3BosbHOe €>>(0 u o6pa3yeM HHTEPBAIH (Qp, b;)=-(ah—e2_k, by+
+e2—"), k=1, 2, .... OueBugHo,

[a, b]Ekgl(a;, b;).

[To nemme I'efire — Bopesns BHIENIHM KOHEYHOE NOKPHITHE OTPE3Ka
[a, b]:

[a, 1= U (@, ba),
OTKyAa B

b—a<C Z (br—ar) < X(b;——a;)= Z(bh—ak)+e.
k=1 k=1

k=:1

Beyny NpOM3BOJLHOCTH € MOJyyaeM

b—a<C Z (bx—ay),
k=1

4TO 3aBepIUAET NPOBEPKY CYETHOH aAAMTHBHOCTH JAJA KOHEYHHX IIpO-
MEXYTKOB.
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Pa36Gepem cayiall G6GecKOHEYHOTO MpPOMEXYTKa

Ia.b= kt—:Jl I“k'bk'

Jas awnboro otpeaka [a’, b=/, nmeem

(@, 1 U Joys,

OTKYAa TEM Xe€ METOAOM, YTO H BhIlUIE, BLIBOAHTCA HEPABCHCTBO
[ -]
v—a' < ¥ (h—ay)
h=:1

Ocraercs 3aMeTHTb, 4TO OTpe3ok [a’, b’] moxeT G6HTh B3AT NpOH3-
BOJILHO GOJBILOH AJMHHH.]

6.4.* 3agaua. O606wuTs 6.3 Ha n-MepHHE mnapaJJjelendnenH.
[Pemenne npoBoguTcs mo cxeme 6.3. Jlaiabeeduee obobiienue cMm. B
6.24—6.26.]

6.5. 3axgaua. Ilokasats, 4uTO JMKGamx Mepa Ha aarebpe MHO-
KecTB S¢ o6sajaer cjaelyKOLIAMH CBOACTBAMHA!:

() ectu A<B, A, Be A u p(B)<< 0, 10 p(BA)=p(B)—n(A),

(1) ecu A< B, A, Be A, 10 p(A)<<u(B);

() ecmt A=A, i=1,..., n, 10 p(iul A,)QIZ;L(A,);
= =1

(IV) ecnin mepa p cueTrHo-agnauTHBHA Ha S¢, To (III) Bummnoauser-
Cf C 3aMEHOA n Ha oo,
CeofictBo (II) Ha3anBawT MOHOTORHOCTLIO MepH u, 2 cBokictBa (III),
(1V) — nosyaddurusnocTero.
[(I) Tak xak w(A)+u(AB)=nu(B), To u(A), u(4B)<oo u u(4B)=
=u(B)—u(A). Cro#tictBo (II) TpuBHanbHO npH p(B)=o0 H BulTEKa-
er u3 (I) npxr p(B)<oo. (III) [oaoxum B,=A,, Bi=Adi,...4,,

i=2, ..., n, tak uto B;B;=J npu i#j u U B;= U A;. Tlostomy
=1 i=1

n n
(U 4)= YuBy< Y i),
= =1 =1
rae Ha NMOcJAeAHEM luare HcnoasiosaHo csoictBo (II) ans Bi=A..
CaofictBo (IV) ycTanaBiuBaeTcs aHaJOTHYHO.]

INocnenoBaTenbHOCTh MHOMXeCTB A, i=1, 2, ..., HasuBaercs 803-
pacrarowed (ybuisaroused), ecnun A=Ay (Ai2Amm), =1, 2, ... .
Boapacrawwue ¥ y6uBaiolise nocaei0BaTeJbHOCTH MHOXECTB Ha3hl-
BAIOTCA MOHOTOHHbiMU. Mepa u Ha airefpe MHOXKeCTB ¢ Ha3nBAETCH
nenpepbianod cHuzy (ceepxy), ecin Aas Jwo6ok Bo3dpacrawouwed (yOui-
Bajoue#) nocnenoBaTeabHocTH MHoxectB A;, i=1, 2, ..., TakoR, 4T0
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A= i[:jl Aed(A= .-D: Ae U, p(4) < ),
u(A)= ,fiT“(A)'

Ecnx Mepa p HenpephlBHa CBepXy ¥ CHM3Y, TO OHA HAa3LBaeTCH He-
npepoigrod. JINf KOHEYHBIX MEp K3 COOTHOUIEHHS JBOHCTBEHHOCTH

UA;=M A, BuTekaer, uTo Mepa HempeprBHA, eCIM OHA HENpepHB-
Ha cBepxy (cHu3y). Mepa u Ha3nBaeTcs HenpephiBHOR B &, ecau pis
J1060# yOuBaowei x & nocaenosateanHoctd A8, pn(A;) <oo, i=
=1, 2,.., ¥MeeT MecTO COOTHOLIeHue

lim p(A4,)=0.

n—»oo

6.6. 3anaya. Ecim Mepa p Ha ajnreb6pe MHOXECTB ¢ HENpephB-
Ha B ¢J, TO OHA HenpepLIBHA.
[MMycts Aj=ssf, i=1, 2,..., — yOuBapowmas n0c/AeA0BaTeJLHOCTD,

p(d) < oo, A= n Aie L. Toraa Bi=A4, i=l, 2, ..., obpaayior
i=1
y6HBAIOIYI0O K NYCTOMY MHOMECTBY MOCJ€L0BATEILHOCTh X

w(Ba)=p(An)—p(A)—>0, n—>oco.

AHaJIOFMYHO YCTaHABJIMBAETCH HENPEpHBHOCTh MEpH W CHH3Y.]

6.7. 3anxavya. [lokaaaTs, uto: (I) cueTHo-agIuTHBHAasw Mepa p Ha
airebpe MHoxecTB S¢ sBjaseTcs HenpepuBHOH; (II) HenmpepmBHas
CHHAY KOHEYHO-aJAJHTHBHag mepa Ha & cueTHo-aaautussa; (III) ne-
npepuiBHas B &, KOHeYHau KOHEYHO-aAAMTHBHAX Mepa Ha S CHYETHO-
ajIATHBHA. '

[(I) Iyere A, 24,2..., Aedh i=1,2,... p4)<o

nA, @. Nonoxum B;=AAi,, i=1,2,..., Tak uT0 npn i< j,,

BIBI_ A AIAI+1AI1"- = AIZ:}_I < AIA_’= @, U B¢=A1. Hpezmo.naraﬂ, qTO0
1=1

Mepa U CUYETHRO-aAAMTHBHA, IOJYHAEM

u(A) = lim Zu(Bz)=hm Z(p(A) i (Arer) =

n—»oo ‘_ —> o0

= lim (u(A4)—# (An)) = p (A))—1im p (An),

T. €. liMpew p(An) =0 u mepa p HenpepninHa.
(1) Oan mobux Aiest, i=1, 2, ..., AiA;=D npn i+j, U A=



=Ae94 ofpa3dyeM BO3pacCTAIOLIYIO [OCAEI0BATEILHCCTH MHOXECTR
n o o

n=1

B =:U1 A, n=1,2 ..., LJ B,= U A;. Tlo HenpepLBHOCTH CHH3Y
= i=1

Py n
p(A=p(U Ba)=lim p(B,)=lim ¥ u(A),
n—=1 n—+o Ay
ecnn p(A;)<oo, i=1, 2, ... . Ecnu npu HexotopoM n u(A.)=o0, ToO
13 A,=A Burexaer, uto u(A)=o0o0, uTO W 3aBepuiaeT ;10Ka3aTelb-
CTBO CYETHOR aJAUTHBHOCTH.
(III) B ofo3uauenusx (II) umeem

w(h=Tur+u( U 4.

i=1

o o
[TockonbKy nlU 1AL-= @, To BTOpOe cjaraeMoe B mOCJefHeM pa-
n=1 i="n-+¢
BeHcTBe cTpeMuTcs K 0 mpu n—»oo, YTO ¥ TpeGOBANOCh YCTAHOBHTS.]
IlepeitneM K BONpOCY O NDPOAOJXKEHHH CUET-
HO-aJAUTHBHOR MepH C ajre6pnl MHOXECTB ¢
Ha Go.iee oBlIMPpHKWE Kaacc MHOXecTB. Paccmar-
pHBas JJs upuMepa aare6py KoHeyHHX oOne-
IMHEHH! HelepecexkalmollXXcs napannejentneson
C n-MepHHM 0GbeMOM B KauecTBe MepH (CM.
// 6.4), 3aMeTHM, UYTO KJacC <«H3IMEpHMEIX® MOX-
/ /,\\ MHO)XECTB MOXHO paCWIHPHTh, 06pa3ys CUYeTHble
o6beaMHEHHS HenepeceKalOUIMXCcsl napalleieny-
nenos. Taxk, Ha puc. 22 nOKa3aHO, KAK MOXeT
ObiTh «IOJyueHa» NPH 3TOM IJIOWIAAL I[PAMO-
o0

7/

N

Puc. 22
YyroidsHOro  TPeYroJbilHKa: uB)= y;z(B,-).

i=1
n
TlockoabKy KoHeyHOe OOBeXHMHEHHE MPSMOYTOJbLHIKOR _Ul B;=A,
i=
ecTb 3JEMEHT NOPOXAEHHO{ mnoayanre6poi anare6pbl, TO YKa3aHHBI
NPOLECC PAacIIMPEHMs MOXKHO HHAue ONpenennTh TakK: 1Js 1060k BO3-
pacTapluler nocjiel0BaTeNbHOCTH Aiesg, =1, 2, ..., 1010XHM

p(A)=limu(4,), A= U A,
n—»o0 n=1

6.8.* 3anaua. [lokasaTs, 4TO RIS JMIOOGHX ABYX BO3DAaCTalOLIMX
nocnenosarensiocTer A;, i=1, 2, ..., A/, j=1, 2, ..., MHOXecTB K3

oo [
anreGpu ¢, TaKHX, 4YTO U A= U A;, Hu cUeTHO-aIAKTHBHOIl Mepbl
=1 =1
{ HMEET MECTO HEepPaBEHCTBO
lim p(A,) < lim p(A).
n—oe

n—+o
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3TO HepZBEHCTBO [CPEXOJHT B paBEHCTBO, €CJH U:Ai— ;.

|
TL'C'
X

[[Tockonbky Anst noboro LnOC.’IE}IOBaTe.anOCTh AA/, j=1, 2,

"
BO3pacTaeT H U AAi = A ( U A)==A4;, To, BOCNOJb30BABIIKCH He-

MPCPRIBHOCTRIO Mepm W Ha .9£ nonyuaeMm B NDPEANOJOMEHHH, YTO
u(AiA;) <oo:
lim p (A4 = u(4,).

n-—>

Tax kak A An'<=A,), 10 1 (AnAd)<p(AY) 1
lim H(Au)>ll (A,)-

Ocraercs nepefiTH B 3TOM HEDABEHCTBE K Mpefeny npu m-soo, B cay-
yae, Korxa npu HekotopuX i, j u(A/A;/)=o0, umeem pu(Ai}=o0,
p(A)=o00, 1 yTBeDXKAEHHE 32XaYH TPHEHMAJLHO.]

Fl3 6.8 BblTekaer, uUTO CUeTHO-AJAKTHBHAS Me€pa p MOXeET OhITh
NPOAOJMEHA ¢ anrebpnl S Ha KJacCc MHOMECTB au=6u(a¢), o6pa3o-

‘BaHHLI H3 BCEBO3MOMHBIX CUETHHIX O6BEAHHEHHH U A; 3/emeHTOB
i=1

M3 &£ (MJIH, YTO 3KBHBAJEHTHO, H3 CUETHHIX O6beJHHEHHA BO3pacTalo-

I{HX [OCJe10BaTENLHOCTEH H3 S2), eC/IH MOJOXHTE

(U A)=timu (U 4

6.9.* 3anxaua. [lokasath, uTo Bbllle onpejeseHHH{l KjaacCc MHO-
wecTB =% () 3aMKHYT OTHOCHTENbHO Onepanii KOHEUHOro nepe-
CeUYEHHS H CYETHOro obbegHHeHHS.

Mycts Aiy, i=1, 2, ..., Aja, j=1, 2, ..., — RBe BO3pacTavuiHe lo-
CJIE,-'LOBaTEJIhHOCTH anemcmos 13 aarebpnl ¢, nopoxkpalwuen xiaacc

U, A= U A, A= LJ A;j2. Tloaaras ans  xpatkocTH iVj=

i—=
=max({, j), umeeMm

AAy = (H) A4, E(_U_ AiyinAiyj.a =HAn.1An.2-

i.j}
OueBnaHO, uTO
-
Ad 2 U Anihn,z
n=1
H TNOTOMY

AA, = U AnAn.
n=1
Ilockonbky nocnepoBatenvHocTh  Aaidag, n=1, 2, ..., Bo3pac-
Taer U Anidnes, To A A= ‘ZL Toyno Tak ke ycTaHamJaHBaeTcs,
yTO AIUAzEM
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ITokaxem, uto ecan A, n=1, 2, ..., — Bo3pacrapoumas nocieno-
oo

BaTeJbHOCTh 3JEMEHTOB H3 @, TO A=U A, ey Nyem 4, =
n=1

=\ 4nm rne Anm, m=l, 2, ..., — Bo3pacTaiomas nOCJeI0BA-
=1

TEJbHOCTb 3JEMEHTOB H3 S NpH KaxaoM ¢GHKCHPOBaHHOM n. MMeem

A= ,.L__J1 lel Anm L=J L»_J "= mL—J_—l nL=Jl An.m
InpuueM
m m-+-1 m+4-1
U An.m E U An.m E U An.rrh 1y
n=:1 n=1 n=:1

[fe MLl HeOQHOKPaTHO HCNOJb30BaJH BO3pacTaHHE MOCJEeN0BaTeJBHO-

ctd Anm, m=1, 2, ... . TakuM o6pa3aoM, A npeacTaBieHo B BuAe 06b-

eMHEHHs BO3paCT2IOLIEH MOCNEJOBATEJBHOCTH 3JEMEHTOB H3 S H,

cJe]0BaTebHO, BXOAHT B @4. [lns npou3BONbHOA NOC1eJ0BaTENbHOCTH

AU, n=1, 2, ..., nepeiineM K Bo3pacTaoouledl NocJeJ0BaTEJbHOCTH
n

= U A4, n, YYHTHLIBAA, YTO %/ 32MKHYTO OTHOCHTEJbLHO Onepa-
=1

-
OHH KOHEYHOro oO6BLeAHHEeHH#, 3aKJIUaeM, YTO U A= U B, = 9]]-
i=l n=1

6.10.* 3anaua. [lokasaTts, uTo QyHKUHS u Ha Kjaacce MHOXeCTB
9/ ($£) anauTHBHA, HeNpephIBHA CHH3y M, CJeJ0BaTeJkHO, CUETHO-
agautuBHa. Kpome Ttoro, u(A) <u(B), ecin A=B, A, BeuU.
[[Tocaennee cBokicTBO pokazano B 6.8. lanee, nycts A, A&7,
A, A:={J. B obo3naueHHsax peuieHus 3anaud 6.9 umeem

AU 2= U (4nsl 4ns), 4.87= 2.

OTKy/a
p (4 Ud))=lim u(Anr U An2) =lim (4 (An.1) + 8 (An.2)) =

= W (A;)+ K (Ay).
Cuosa ucnosnpays 6.9, BO3bMEM Bospacraxomyro nocJie J0BaTebHOCTE

A,eql n=1,2 ..., A———UlA,., A= U Apm, r1€ Apmy m=1, 2,

n==
— BoO3pacTtawnllan HOCJIEIIOBaTe.anOCTb 3JIEMEHTOB H3 .9¢, H 3anHlIeM
P2aBeHCTBO

:mL=J1A L_J n,my

?Ca
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m
rjie U Anm, m=1, 2, ...,—Bo3pacTaiouias nocJeJ0BaTeJbHOCTb 2A8-
n=1

MeHTOB H3 &¢. [loaTomy
p(A)=limp (..Ul Anm).
C apyro# CTOpPOHHI,

Avm S
1

A=A

my

et
@t

©OTKyAa

M ("lrJ_'l Anm) <H(An),

¥, NepexoAd K Npenesy NpH M—»o0 H YYHTHIBAS MOHOTOHHOCTBh MO~
cyIe0BaTeabHOCTH W (Am), DOAyuaeM
p(A) <lim p(A4,).
m—» o

TIpoTHBONO/NOXHOE HEPABEHCTBO CJEAYET M3 TOro, 4To Am=Al

Knacc MHOXecTB 44 C onpene/eHHOW Ha HEM MEDOR | YAOBJETBO-
PHAET MHOTHM NpaKTHYecKHM norpe6HoctssM, BmecTe ¢ TeM onepamus
CYETHOrO IIepecevyeHHA BBHIBOAHT 3a npexenn 2. K Tomy xe npu
Ac=B, A, B€%, Boobue rosops, BA<=%. Moxuc 6unao 66 poonpe-

nenutb u, nonaras p(BA)=p(B)—n(A) npn Ac=B, A, Be¥d,
u(B)<oo, u

F(f_jl Ai)='1£2}1(£\ll4i)- Aey i=], 2- “eey

HO, K COXAaJEeHHIO, ITHM BCE HE KOHYaeTcs, NOCKOJbKY JAJS pacmiH-
pPEHHOro KJiacca Olepanus CYeTHOrO oO6meAHHEHHs, BoobGile roBOpH,
BLIBOAMT 32 ero npejpesbl. BmMecto Toro uto6H npoaoaxars 3ToT Gec-
KOHEUHBI{f mpouecc, MCNOJAb3yeM MHOXKECTBa Kjaacca @4 A/ anmpok-
CHMaUHH NOoAMHOXecTB Q obwero Buaa. Hdas nwoboro A=Q onpene-
JIUM BHEWHIOW Mepy

p*(A)=inf{u(B):AcB, Be )

KaK TOYHYI0 HHXHIOIO rpaHb Mep u(B) BceBo3mMOXHHIX 3neMenToB B
H3 U, copepxawmux A. Ouesuano, p*(A)=p(A) anm Acs¥U. U3

MOHOTOHHOCTH MEpPH p Ha 9/ BuTekaeT, yto u*(A)) <u*(A42), ecam
.A]EA:.

6.11. 32 naya. [Toka3aTs, 4TO AR KOHEYHOR MEDH M
Y (Al U Az) < l‘; (4) +|“"; (A)—1° (4,4,).
{dns moGoro e>> 0 nopbepem taxue B, > A,, By 4, B,, B, =94/, o
B (A)=p(B)—e, i=1, 2.
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Yuutrman, uto A, (A, < B,|JB, AA,<B,B,, nveen

m (A4, UA)<p(B,UB)=p(B)+n(B:)—n(B,B)<
SB(A) +e+p' (A)+e—p” (4,4,).

Benay nponaeonsincTit e noayuaem TpeGyemoe.]

6.12.* 3axaira [ToxazaTh, "TO npH KOHEUHOIT Mepe p BileUIAX
Meni iennegbRHa Clif3y.

[Ayevs 2 =Q, n=1, 2, ..

., — BO3pacTawmoulafd nocTenOBATEIBHNCTS,

a0
A=/, s 1o5oro £>0 nuGepem B, =%, B.2A,, Takoe, uTo
n=1

H(B)<u¥ (A )42, n=1,2,... .
IlokaxeM HHAYKHUEH IO 7, 4TO

H (‘Ul B)<<u' (A)+e(1—27"),

Hmeem, yunThIBasi cROHCTBO MOHOTOHHOCTH BHELIHEH Mepnl p*,

n+-i n n
u( .-L;JlB“)=“ (iLle B;)+ 1 (Bny1)—p (iL=Jx BiBni1) <

< (A)+e(l—27")+p (A )+ 627" —p (U Aidny) =

=K (An) Fe(1—27"") " (Ausr)— R (Ani) = 0" (A) Fe(1—27"7)

Bocnons3opasiunch AOKa3aHHLIM HEPABEHCTBOM, 3alTHIIEM

w (U B)—et—2m<w A <w (<u (U BJ).

Ilepexons k mpejeay Ino 7, noJjyyaeMm

p (U B)—e<limp* () <p’ (A)<P(Dl B).

i=1 i-

BBH,’ly HpOHSBOJIbHOCTH g 34aKJIWOUyaeM, 4to
lim p* (4,) =p° (4).]
n—»oc

Ha mHoxectBe Bcex nmoamHoxecTB Q Biuemwnss mepa p* noayaa-
antuBHa (cM. 6.11). EcTecTBeHHO MONKTAaTbCH CY3HTh KJadcC NOAMHO-
JecTB, yTOGBl COXPAHUTb CBOMCTBO aJAMTHBHOCTH Mephl. PaccmMoTpum
BHAyaje cayja KOHEYHOH Mepn W M, He OrpaHHuynBas oOUIHOCTH,
npeanosoxuM, yto p(Q)=1, YacTHEM nposBieHHEM
BHeIIHell MepH p* B 3TOM cJyuae SBJSETCA paBCHCTBO

u*(A) tp*(4)=1.

aaJMTHBHOCTH
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Besikoe noaMHOXKecTBO ASQ, YA0BJIETBOPSIOLICE YRAZIFIOMY YOI0-
BHIO, Ha3oBeM p*-uamepumoim ¥ ob6o3HauuM F* Kiace Beex pt-nsme:
puMbIX noiMmHoxecTB Q. OTmeruM, 4T0 IJ% NPOI3BAILISIU LOIMHO-
wectBa A=Q nveem (cM. 6.11)

I=p(Q) =p* (Q) =p* (AUA) <p*(A) +u* (4).

M3 nocneayromero 6ymer sicHo, nouemy u* credAyeT c¢tirars npo-
JOJKEHHEM Mephl u C anrebpe MHOXECTB & Ha #*. O/ HaKO YXe
cefuac cTOMT 06paTHTh BHHMAKHE HAa ECTECTBCHHICTI. orpede.ieqitd
Mephl | Ha MHOXecCTBax H3 F* Kak BHeWHeil Meph 3TiLX MHOMECTB.
Hanomuum, yTo kiacc MHOXKeCTB %4, CaOyXalMil J4f  C:pCIeqeHlls
BHelIHeH Mephl, He 3aMKHYT, BoobIie roBOp#, OTHOCKTCIL!G Nepexojad
K jgonosnHeHHio. Ero MoxHO 6b10 Ohl pacwiHpHTh, nOI0XKid p(A) ==
=1—u(A), A=%. JonycTus 3TO0 paclIMPeHH?, BOSHMCM [ipPOIl3BOJb-
Hoe MHoxecTBo Be#* u nonbepeM Nno Hevy T2KHe SJIEMCHTH

A, A,el, A, DB, AEQB, 4TO

p(A) <k (B)+e2, pA)<p (B)+e2
Torpa
l=p(@=pA U4 <p(4)+pd) <

<u (B)+e2+p (B)+e2=1 +e¢,

11 (A) < p(4) < 1—p () +e.

Takum obpaizoM, ang jmwboro MHOXKecTBa Be#H* u .106oro e>>0 Haili-
AyTcA TakHe MHoXecTBa A, =B<=A,, Ay, A =%, 4to

K (Zﬂ) <p4)<<p (/Tn) +e,

T. €. P23HOCThb MEXAY |.-MePaMH €ONHCAHHOrO® BOKPYr B K «BIHcaH-
HOro» B B MHOMECTB HE NPEBOCXOAHT E.
6.13. 3aagaya. Ilokasath, uto U=F*.

Myers A=Y, A=) Aw AS U, i=1,2 ..., Adj=@ npu
i=1
i % ], TaK urt0

n(4)= Y K (4)).

n
Muoxecrso U A, C A nprHagnexur anareGpe MHOMECTB A,
=1

Ai)=1—p(inA,)=1—p(A)+ Y u(4).

t=n-+1

ll'(?l7)<p(_L;‘1
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Bubuparn n poctaToyHo GOJBIIMM, MOXKHO CAEJaTh OCTaTOK pA,la
meHslle Jioboro Hanepea 3aganHoro e2>0. B Takom cayyae

IS (A+r (A <A+ 1—p(A)+e=1+e,

‘OTKYAa BBHAY NPOH3BOJLHOCTH & BHTekaer p*(A)+pu*(4)=1, T e.
AsgZ*]

6.14*. 3axauya. Iloxasats, uro $* ecTb anre6pa MHOMKECTB, a
u* — KOHeyHO-aAAMTUBHAA Mepa Ha F*,
[U3 onpenenenurn H* BuTekaer, uto BMecTe ¢ AcH* Takxe
AcsF*. llycte A, Be#*. [lokaxem oxHoBpeMeHHo, yto AUB, ABe
=4%*. Ilo dopmyne 6.11 umeem

u' (AU B)+u* (AB)p® (A)+n* (B),
1 (AUB)+ p* (AB)Sp* (A)+p* (B).
INpunumas Bo BHuManme, yto A B==AB, AB=A| B, 3anuwem
1<p (AUB)+p' (AB), 1<p'(AB)+y (AUB).

Tockonbky p*(A)+p* (A)=1, p*(B)+p* (B)=1, To, cknaguean obe na-
Phl HAIMMCAHHKIX BRIE HEPABEHCTB, NOJy4aeM

2<p* (AUB)+p" (AB)+p° (AUB)+p* (AB) < 2.

3To o3nauaer, yTo Bce HepaBeHcTBa obpaliamTcs B paBeHcTBa. Ta-
KuM ob6pa3om,

W (AUB)+p (AUB)=1, n'(AB)+p'(AB)=1,
T.e. AUB, AB=8"*, u
1 (AU B)+p* (AB)=p" (A)+n" (B),

T. e. p* agauTHBHA Ha F*.]

6.15. 3anaya. Ilokasath, yTo asre6pa MHOXecTs H* 3aMKHyra
OTHOCHTEJILHO ONepPalMH CYETHOro OGLEeAMHEHHUA BO3PACTAIOLIHX MOCJe-
JOBaTeJLHOCTEH MHOXECTB, a CJAef0BaTeJsHO, #* 3aMKHYTO OTHOCH-
TeJbHO CYETHOrO0 OOLeAMHEeHMS JIOGHIX ee 3JEeMEHTOB, T. €. ABJReTcH
g-aareGpoi.

[Tlyets B, =8*,n=1, 2, ... ,—Bo3pacTalolan Nnoc/e 0BaTeILHOCTD,

B = D B,. Beuay 6.12 p*(B)=limp’(B,), a2 u3 MOHOTOHHOCTH M°
n=1 n—+:
BHITEK2ET, YTO
1 (B)=u" () Ba) <K' (Bn)
n=1
npu awbom m. OTcioaa npu n—-o0o0 UMeeM
1=lim (u* (Ba)+1° (B) >p* (B)+1* (B).
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C npyro# ctopoHnl, Bceraa p*(B)-+ pu*(B)=1, uto ¥ A0Ka3bBaer yT-
BEpXJeHHE. ]

CobepeM BmecTe yTBepXX/JeHHS, ycTaHOBJeHHwe B 6.12—6.15 pad
cayuast BeposiTHOCTHOHX Mepnl W (u(Q)=1). [loka3aHo, uTo ecau pu —
BEPOATHOCTHAA CUETHO-aJJIMTHBHAf Mepa Ha aJjrebpe MHOXeCTB ¥,
TO CyILecTBYeT HeNpEephBHAH CHH3Y KOHEWHO-aJJAMTHBHAaH, a CJeR0BA-
TeJbHO, M CYeTHO-aARuTHBHaA (cM. 6.7) mepa pu* Ha HeKOTOpo# o-aJ-
re6pe £*, Bxaovaomed ¢, Takas, yto pu*(A)=un(A) nmam Beex
Ac=st. JlononHMM 3TO yTBepXKAeHwe peaysabraToM 3agay 6.1—6.2
O TOM, YTO CUETHO-aAAMTHBHAA Mepa Ha a.arebpe MHOXeCTB £ MOXET
ORTbh NMoOJyyeHa NOPOROJKEHHEM CYETHO-aARWTHBHOH MepH, 3aJaHHOH
Ha mosyajareb6pe MHOXecTB 20, nopoxjawuen aarebpy s£.

6.16. 3anaua. Ilycts &, — HekoTOpOe cemeiicTBO g-ajare6p noi-
mMHoxecTB U3 Q. [loka3dath, uTO 0, #. Takxe 6yaeT o-aiareGpoi.

[[Tockomeky &, Q=HF. npu Beex q, T0 &, QENq.,H.. Ecun
BeENq,#a, T. 6. BE#, npu Beex o, To B&#, npu Bcex a, T. €.
BENq;%#a, ¥ TOYHO TAK XE YCTAHABJHBAETCH, YTO KJ3cC MHOKECTB-
N@;®o 3aMKHYT OTHOCHTEJbHO ONMEPaLHH CYETHOro 06LeauHeHHs.]

PaccmoTtpum cemedcTBO Bcex o-anareGp %, KOTOPHE CORepXaT 3a-
LaHHBIA KJacc MOAMHOXKecTB S. 3To ceMeHCTBO HEMYCTO, T2K KaK CH-
CTemMa BCEX NMOAMHOXKecTB H3 Q ob6pa3yeT o-aarebpy, BKJAKUYAKIYIO S.
CnenoBatenbHo, o-anre6pa M., #., — HanmeHbluas g-aiarebpa, coaep-
xaman S. OHa Ha3wBaeTcH TakKXe o-a42e6pod, nopowdeHnHol S, u
o6o3nayaetcs o(S).

6.17. 3apgaua. [lycTh u — CUETHO-aAAMTHBHAA BEPOSATHOCTHAS.
mMepa Ha ajarebpe mHOXecTB S, p* — BHEIIHA® Mepa, NOCTPOEHHas
0 p, v — HEKOTOPas CYETHO-aAAMTHBHaA Mepa Ha o{S£), coBmaja-

fomas ¢ p Ha $£. [TokasaTts, 4To v coBmajgaer ¢ pu* Ha o(s¢), nposc-
pHB nocaeaosatennbHo, uto: (I) Ha kaacce % (s¢) Mepn v B p* coB-
nanaiot; (II) v<<p* na o(s#); (III) nonymenue, uto ans Aso(s£)
v(A)<p*(A) npuBoaut k npotusopeunio: p*(A) +p* (A) >1.

[Tlpn AU (2), 1. e. A=A A\=As= ..., Avest, p*(A)=
=liMy.p(Ax) no onpenenenro u v(A) =lim,.v(Ax) Mo cBoitcTBy
HeNpepHBHOCTH MEpH v, YTO ycraHaBauBaeT ytBepxaenue (I). (II).
Ipu Aso(s#)

p*(A) =inf{u(B) : A=B, BeWU)=
=inf{v(B) : A=B, Be¥U}=>v(A).

(IIT) Ilpennonoxus, uto v(A) <p*(A) aas nexkotoporo Acso(sf),.
nosyyaem

1 =v(A)+v(A) <p’ (A)+p (4),

9TO NPOTHBOPEUHT p*-H3MepUMOCTH MHOXecTBa A.]

C yuerom 6.17 MoxHO c¢opMyTHpOBaTh cleRYOIYIO Teopemy O
CYu4ecT808aHUU U eGUHCTBEHHOCTU TIPOAOJ/IKEHHS CUETHO-aJXHTHBHOM
BEPOSITHOCTHOH MEpH W, 3aaHHOH Ha aiareGpe MHoXecTB S (MM mo-
Jqyanrebpe D): Ha o-aareGpe o(S) CyUECTBYeT eJMHCTBEHHAS CYET-
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‘HO-3aJAMTHBHAA Mepa, coBnajamouas Ha airebpe . ¢ MepoH p; AJaR
3TO# Mepn Ha o () coxpansercH obo3naycuue u. ITOT pPe3yJabTAT
BepeH ¥ aJA n106051 KOHeyHOlt MepHl u, TAK KaK OT Hee MOMXHO nepeifi-
TH K BepoATHOCTHOH mepe u(A)/p(R).

[lokaxewm, uTo Teopema CYLIECTBOBAHHA H EJHHCTBEHHOCTH NpO-
NOMMEHUA MEphl BepHa AJA O-KOHEYHOU CYETHO-aJAWTHBHON Mephl W
Ha $¢ (unu 2), T. e. TaKoil MCpPH, YTO NMPOCTPAHCTBO 2 MOMKHO pas-
6MTE HAa CYETHOE YMCJIO HelepeceKaoUUXCS 3JEMEHTOB Q; W3 S, Aad
KOTOphIX p(Q:) <oo, i=1, 2, .... Ob6o3nauum 5¢; anre6py MNOAMHO-
xecTB M3 Q;, cocTosuylo u3 Bcex A=, A=Q; Mepa p, cyxennus
Ha S¢; KOHEYHa ¥ NOTOMY nonycxaer eIMHCTBEHHOE NPOJOJKEHHE HA
o-anrebpy o($¢:) noaMHoxecTB M3 Q;. PaccmoTpum kiacc % Beex
OAMHOMECTB W3 §2, NpeJcTaBHMEIX B BHIE

B_UB“ BEO’([}%‘) l:1, 2,

i=1

% copepxut &, Q. Eciu BE4, 10
=1

ecnu BX*e4g, k=1, 2, ..., BEB!'=@ npu k+!l, 10
U B =

CaepoBatensso, # ects o-anre6pa. Ilockoibky anas Jjwoboro Assé

)Ec@.

uc_‘a
uca
||Ea

k 1

CAQ =)

To #=20(s4). C apyroit ctoponnl, o (S =o (), i=1, 2, ..., Tak 4TO
.gEo(.yt). Takum o6pasoM, H=o(s¢). Ilonoxkum gas mwo6oro
=E

(3)—5"}1(3:) Bieo(A) i=1, 2
i1
Ouesuano, pynkuun p(B), BEH, — cueTHO-afAMTHBHAA Mepa HA B,

coBnajamuas c p Ha 5%, 4 SABJAETCHA HCKOMKIM IPOJOJIKEHHEM (.
6.18. 3agaya. [okasaTh TeopeMy eAHHCTBEHHOCTH AJA O-KOHeEHd-

HHX Mep.
[Tlyets py, pa — O-KOHEUHLIE ~ MEPHI Ha g-anrebpe MHOMKECTB

o($#£), coBnazawiide Ha 5,0 = U Q, Qe i=1, 2 , Q=

=@ npu i, ui(Q)= p.z(Q)(oo i=1, 2, .... B Takom cnayuae
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wp=ps Ha anarebpe £;={A:A=Q;, A=s}, a caeaOBATEJBLHO,
wi=po HA o(S¥;), i=1, 2, ..., Knacc MHoXecTB BHAA

B=
i

B;, Bieso(A) i=1, 2, ...,

s

cosnaaaer ¢ o () (CM. Bhue), oTKyza
m B =Y 1 (B = u:(B) = (B).
=1 =1

6.19. [Ipumep (mepa Jlebera B R"). B 6.3, 6.4 6ua0 noxkasaHo,
4YTQ n-MEPHHWH 06beM — CHETHO-aAAMTHBHAaH Mepa Ha noayaJarebpe
9D, napannenenunenos B R”. Jta mepa, OYEBHAHO, o-KOHeyHa. Ee
nporoaxenue ¢ D, ua o(PD,) nHasnBawT mepod Jebeza B R7. Knacc

MHOXECTB "=g(D,), NpPeACTABIAAOIMA co60f MHHHMAJIBHYIO
o-aiare6py, cogepxaiyilo Bce 72-MepHHE NapaJjenelndnefnn, Ha3hBaIOT
6openescxum xaaccoM, a MmHOxecTBa U3 o(D.) — 6bopesescxumu

B yecTb (parnyackoro matematuka . Bopeas.

6.20. 3axgaua. [lycTh p— cueTHO-aAAUTHBHAN Mepa Ha KkJacce
‘60Ope/nleBCKHX MHOXECTB NDHMOH, HJAM noJyaire6pe NPOMEXYTKOB,
K(lap) <oo npu co<a<b<co. [loxka3aTh, YTO CylECTByeT HeyOHBa-
fomas HenpepuBHaf crnpasa (caeBa) GyBEkuus F Ha R, uto aas Bcex
a, beR

u(@ b)=FB)—F(@) (u(la, b))=F(b)—F(a)).

Ecnu p xoneuna, To

H{(— oo, 00))=F (00)—F (—o00), K((— o0, b])=F (b)—F(—oo),
rae F(+ oo)= lim F(x).

X—»toc
[Puxcupyem nporssogbHoe @ e R u ompenenauM F(x) Kak
Fx)=p((a 2] x=a F()=—p(x a]). x<a.

Bo3bMeM npox3BOABHYIO YORIBAIOWIYIO NOCAEA0OBATENBHOCTb Xp—+X>>a.

Toraa (a, x] =[) (@, x,] ® nO HeupepmBHOCTH MepH W NOMyYaeM
n=1
F (x3)—>F (x), n—»oo. AHaJOrHYyHO paccMaTpHBAKTCH X=a ¥ Xx<a.
ITockonbky npoMexyTkd (—n, n], n=1, 2, ..., pacwupsoTcs K R,
TO 0 HENDEpPLIBHOCTH
pR)=limu((—n, a])=lim (F (1)— F (—n))=F (+ 00)—F (—o0) ]
—»-00 n—-»wo
6.21*. 3angava. Ilycts F — Hey6uBamolias HenpepuBHAas cnpasa
{cnepa) pe#cTBHTeNbHAs (GyHRuus. [lokaaaTtb, 4TO CyLIECTBYeT CHeT-
HO-aJAHTHBHAA Mepa u, Takas, 4To AJH JIOOGHX a, bR

b((@ B)=F()—F(@) (u(a b)=FE)—F(a),
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BBOAA mNonyanare6py TnpoMexyTKoB Beaa (—oo, oo), (—oo, b),.
(a, b], (a, o) u ge#icTBYs no cxeme 6.3.

[/lerko BHAETb, YTO P €CTb O-KOHEYHas# KOHEYHO-aAAHTHBHAs Mepa
Ha nonyaare6pe, AJIA TNPHMEHEHHS TEOPEMH O NPOJOJIKEHHH Mepul
JAOCTATOYHO NPOBEPHThH €€ CUETHYIO AJAHTHBHOCTL Ha mnoJayaJrebpe.
JAnA KOHeYyHOro NPOMEXyTKa PacCyKAEHHS MOJHOCTBIO aHAJOrHYHEI
6.3, B cnyuae GecKOHEYHOrO NPOMEXYTKa MOXHO BOCNOJb30BATbCH:
npeACTaBJEHHEM

(=¥ wUn( n+1)]

6.22. 3anaua. IlocTpouTs NpUMep KOHEUHO-aAAHTHBHOH Mepial
Ha noJsiyaare6pe NPOMEXYTKOB BHaa (—oo, oo), (—oo, b], (a, )]
(a, o0), He ABJAAIOLWIEHCHA CUETHO-AJHTHBHOR.

6.23. 3anava. [lyctb p — cueTHo-agXHTHBHAs Mepa Ha 6ope-
JIEBCKHX MHOJXXECTB2X NPAMOH ¢ KOHEUHHMH 3HAUEHHAMH H2Z KOHEYHRLIX
npomexyTkax. [lokaiaTts, uto HMeeTca He 60Jiee yeM CYETHOE UYHCJIO
TOYEK NOJOXHTeabHoi Mepnl: p({x}) >0.

6.24. 3anaua. Ilycth Q; — HekoTOpOE MHOXeECTBO, S£; — HEKO-
Topas anre6pa ero nogMHoxecTB, i=1, 2. [Tonoxum

Q=0Q, X Q={(0,, ,): 0, Q, o, Q,}

B o6o3anauuM A, X A, Kiacc «npaMOyroabHHKOB» A, X A, A € A,»
Ay= A, Tokazats, uto A, X A, 06pa3yer noayanrecpy.

[Ecmu A, X A,, Al X Ay A, X Ay, TO (puc. 23)
AX A= {0, 0): 0 A} U{(@, 0):0,E 4, 0, 4)}=
={(@, ©y): 0 EAYU{@, 0): 0, €4, e i)=
= (@ X A)UA x A); (A x A)N(A X Ay) =
={(0, &) 0, & AN AL w,&ANA)=(A4NA)X (4NA4A)]

6.25%. 3anava. B ycaoBusx 3agaun 6.24 npeAnosIOXKHM, UTO Ha
aare6pe ¢ NOAMHOXKECTB H3 (; 3ajaHa KOHEYHO-aJNHTHBHAA BepOsT-
HoctHas Mepa P;, i=1, 2. Onpesenum Ha noayaiareGpe € X2
dyukuuio P=P;XPy:

P(4; x A;)=P,(A4,) Py (A,).

[Tokaaats, uto P — KOHeYHO-2aAAMTHBHAH BEPOATHOCTHa#s Mepa Ha
nonyanarebpe s Xy

n
[TMycts A X B= | | A; X B;—KOHEYHOe pa3NOXKEHHE SMPAMOYIO/IbHH-
=1
ka» A X Be A, X A, H2 HeNepeceKaloll(HeCs <«NpAMOYToJbHHKHY A; X
XBieA, X A, i=1, 2, ..., n. Hago nokasars, qro

=1
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Pa3bepeM BHagaje 9aCTHHI CIy4ait TAKOro paaioxenus. JlonyctuM, 4To

A= UAII AAu—ﬂ- ik, B_UBI'

[=1
BiBi=@, j+1l AX B=(p_)A! X B;.
ol

Torpa
Y P(A x B) = Z E P(A)P(B))=P(A)P(B).
{i./} =1 =1
B} 1 8} I
Az RI x Az Bl ——
—_— 2 —— —— et ——
£, ~ I
Al ArxA; JArx4A, B! I
|
A' i' ] . 1 !
ﬁ' A; Az AJ A‘
Puc. 23 Puc. 24

Obtmu# ciywa#t cBefeM K pasoOpaHHOMY, paccMaTpHBas palbHeHHs
U 4..4a~ U B..B"
{0:.--2.8,)

{811uneiBp) Lieees n
rie obbeguHenne Gepercs no 6, ..., 8,, NPHHHMAIOIAM 31{°aqeunx Onl,
# rie Mu nosaraem A°— A, A' = A. Muoxectaa A} ... A mpu pa3nnu-
HEX HaGopax (8;, O, ..., 0,) He mnepecekaorcs, xa)xzxoe A; MOXHO
fIpeJCTaBRTL B BHAE
A= [‘] Al ASAARY .. A
TC WP FR . Y 1

B camom pene, sieBas 4acTb, O4eBHAHO, copepxur npasyw. C xapyroi
CTOPOHHI, €CIH ©, € A, TO 118 moboro j =i mbo o, € A;, 1mbo v, €

€ A, 1aK uTO ecqm onpexemTh 8; YC/IOBREM O & A?l, TO ©, BXOAHT B

1pasylo 9ACTh B WIeH ¢ mHmexcamu By, ..., 8y, 8.4y, ..., O, Bsenem
oboanaverns Ay, ..., A, 18 HenycTax Muoxects A ... A n By,...
, Bn- Ins HenycTHX MHOXecTs B . B: , rxe HaGopu (B, ..., ,,)
npo6eraxor Bee 27 BOBMOXHRIX 3HaueHHH. Tam oGpaszoM, MHOXecTBa Ag,
.k’—l , n', TONAPHO HE MEePEceKaloTCs, 3TO XK€ BepPHO AJ/9 MHOXECTB
By, = l, ..., m', nOpu 3TOM Ann JoGoro { (puc. 24)
A= U A, B = B\,

ek wel)
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rae K()C{1, 2,..., n'}, L())C({l, 2, ..., m'} — HekOTOpHE MHO-
}ecTBa MHJIPKCOB. [lockoauKy

i=1

A= Aic__-k-glAk, B=|J B,-QIL__JIB:.

TO

’

3

Ax BC|J )4 xB.
k=1 I=1

ObpaTHoe BK.IOYEHHE OYEBHJHO, TaK 4TO ¥MeeM pa3buenne AXB ua
«kJ1eTkU» (puc. 24):

AxB={] [} A x Bi.

k=1 [=1

ToyHO Tak e pa30HBAIOTCH Ha <«KJETKH» MHOXECTBA

A; X By = U Avx By, i=1,2, ..., n
(kD) EK(}) XL(E))
Tak kak MHoxectBa A; X B, i=1, 2, ..., n, nonapuo He nepecexaior-
cf, To B MHOoxecTBa K (i) XL(i), i=1, 2, ..., n, nonapHo He nepece-

n
KaloTcH, a 3 paBeHcTBa A X B= U A; X B; BHTeKaeT, 4TO
i==1

{1, 2,...,n'}x{1,2, ..., m}= U K@) x L)
i=1
Hcnonn3ys pasobpaHHHHA paHee YACTHHH caydyad, noayyaem

P(A X B)=f: EP(A; X By) =
k=1 =1
:i‘ 2 P(A; X B;)= i‘ P(4; X B)).]

=1 ((k.1) EK(i)X L (i)) i=1

6.26. [Ipumep (He3aBHCHMHE HCNBLITAHHA C NPOHU3BOJLHEM MHO0-
XecTBOM HcxoJ0B). [TocTpoEM MOJeNb He3aBHCHMHIX HCIHTAHHHA, OnH-
CHIBAEMHIX  NOCJNEXOBATEJNLHOCTbIO  BEPOATHOCTHHX  IPOCTPAHCTB.
(2, &, P)), i=1, 2, ..., n, obmero Buaa. Paau ynpomeHus o6o3Ha-
YeHHA pAacCMOTPHM n=2, obuMHA cayyall Jerko noJyyaeTcs 1O HH-
aykuus. Onpenenum Ha noayaiarebpe %) X%: NOAMHOXECTB K3
21X, KoHeuHO-agAMTHBHYIO Mepy P=P;XP,; kak 3rto clenano
B 6.25. [lpononxum Mmepy P Ha anreGpy ¢, NOPOXKAEHHYHO NOJayad-
re6poit & X %, ¥ NOKaXKeM HeNpepHBHOCTh MePH P B &,

Hoxkaxem xarouesoe nepasencrgo. Ilycts Assf, apas  nwboro
01 EQ; BBeleM ceuenue muowecrsa A xoopldunarod @, (pHc. 25)

A(0)) = {0, : (0, ©) = A}
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¥ ONpEAENUM npoekyuto MuoxecT8a A Ha ) Kak
7y (A) ={o, : A0) # B} C Q.

IToxaxeM, uTO ecq¥ AJMf Bcex &) HMeeT MeCTO HepaBeHCTBO
P2 (A (01))<a, To ans BeposaTHocTH P (A) cnpasessmuBa oileHKa

P(A) <P, (n, (A))-a.

w, ) T
{2) |
—_——— By l |
. SN N S
| {2)
Alw) | B3
Ic:::]] .
I 12 |
————— 87 I |
! " > i 1
g Wy 3{11) 8{21) B{J” 89”)
Puc. 25 Puc. 26

HerpyaHo npoBepuTb, 4To A MOXHO NpeAcTaBHTh B BHAe (puc. 26)

A= |J B{"x B,

{(L./) EM)
rie Bi'e @, i=1,...,n, B"B"=g mu i+j, B, |=
=1,..., m, B}z’B,‘”:g npu j=£[ (A" [QOKA3aTeJbCTBA NPHMEHHMA

KOHCTDPYKIIKA 'pa3GHeHus Ha kJeTKu M3 6.25). Orciona noayyaeM

PA= Y P(B")P,(B") =

{i.hHem
(1 (2
= Y nB) ¥ pED
{1 le)Enl(A)) {:(.j)eEM}

C npyro# CTODOHH, NOCKOJBKY o)-Ceyerue J060ro npsAMOyroJbHHU-
ka B X B, anbo nycro, aubo ecThb B, To npu w;<=Bit") nonyuaem

(2)
Aw)= U B;”,
(/: (. EM)
OTKya

=P, (A()= ¥ Pi(BY), oeB’
(i : (i.1EM)

[loacTaBasA noayuenlnoe HepaBeHCTBO B BhHpakeHHe aax P (A),
HMeeM

P(A<a Z P, (le)):apl (7, (A)).-

i : 8 em(an
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Ilycts RaHo Hekortopoe e>0, MoONOXHM
A={o, : P;(A(0,)) > €2} C Q.
Jlerko BrpeTs uto A=4, (cM. Buime npeactaBaeHue A B BHAe 06Db-
efMHEeHHs NPAMOYroJbHHKOB). Tak kak

A=(ANA X QYUMANA x Q)
TO
P(A)=P(ANA X Q)+ PANA x Q) <P, (A)+P, (4)-e/2,
rape MHEI BOCIIOJIB30BAJHKChH BHBS}IEHHHM BhIlle Hepaaeﬂcmom B l’IpH-

MeHeHHH K MHoxecTBy AN(A X Q). Otciona noayuaem xarouesne
HepasencTao

P,(A) >P(A)—e/2.
BoaemeMm npoxaBossnyio yORBawILyio noclesoBatensHocTs A; € A,
i=1,2, ..., ﬂ A;=¢@. Tlpeanoaoxmuwm, uto Ans Hekoroporo e>0
i=1

P(A:)>e>0 npr Bcex i, ¥ NpUBeJIeM 3TO NpPEANOJOMEHHE K NPOTH-
BODEYHIO, N0KA3aB, 4TO MHOXecTBa A; i=1, 2, ..., HmeT o6wmyio
Touky. Jas kaxporo A;, i=1, 2, ..., BBegeM MHOXECTBO

A= (o, : P (A () > e/2).

ITockonbky nocnaegoBaTelbHOCTE A; He yOHBaeT, To NpH Jo6oM )
He yOmBaer nocaefoBaTtensHocTs A;(w;), a2 3HauMT, He yOHBaeT M
nocregoBaTenbHocTs A;, (=1, 2,..., Ilpumensan k A;, A; ycTaHOBJeH-
HOe BHUIE HepaBEHCTBO, HMEEM

P, (4)>P(A)—e/2>e/2.

B TakoM cJIyuae Ans MHOMecTBa A — N A, uveem P, (A) = limP(?l,-)}
i=1 ™

>e/2 u, B uacTHOcTH, A He nycro. OGo3HauuMm , OBIIYIO TOYKY MHO-
xects A;, i=1, 2, ... . B cuay onpegeseHus MHOXecTB A; nMmeeM

Po(A: (@) >€/2, i=1,2,....

YuuThiBas, yTO nocnejomatesbHocTh A;(w,), {=1, 2, ..., He yOunaer,
noJyqaem

P, (] A >er2

Caepoatensho, (| A;(w,)+ @. Ilycts @, — o6las TOKA BCEX MHO-
i=1

xects Ay (@), i=1, 2, ... . Tak kak o, X 4;(0)CA4;, i=1,2,...,
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T0 (0, w)&E A, i=1, 2, ... . TlonyueHHoe npOTHBOpEYHE YCTAHABJIK-
BaeT HenpepulBHOCTL B & mepw P Ha aare6pe &£. [Ipumenss Teo-
PeMy O NPOJOJIKEHHH MEpH, NOJyideM BePOATHOCTHOE NPOCTPAHCTBO
(1 XQy, o(FXH), P).

6.27. Ilpumep (GeckoHeuHas NOCJEJOBATEJLHOCTh MCNLITAHMA Dep-
ryau). [Tonoxum L={0, 1}, L"=L X... X L (n pa3), &~ = & X

X & X .... lycrs (X", P™) ecTs BepOATHOCTHOE NDPOCTPAHCTBO N HC-
nbiTanud Bepuysm:
P"B)= ¥ pla ..., %) BCE

(F1ee. 2, ) EB
p(xXy, ...y X )=p"n(1—p)"", sp=x,+...+x,.
Beenem anre6py A nogmuoxects AC L™ muaa (cM. 2.15, 2.16)
A={x=(x, Xz ... ) : (x5, ... xn) = A7}, AC 2",

¥ Onpeje/MM KOHeYHO-aJUTHBHYIO BEDOSTHOCTHYIO MEpYy P(A)=P(") (A™).
QO6paayem ceyeHue

A () ={(%a0 - -0 %) 2 Xy - .., X)) = A™)
MHOXEeCTBa A""g_ &" KOOpAMHATOR X, W MOJOKAM
FAM — {x, 1 PV (A () > e/2)},
rae e> 0 duxcuposano. BriBeseM Kiouesoe nepasexcTeo (cp. 6.26):

P™ (A%) = ¥ p(x). P (A" () <P A7) +
{x:}
+(1—P" (AM).e/2; P (A™)>P™ (A™)—e/2.
Uro6u BOCNOJNB3OBATHCA TEOPEMOH O NMPOROJIKEHHH MepH P c aJ-

rebpul & Ha o(S£), AOCTaTOYHO NPOBEPHTH, YTO Mepa P HenpepnBHa
B &, T. e. aas qo6oi nocaefoBaTebHOCTH

ADAD..., Aed, i=1,2..., NA=2

— i

umeeM P(A;)—>0 npu i—oo. I[lo onpexenennio anarebpm S Kaxjpoe
A; MOXHO NPeACTaBUTh B BHIE

(n;) (n)) n;

Aj={x=(xy, %3, ... ): (% --., x,.t)EA 1, AT,
ITokaxem, 4To 6e3 orpaHuueHHs OGIIHOCTH MOXHO CYHTATb n;=i.
Bo-nepsHX, JIErKo BUAETh, YTO MNOCJEAOBATeNbLHOCTb n;, i=1, 2, ...,

MOXHO B3ATb Bo3dpacraioowed (cp. 2.16). Ilpeamonaras, uto m<
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<ny<..., obpasyem nocnezxona’renbﬂoanlQA,;) ..., Domaras A;
PaBHLIM i-My UYJIeHY NOCJe40BaTeJbHOCTH

L, ..., LA, AL.... A, Ay A, ... A A,
L | L | —_
ny—1 ny—n,—1 ny—n,—1
IocsiezoBaTeNLHOCTD ;1‘-, i=1, 2, ..., Takosa, UYTO B NPEACTABJEHHH
71,={x Y 6 S x,,)e A(")} A(")C$ i

MOXHO B3fTh n;=i. TaK Kax

o
n A, 11mP(A,) limP(A,),
i=1 i=1 i
TO AOCTATOYHO YCT2HOBHTh, yTOo P(A,)—> 0 npu i—oo0, T. e. HCXORHYIO
nocJeI0BaTeIbHOCTh MOXHO 3aMeHHTh Ha MOCJAe0BATENLHOCTh C Tpe-
6yeMuM cBO#cTBOM. UTOGH ynpocTiTh 0GO3HAueHHSH, NOJOXKHM A;=
=Al"
]

Npexnonoxuym, uto P (A,) 0 npi n—oo, T. e.P(4,)=P"™ (A™)>

>e npu HekoTopoM £>0 u Becex n, M NpUBEJEM 3TO K IPOTHBOpE-

YHIO, TIOCTPOMB TOUKY X= (X, Xg --. ), obmywo aas Bcex A, Ilpuve-
HAS KJIO4YeBOe HepaBEHCTBO, lIMeeM

p(l) (Z'(ln))> p(n) (A,(,n))—l'./'2> e/2.

Tak xak A, D Ayu, TO AR -;<-{0, I}QA,(,';H” M, CJEHOBATE]LHO, 3THM
e 3HAKOM BK/JIIOUEHMA CBSI3AHK! HX CEYEHHH:

ol s e (ail) - XA F QL

- n

KA (x) % {0, 1} DA (xl)
ITostomy

—1 1)

P (A (%)) =P™ (AR (%))

Orcioga noaydaem, 4To
AN CAD .
B Takom cayuae
P AN > 62,

n=1

H CYIECTBYeT TOYKa X,, 06wlas AJf BCEX MHOXECTB A,(,"’.
IMocsien0BaTeILHOCTL CEYEHUH

Av(x)={(x3 X5 --- ): (%, X2 ... ) E AL}
— yb6uiBatomas. 1o onpegeseHMo MHOKECTBa Al™ uveem
P (A, (x)) = P" ™" (A" (x)) > e/2.
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Kpome Toro, X, X Ay (%) A,. [Iposoas ans nocresosatensHocTH By
= A,(x), n=1, 2, ..., Te xe pacCyXAeHun, 4YTO W AJA A, n=
=1, 2,..., noctpouM obBuIYI0 AJNA BCEX BM TOYKY X,. [lpu sToM 1o-
CJIeIOBATENLHCCTH MHOXECTB

Bo (%) ={(Xs Xgr --- ): (a0 X3 ... )E By}
yOrIBaeT M

P(B,(x)>e/2%, X, X B, () B,, n=1,2,....

[Nockonbky Aj,(x,, X)= B, (%), TO X, X x3 X A, (x;, x) T A,.
Ilpomonxas stoT npounecc A0 OecKOHeYHOCTH, TNOJYYHM TOUKY
(x4, X3, ... ), obmywo ans scex A, n=1, 2, ....

6.28. 3anaya. IloctpouTh MOJenb GeCKOHEUHOR NOCNEAOBATEN]b-
HOCTH HEe3aBHCUMHX HCIBITAHHN C NPON3BOJbLHHIM MHOMECTBOM HCXO-
J0B.

[Brsomutcs 43 6.26 no cxeme 6.27.]

6.29 [Ipumep (OGeckoHeyHas nNOCIEJOBATENbHOCTb 3ABHCHMHIX
HCNIBITAHHHA ¢ AHCKPETHHM MHOXecTBOM HcxoAoB). Ilycts & — ko-
HeyHOe WJIK cyeTHoe mnoxectso, ZL"=& X ... X & (n pa3z), L~ =
=& XL X .... TlpeanonoxuM, uTo KMEETCA CeMeilcTBO AHCKPCTHHIX.
BEPOATHOCTHRX npoctpaHcts (X", p™(x,, ..., X,)), NpHYeM BHINO.-
HAIOTCA TaK Ha3nBAeMhe YCACBUR COZAUCOBAHHOCTU:

Z p(n+1)(xl' -y x’|+1)=p(n)(xl' aay x,l)' n=1' 2' LA |

{Xp41}

KOTOpHE 03HAyaiT, yTo Npu awbux n<m npocTpancTeo (X", o'y
MOXeT CJYXHTh ONKHCaHHeM NePBHX f HCNKTAHHI ONKTAa, NpeACTaB-

nennoro npoctpancteoM (L™, p'™). Ha aare6pe % NOAMHOXECTB
AS=R™, uMeomux BUA

A={x=(x;, X5 .-- )i (X ..., x)= A™}, A"C 2",
onpejeum

P(A)=P"™ (A"™) = )) P (X, ... Xp).

Jlerko npoBepuTh, YyTO Mepa P onpejesneHa KOPPEKTHO M KOHEUHO-
apauTeBia Ha . Urobum npoaonxuTh ee Ha o(S%), JAeHCTByeM IO

yXe H3BeCTHOHX cxeMe. Bmemem Ha Z£"! ceMeiiCTBO YCJAOBHHX BepO-
ATHOCTHHIX Mep

P(ﬂ—l) (A(n_!) le) = Z pim (xli ey xn)/p(l) (xl)
[¢ 7T, xn)EA(ﬂ—l)
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TpH X, € &, Takux, gro pi!) (x,)>0. anee zanumem
A () ={(xg --- 4 %) 1 (%, ..., X) = A7),
A = {x, : PV (A (1)) | x,) >e/2),

P (A=Y pth (x)- P (A () 1)) <
{x:)

<PY (A4 (1— P (A™))-e/2.

JlanvHelimue paccyJAeHHs aHAJOTHYHL NpoBeJeHHHM B 6.27.

6.30. 3angaua. Knacc mHOXecTB A HA3ILIBACTCH MOHOTOHHBLM,
€C/IH OH 33aMKHYT OTHOCHTENbHO CHETHHX OOGBEeJHHEHHH BO3PACTAN0-
IIMX MOcJeJOBATENbHOCTEH H CUETHHIX NepeceyeHHi yOHBAIOIHX TOC-
.J1eJ0BaTeJNbHOCTEH:

Ak, ACAL =12 ...=3U4 e,
{n

Bie oM, BiDBiy, i=l,2 ... 3[|Bi= k.
{1}

[Toxasats, uto ans nioboH cHcTeMnl S NOAMHOXKECTB U3  cyuiecTBy-
‘T HaWMeHBbIIM{ COZEepXKalHA ero MOHOTOHHHMA KJace, KOTOPDHA o6o-
aHauum A (S).

[PaccyxneHuss aHaJOTHYHH INPOBEJEHHHIM [PH LO0KA33aTEJIbCTBE
-cymectBoBaHus o(S) (cM. 6.16 u nanee).]

6.31. 3agaua. Ilycts A — HEKOTODHIH MOHOTOHHHI Kjacc NMOA-
MHOXecTB H3 Q. Jlusa nporasonsHoro A=A n0J0XKHM

oM,={B: B, BA, BA, BAE oh}.

Tlokasath, uTO o# ,— MOHOTOHHEIH KJacc.
[llyets B;= e ,, BT Bij1,-i=1, 2, ..., T2k 410

Bi, BiA, BiA, E‘AE n/rt, B‘Ag Bi-i-lA.
B,AC; Bi+1_A., B_lA Q_Bi+1A| l=1, 2, LR

“Torga B=UB,- € ofl 4, TaK KaK
{f}
B=|JB,e t, BA=|JBAE #t, BA=|)B,Ac ok,
{f} 5] o

‘Touno Tak xe ybGexpgaeMcs, uTo kaacc M4 3aMKHYT OTHOCHTENBNO
nepeceveHuit yOBBAIOIIKX NMOCJIEAOBATEIbHOCTEH. |

6.32. 3agaua. Tlycts A =M ($) — MHHHMAJIBHHIH MOHOTOHHLHA
Kkaadce, cogepxamui anre6py mHoxects &£. I[lokasars, uT0 HAa=
= (s¢) ans nwboro A=sf (rae xnacc A, onpefened B 6.31).
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[[lycts A2 dukcupoBano. Tak kak aas moboro BEss nmeew
BA, BA, BAct =4 (%), To ¥=M4, roe A, BBuAY 6.31 — MoHO-
ToHHH# kJaacc. Ho torna A () <=.#44. O6paTHoe BKJIOUEHHE CJIERAYCT
M3 onpeaeseHus kjacca JAa.]

6.33. 3anaua. 3amerus, uto a8 A, BeA (s¢)

AEO"BﬁBEuﬂA,

NI0Ka3aTh, HCMOAKLAYA 6.32, uTo A a=Ma.

[HoctaTouno npoBeputs, uto A= (S£), Tak kak obpaTHoe
BKJIOUEHHe cliefyeT H3 onpejeneHns ofp. [as nwoboro A=A (s¢2) U
moboro BE A (£) =Ma uvMeeM AcSMp, T.e. A (H)=MA5.]

6.34. 3anaua. Ecau &£ — aare6pa MHOXecTB, To A () —
TaKxe ajreb6pa MHOMECTB.

[Ans mobux A, A;=A (), ucnonnays paBeHcTBO o (A) =k s,
(cm. 6.33), umeeM A, S oy, T. 6. A1Asy, A4y A AL (). B ua-
CTHOCTH, NpH A;=Q noayuaeMm oTciona, uto AL (s£), Tak dYTO:
knace A (S¢) 3aMKHYT OTHOCHTEJLHO NepecedeHHH M Nepexona x Jo-
NOJIHEHHKIO H, CJEA0BATEeNLHO, ABJAAETCH aare6poi MHOXecTB.]

6.35. 3anauva. Eciu aare6pa MHOXecTB S — MOHOTOHHGLIHA
KJacc, TO OHa sBJsfeTcH o-aarebpoi.

[[yers Aies, i=1, 2, ..., nokaxeM, yto A =q,4,eu€. O6pa-

{f
3yeM M[OCJeJ0BAaTeJLHOCTs MNONAapHO HeNepeceKaloUHXCH MHOXEeCTB.

Bi=AA;_, ... Aics, i=1, 2, .... OyeBHAHO, YTO uBizA, KpoMe
h
TOro, nocJaegoBaTeabnHocTh C, = U B; = A, Bo3pacraer u UC,,:A.
{i<n) {n}
[Tockoasky S — MOHOTOHHHH KJacc, TO OTCOAa cJefyeT, uTo
Acst]

6.36. 3anaua. Ecaiu ¢ — anare6pa MHoxecTs, To JM (&)=
=0o(5¢).

[Ma 6.34, 6.35 BuTexkaer, uto A () sBafeTcs o-aarebpol MHO-
xecTB (comepxauled s¢), Tak uyto A ($#)=0(s£). O6paTHoe BKJIIO-
yeHHe cJelyeT W3 TOro, uTo Jobaf g-aireGpa — MOHOTOHHHH KJjacc.]

6.37. 3anaua. IlycTh p; M p; — BEPOATHOCTHHE CYETHO-aAMN-
THBHHE MepH Ha o(S¢), rie S — HekoTopas ajrebpa MHOMECTB, Ta-
KHe, )qro p1(A)=uz(A) ana Bcex A=.sf. [lokasaTh, YTO p;=uy Ha
o(s2).

[O6o3nauum # xaacc Bcex MHOXecTB Beo (), A%  KOTOPHX
p1(B) =pa2(B). M3 cBoficTBa HenpephIBHOCTH MEp Wi, Mz BHTEKAEeT,
uyTo # — MOHOTOHHAIH kJaacc. [lockoasky =%, To FoA (2) =
=o(s#).]

OrmeruM, uTo H3 6.37 BhiTekaer TeopeMa O €AMHCTBEHHOCTH pO-
AOJIKEHMS! CUETHO-aAJAMTHBHOR Mepnl c ajre6pH MHOMECTB Ha MHHH-
Ma/nHy0 o-aarebpy, AoKa3daHHas ApyruM crnocobom B 6.17.
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Fnasa 11

XAPAKTEPHUCTHUKH
BEPOJATHOCTHbBIX PACITIPEAEJIEHHWN

§ 7.
MATEMATHUYECKOE O)XV JAHHE

Pacnpenenenue BepofTHOCTEH caAy4YadHOH BEJHYHHbBI
npeacrasafer cobofl KOCTATOWHO CJAOXKHKIL AJMA ONHCAHMSA H CTATHC-
‘TUYECKOH oLleHKM 06bexT. JTO JAesaeT KenaTeJbHbIM BBeJeliHe KaKHX-
.60 MHTEerpaMbHLIX XapakKTeplcTHk, BOUparomux B cebs Haubonee
CyllecTBEHHbIE /5 PElIeHHH TeX M/l HHLIX 33743y YepTHl pacnpejene-
HUA. K UX uHCHy OTHOCHTCS MaremMaTu4ecKoe oxudaxue WU cpeoxce
3na4enue ci. B. X(w). IlycTs ans Hauana cia. B. X(w) onpeaenesa
Ha BEPOATHOCTHOM NpPOCTPAHCTBE C KOHEYHBIM 4YUCJAOM DaBHOBO3MO:K:
HHX HucxonoB. Cpenuee apudmernyeckoe 3Hayenwe X(w) mo Beem N
TOYKaM NpocTpaicTBa {2 HA3LIBAETCH CPEOHUM 3HOYEHUEM WJIH MATC-
martuveckum oxudaruen ci. B. X u obo3navaercs

MX=N" ¥ X@ =Y. X(0)p©)

{wEQ) {oea

rae p(w)= N, o & Q,— pasHoMepHoe pacnpeje/ieHue BePOSTHOCTENH Ha Q.
7.1. 3apaua. Cn. B. X — uxCcI0 KPacHBX WIApPOB B 71-KPaTHOM
BhIGOpKe ¢ BO3BpauieniceM H3 YPHH ¢ joJdefi p kpacHunX wapos. Hait-
™ MX.
[3a npocrpakcTBo sMeMeHTaDHBIX COOBITMII NMpHMEM  MHOKeECTBO
Bcex nocaefoBarensHocTel w= (ij, ..., {;) M3 HOMEPOB H3BJeKaeMuX
wapos, Tak uto pl{e)=N""u (cM. 1.21)

MXZZX(m)p(w) =Zk 2 p(w) =

{w} k=0 {0 X(w)=k)

—_—t kp(w: X (w)=4k) :En kChpt (1 —p) " =
- k=1

k=0

n
Y npCaipt H (1—p) " = np ]
k=1
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IMycts (R, p(w)) — NpOH3BOJBHOE AHCKPETHOE BEPOATHOCTHOE
npocTpaHcTBo, X (w) — cayyadHas BellHuKHA. B npeanonoxenuw,
4YTO

Y [X(@)|p(@) < oo,
(weQ}
onpejesUM MaTemarudecxoe oxudarue cia. B. X ¢opmyaoi
MX = 2 X (0) p(w).
{(wEQ)

Kak u B 7.1, nonyyaem caenyiomyio GopMyay AJNS BHIYKCIEHHS Ma-
TEeMATHYECKOTrO OXHUAAHHKA:

MX= Y V. X@p@= ¥ xx.

{xe L)} (w: X(w=x) (xe.2)
Ecan p(x) — npouaBsoJsHOEe AMUCKPETHOE paclpegefieHHe BepoOAT-
HocTeH, 3alaHHOe Ha HEeKOTOPOM HoAMHoxecTe & <R, To uHcao
Yy, xp(x)
{2}

B NPEeANOJOXEeHHH, uTo PAA a6CONMIOTHO CXOAMTCH, Ha3WBaeTcs cped-
Hum 3Haueruem pacnpedesenus p(x). OTMeTHM, YTO MaTeMaTHYecKoe
OXHaHKe ca. B, X ecThb B TO Xe BpeMA cpejlHee 3HAYEHHE ee pac-
npefeseHHA BePOATHOCTEH px (x).

7.2, 3agaya. BHyUCAUTE cpemme 3Haqemm (I). runepreomer-

pHMYECKOro pacnpeaefeHHs p(k)—CL A ICY, =0, 1, 2, ... ; (In
OTpHLUAaTeNLHOro 6HHOMHAJLHOrO pacnpeneseHus p(k) =Cf+k_|p’ (1—p)*,
k=0, 1, 2, ...; (III) nyaccoHoBckoro pacnpeaeneHust p (k) =Ake—*/kl,
k=0,1,2, ....

[ () TeCICHHICY =L X Ciot C N0, (CV2y - Nin) ™' = nLN;

(1) EkC¢+,,_,pr(1 = 2 Ak DU et i

(f— 1A
k—0 k=1
Xpt(1—pyr=p~ (1 —p)r;

(111) 5‘ kA e k! = 7.2‘ Ao Me— 1) =1

k=0

Poan mMatemMaTHueckoro OXHIAHKHA KaK XapakKTEPHCTHKH pacnpeje-
JIeHHS BePOATHOCTEHM B HEMaJOi cTeneHH CBA3aHA C TeM, YTO, KakK H
BEPOATHOCTL, 3TO NOHATHE HMeeT CTATHCTHYECKOe TOJKOBaHHe, 3aMe-
THEM NpEeXJe BCero, YTO €CJaH cl1. B, X — MHAMKAaTOpHaf, TO MX=p=
=P(w:X(w)=1), Tak uyTo 3MNupHuECKKH 32KOH YCTOMYHBOCTH yac-
TOT MOXHO 3anicath B BUAe N~ (Xi+...+x:) = MX, rne xy, ..., Xn—
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nocJae/0BaTeIbHOCTh  NOBTODHHIX — He3aBHCHMEHIX  HabuiodeHuin  3a
ca1. B, X.
OG6o6wmasn, paccMOTPUM AMCKPeTHYI0 cJ. B. X, NDHHHUMAKOWYI0 KO-

HeyHn# Habop 3HAayeHWy a;, [=1, ..., m, c BEepPOATHOCTAMH p;, [=
=1, ..., m. O6o3nayus v;\» yacToTy KcXojAa @; B Nocjel0BaTeJbHOC-
TH HabJI0JeHKR X1, X3, ..., Xn K 330IHCAB PABEHCTBO

= (X5 + . X)) = @i+ agve™ - 4 amvm™,

NPHMEHHM 3MIMPHYECKHH 3aKOH YCTONYMBOCTH 4acCTOT K KaXA0H HZ
v;i*", OTciona Bo3HMKaeT NpUOBJIHKEHHOe DaBeHCTBO

nl(xi+.. .4+ Xn) S 1P+ GP2+ ..+ AmPm=MX,

BHIpaxaiolulee BO3MOXHOCTb CT@TUCTUMECKOL OYeHKU CpejHero anaue-
HUA cJAyyaidHO# BeJMYMHH NO pe3y. bTaTaM MOBTOPHRIX He3aBHUCHMAEIX
Habmoaenull. CTaTUCTUYECKAR YCTOUYUBOLTL CPeOHUX apufmeTuwec-
xux n~'(x1+...+x,) He 32BMCHT OT 4aCTHHIX NpPeANOJOXKEHHH O pac-
npejesyieHHH cJ. B. X, JHlIb Obl CylecTBOB2JO MaTeMaTHYECKOe OXH-
JaHKe, ¥ npeacTaniseT coboil IMIUPHUYECKHE 32KOH, NOATBEpXAaeM Lk
BCEM ONLITOM €CTeCTBO3HAHMA.

MareMmaTryeckoe OXuaaHHe AUCKPETHOIl cJyuadHON BeJMYMHBI, 32-
4AaFHOR Ha NnpoM3BOJLHOM npoctpaHcTBe (9, S, P), onpeaeasercs
¢ noMoubio (OpMyJn, KOTOPaf HCNOJbL30BAJNAChH BHILIE AJA BbhlYKC/IC-
HUA MaTeMaTHYecKOro oXujaaHuf. MMMeHHo, nycTh ci. B. X NpUHMMA-
eT 3HayeHHH X, Xy, ...(XiF#X;, i#]). Beeaem paabuenue (B, j=
=1, 2, ...} npoctpancrsa Q, nonarazs B,={w: X (w)=x;}, 1 onpenc-
JUM MaTeMaTHyecKoe OXuAaHue cJ. B, X Kak CyMMy pHaa

MX=3x;P(B))

B NPEANOJOXEHHH, 4To OH abcomoTno cxoauTces. OTMeTHM, 4TO ecaH
ca. B. X NOCTOAHHA ¢ BeposiTHOCTBIO 1, To MX paBHO 3Toit nOCTOAH-
HOM.

3agaya, Cia B, X nDpuHMMaeT leJue HEOTPHUIATENbliLle

3HayeHUs., BuBecTH ¢opmynay

:i P(w: X(w) = k).
k=1

[f Pw: X(@)>k) f P(m X(w)=n) =
k=1 h=:1

lIl

P(m:X(m):n)=§ nP(w : X (0)=n).

=1 n=1

Il
M e
gk

—
E
]

OTmeTHM, YTO Ha nepsBoM liare OhlJa MCNOJb30BAHA CYETHAR aJaH-
THUBHOCTb BEPOATHOCTHOIT Mepal.]

74. 3apaua. Ilyers {Aw k=1, 2, ...} — HekoTOpoe pa3bueHue
NpocTpaHcTBA 3JeMeHTapHHX cobuTtHit Q (A%, A Ai=Z npu
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kI, ‘}JA": Q). IlpexnosoxuM, 4T0 cJ. B. X NOCTOSHHZ Ha 3JEMCH-
(%
Tax paabuenns: X (w) =y, npu oA, Bupect dopmyny

(%}

[[lycts xi, X3 ... — Habop pa3JMYHHX 3HAYEHUR JUCKPETHOH
¢t B. X, Bi={o: X(0)=x}, j=1, 2, .... Bocnonn3oBaswuck npex-
CTaBJEHUAMH

P(B;) = y: P (BlAu)- P (Ak) = \_‘ P (BiAn).
{k} {/}

KOTODHIE BEITEK2IOT M3 CYETHOI! a{ANTHBHOCTH MepH (BnpoueM, BTOpoOE
paBeHcTBO, BBUAY A,=B; npn HekOTOpOM j, TPHBHA/JbHO), NOJyyaeMm

MX=Y xP(B)=Y Y xP(B;A)=Y ¥ uP(BA)=

i Uy (&} i &

=Y 5 Y PBA)=Y 5P (4,

{k} {7} {k}

TZe MBl Y4JIH, YTO NpH aHaueHusax f, k, ans kotopux P(B;A:) >0 (m,
caenoBatensto, BjA,#&), BeinonHeHo paBeHCTBO X;=X (@) =Yy, NpH
weEB;A,. Takum obpasom, ecan MX cymectsyer, To psg Zy:P(A4:)
26CcoMIOTHO CXOAMTCA M MveeT MecTo TpebGyemoe pasencTBo. IlpoBoas
paccyxpaeHns B OGpPaTHYIO CTODOHY, NoOJyyaeMm, 4To 3 abCOJIOTHOH
cxoaumocTu psaia YyxP(A:) mmiTexaer cywectsosaide MX u TpeGy-
€eMOe PaBeHCTBO.]

75. 3agavya. Brsectt dopmyast M(cX)=cMX, c=const,
M(X+Y)=MX+MY, eciu MX 1 MY cywecTsyioT (JIMHEAHOCTh one-
paurn MX).

(Mlycts %, X3, ..., Y1, Y2, ... — HabGopml 3HayeHuit cx. 8. X, Y
cootBercTBenno, Bj={0:X(0)=x}, Ar={0:Y(0)=y}, |, k=
=1,2 .... Cr. B. X+Y nocrosHHa Ha 3JeMeHTax pa3bueHuA

{A;B., j, k=1, 2, ...} u npuHuMaer 3HaueHue X, +y; npy weA;B,.
Ilpumennsn 7.4, nonyuaem

MX+Y)= ¥ (54 5)P(4:B,)

ik}

B NPEANOJIOXEHHH, 4TO DAX B NpPaBoll 4acTH abCOJNIOTHO CXORXHUTCH.
Ho nockoabky MX, MY cywecTsyot, To 43 7.4 BHITEKaeT, ¥TO

MX=F xP4B), MY =Y uP(AB)

{i .k} {j .k}

npuyeM pAAsl abconoTHO cxopstcea. CkaajgmBsas, nosayyaem tpebye-
MHI pe3ysibTaT.]
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76. 3apnaya. BHuucAHTh cpefiHee 3HaueHHe GHHOMHAJBHOTO W
rHNepreoMeTPHYECKOro pacnpeneseHu# (cm. 7.2), npeacTaBHB COOTBET-
CTBYIONIMe CJAydafAHne BeJHYHHH B BHJE CyMMH HHJIHKAaTOPOB.

[(}) Nyers X, X3, ..., Xn — mnocie40BaTeNBHOCTh HCIBITAHHA
Bepuynan. Torna ca. B. Sp=X1+...+X. umeer GuHOMHAJILHOE pac-
npefenenne,  Tak kKak MX;=P(o: X;(w)=1)=p, To MS,=np. (Ii)
Flonaras X;=1, ecau (-# BHTAIEHHHH luap B cXeMe NOBTOPHOrQ BHI-
Gopa Oe3a BoaBpameHus kpacHuid, umeeM MX;=P(ov: X:i(0)=1)=p,
MS.=np, rae S,=X;+...+ X, — uHCTO KpacHHX luapos B BHOOpke
o6bema, n — HMeeT HIeprecMeTpHYECKOe paclpejesieHde, p — J0JA
KpacHHX Wapos.]

7.7. 3apgava. BHUHCAHTE MaTEMaTHUECKOE OXHIAHHE OTPHUA-
TeJbHOH OHHOMHAJBLHOH cayvaiHOH BeJHUMHBI, NPEJCTAaBHB ee Kak
CyMMY TreoOMeTPHYECKH  pacnpefesleHHHX  CJAyYa{HHIX  BeJUUUR
(cM. 4.6).

[Ilycts Xi, ..., X, — He3aBUCHMEHIE CJAyuYaHHHIE BEJHHHMHH C reo-
MeTpHuecKHM pacnpeaenexdeM P(m: X;(0)=k)=(1—p)p, k=0, 1
2, .... Torapa

MX, =Y P(: X, @>K)=Y (1—pf = (1—p)p,
k=1 k=1

otkyra MS,=r(1—p)/p, rae S,=X;+...+ X, HMeeT OTpHUATEJbLHOE
6unomMHagabHOEe pacnpejaeneHne (cM. 4.6).]

7.8*. 3angauva. BruBecTH ¢opMyJdy aJNf BEPOATHOCTH oGBbeAHHe-
HUS COOMTHA (npunyun 6KAIOMEHUR — UCKANOYERUR)

p(gA.-)=£‘l(—1)~—1 Y P LA,

{i.<...<ik)

BBOJS MHJIHKAaTODHHE CJI. B. J4 (0)=1 npy © & A; ¥ no1b3ysACH COOTHO-
wendsMu [g=1,15, MI,=P(A),

Li=1—I1, {JA=[%

[P (

s
2
0
=
=
£y
I
=
—
|
:'?'
I

i—1

....
Il
-

=Mm(1— ?;l(—l)"—‘ Y g - Tagy=

{fr<< ... <t}
=1—-M 2 (—1*! Z Tagiy)...AGy-
k=1 (il<"'<ik)

Bocnonb3oBaBIUKCE CBOACTBOM JHHEHHOCTH MaTeMaTHYECKOro OXKHAA-
HHA 7.5, noayuaem TpeGyeMhuli peayibTar.]
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7.9. 3agawa. HaiiTu BeposATHOCTh TOrO, YTO NpPH cay4yadHOM pas-
MelUEHHH n NHCeM 10 7 KOHBepTaM XOTH GH OfHO MHCbMO nomnaner
B CBOH KOHBEPT, BOCIOJb30BaBIIHCh GopMYya0il 7.8.

[[Tyctb co6GuTHe A; O3HauaeT, YTO IHCHMO C HOMepPOM { IOmNa.Io
B HYXKHHH KOHBepT. JIerko NMOACYHTATh, 9TO

P(A)=n"1, P(AA)=(n(n—1))", i<j, P(A:iAjA)=(nln—1)n—2)"

H T. A., OTKyAa

n n n

P(U A)=F (=D 'Chnta—D)...(a—t+ 1) = F (=1 k.

=1 k=1 k=1

3aMeTHM, YTO NPH n—»o00 3Ta BEPOATHOCTL CTpEMHTCA K l—e~!, npH-
YyeM yxe Aas He6oabIIHX n 6JH30CTh K NpeAesIbHOMY 3HAYeHHIO BeCh-
Ma XOpOIUAA: NPH n=>5 NOrpemHOCTb NPHOJHIKEHHA COCTABJAAET OKOJIO
0,001, a npu n=7 — oxoao 0,00002.]

7.10. 3apgaya. Ca B. Y=g(X) — ¢yHkuusa Habopa AHCKpETHHIX
c1. B. X=(X), ..., Xn). BuBects popmyay

MY =Y g(x)px(x).
{x}

[Ca. B. Y npuHHMaeT nocTOfiHHOe 3HauyeHHe g(X) Ha 3NeMeHTe
By={w: X(0) =x} pa3buenus, nopoxnaaemoro ca. B. X. Ocraercs
BOCIOJIL30BATLCH Pe3yabTaToM 7.4.] _

7.11. 3agava. Ca. B. X, Y HesaBHcumul. [Tokasats, uto MXY=
=MX-MY, ecau MX u MY cymecTsyior.

[BBuay 7.10 umeem

MXY = 2 xypx.y(x, y) = Z xypx (x) py (%)

{x.4} {x.4}

NpH yCJOBHH, 4TO psAA abcoaoTHO cxoautca. Ho paau

MX= (Z) xpx(x), MY = (2;‘ ypy (y)

a6CONIOTHO CXOAATCHA, OTKYAa M noay4aem TpeGyeMHR pe3yabrar.]

7.12. 3anaya. Ilokasate, uyto: (I) ecau |X|<C|Y| u cywecTsyer
MY, 1o cymectByer MX; (II) ecat X=0, To MX=>0; (ITIT)  ecau
XY, To MXKMY; (IV) |MX|<M|X|, (8 (11)—(IV) npeanonara-
eTcsl, 4T0 MX 1 MY cywecrsyior).

[Bce cBofcTBa BHITEKalOT HenoOCpeJCTBEHHO H3 ONMpENENeHHA MaTe-
MaTHyeckoro oxxuaaHus. Kpome Toro, (III) surexaer wus (1I) u 7.5,
(IV) Burexaer u3 (III) u nepasencts —| X|<<X<C|X|. Ormeruym, uro,
ﬁ; caeayer M3 onpeneneHds, M|X| cyliecTByeT, ecaH cCyulecTByeT
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7.13*. 3anaua. ITycts
?x(s)=2:skpx(k)=Ms‘, Is|<1,
k=0

— npoussoaawas Qyukuua (n. ¢.) ca. B. X. [Tokaszats, yto MX=
=Px' (1—).
[Auddepennupys npu |s| <1, umeem

£x(9)=Y kspx (k).
k=1

Ecom MX cymecTsyer, TO pAR Y kpx(k) cxomuTcs M CyUiecTByer
FPx(1—)=1im&Px (s)=MX (teopema Abessn). Obpatro:
51—

s—»1—

o N
Hm Y ks*~'px () =Y kpx (),
k=1 k=1

cnenoBaTtennio, MX cymecTByeT, jaJjee HCHOJb3yeM NPAMOE YTBEpIK-
JeHue. ]

7.14. 3angava. BuBecTH cOOTHOWeHHE Pxiy(s)=Px(5)Pr(s)
aaa n. ¢. cyMmMual X-+Y He3daBHcHMuIX ca. B. X, Y, noam3ysch cBOMCT-
BOM MaTeMaTHYeCKOro OXHAAHHA NMPOH3BENEHHA He3aBHCHMBIX CJyYaii-
HEIX BEJHYHH.

[P x4y (5) = MsX+Y = MsX.s¥ = MsXMsY = P (s) Py (5).]

7.16. 3agava. Ca B. N ¢ UedRMH HEOTpPHIATEJBHRIMH 3Haye-
HUAMM He 32aBMCHT OT NOCJeA0BaTeJBHOCTH ca. B. X, Xy, ... . O6o-
3HayHM Sy cayyaiHyio BEJHYHHY, KOTOD2f NPH KaXAOM WL, Takovy,
yT0 N(w)>0, npunumaer 3HauyeHHe X;(w)+...+Xwnw(w), a npu
N(w)=0 — paBra nymo. I[lpeanonaran, yto MX;=a npe Becex i,
BuBecTH Gopmyay MSy=MN-MX, (ecaim MN cymecTsyerT).

[MSy =Y xP(@: Sy@=x)=Fx¥ P(o:Sy(@)=x N@)=n=

{x} {(x} n—=0

=2x§: Plw: S, (w)=x, N(@)=n) =i P(w:N(@)=n) X
r =0

{x} n=0

X Y 2P (0: S, (0)=1) =f: naP (o : N ()= n) =a-1vw.]

{x} n=l
7.16. 3agaua. Ca 8. N, X;, X3, ... He32BHCHMHK], NPHHHMAIOT
ueJinle HEOTpMIATeJbHLle 3HAYeHH#, ca. B, X;, i=1, 2,..., 0AHHAKOBO

pacnpeneern, cia. B. Sy=X;+...+Xy npg N>0 u Sy=0 npu
N=0. IToka3aTs, yTo n. ¢. ca1. B. Sy paBea &, (Px, (1), rae Py(t),
#x, (f) — n. ¢. ca. B. N, X; cOOTBETCTBEHHO.

134



[Auanoruuno 7.15 umeeM

MmN =§ t*P(o: Sy(w)=Fk)=

k=0

=§ Pw: N(w= n)f: £'P(w: S, (w)=k).
n=0

k=0
Beuay 7.14 BHyTpexnHss cyMMa paBHa

Ps, ()= (Fx, ()",

OTKyJ2 ¥ noJyuaem TpeGyeMHH peaysbTaT.]

[lepeiineM X onpejesieHHI0 MaTEMATHYECKOro OMHJAHHA IpPOHK3I-
BOJIBHOHK cs. B. X (w), 3alaHHOA Ha HEKOTOpOM BEpOATHOCTHOM IIPOCT-
panctee (R, &, P). HanomuuM™, uto uncioBas ¢yHkuus X(w) Hasm-
BaeTcA cJyuadHoil BeJHuHHOH, eca¥ JAJAR Jioboro npoMexyTka la »
mHOXecTBO {w: X(w) &/, »} ABNAETCH COORTHEM, T. €. NPHHAAJEXKHT
knaccy . CooTHoleHHe

Px(la, b)) =P(0: X(w)Elq,b)

onpejeasieT BepOATHOCTHYIO Mepy Px Ha Kaacce nmpomexyTtkon (B § 10
6yReT nOKa3aHo, YTO 3TO COOTHOIUEHHe coxpaHsercs, ecad [ » 3ame-
HHTb Ha Jioboe GopeJseBcKoe MHOXecTBo K3 R). Pacnpejenesus Be-
poaTHocTe# B R obulero BMaa H3yuaducs B § 6, HenpepuBHHE pac-
npefeseHHss BepOATHOCTER Ha npsamMod Onau BeegeRw B § 3. [lpu
3TOM MBI PYKOBOJACTBOBAaJHCh coofpajkeHHeM, YTO H3MepeHHe BeJl-
y¥H, Hab/J0QaeMHX NPH NPOBEAEHHH J1060ro, B TOM YHCJe BepOATHO-
CTHOTO, ONBKITA IIPOM3BOAHTCA € HEKOTOPOH TOUHOCTBIO M uTO Jiobas
HenpepuBHAS MOAeab AOMKHAa o006JaJaThb «CKOJAbL YFOAHO TOYHRIMY®
NMCKPeTHRIM NpUOJAHXKeHHeM. [JofenHB YHCJOBYIO NPAMYIO TOYKaMH
kn~!, k=0, =1, +2, ..., Ha OTPe3KH AJHHKW n~!, ONpeNeNHM JHCK-
peTHOe pacnpejeJieHde BeposiTHOCTEH

pm (knt) =Py ((kn!, (k+1)n71]), k=0, =1, 2, ...,

CTArMBaKOllee B TOYKY Rn~! BepOATHOCTHYIO MacCy, NPUINKCHIBAEMYIO
pacnpenenendem Py npomexyrtky (kn~!, (k+1)rn~!]. Ilonaraem, uto
1106as QOCTOMHAA HHTepeca XapaKTEPHCTHKA pacnpefeneHusi Bepo-
ATHOcTeR Py RO/KHA npHOIHIKATBCH COOTBETCTBYIOLIEH XapakTepHc-
THKOH RHCKDPETHOro pacnpepenends p™. B uacTHOCTH, cpefHee 3Ha-
yeHHe pacnpeneneHus pt™

Y knp® (knt) = i kn— 1P : kn! < X (0) < (k+ 1) n—),
k=—o k=

€C/IH OHO CYINECTBYET, cJelyeT NPHHATh 32 NpUO/IMIKeHHe K MaTeMa-
THUECKOMY OXHA2HHIO c/1. B. X u onpedeaute MX kak npepen marte-
MaTHYeCKHX OXHAAHHK I10C/AE]0BaTebHOCTH AHCKDETHHRIX pacnpejeJe-
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Huft p™ npH n—oo. JTO XKe caMoe Ha A3blKe CAYYaHHHX BEJHTHH

MOXHO BHIPa3HTh cJelyiolluM o6pa3om. BBeaem moc/eaoBaTebHOCT
ca1. B. X" (w), nonaras

XM ()=t bk '<X()<(t+1)nt, k=0, +£1, +2,

Maremaruveckoe oxudanue wiu cpedree 3naderue ca. B. X onpene-
JHM Kak npejeJ

lim MX™ —=MX

n—+ oo

MaTeMaTHYECKHX OXHAAHHH

M = Z kn—" pt™ (kn—1)

k==
AHCKPETHRIX cJ. B. XM

7.17. 3anava. [lokasats, 4To | X" (@) — X (0)] < max X
X (n1}, n3 ™). BeiBect otcroga, uto: (I) ecam MX™ cymect-

ByeT NPH KaKoM-HMGYAb n, To cyulecTByeT npu Bcex fn; (II) mocaeno-
BaTesJbHOCTh MX(™ ¢yHaameHTalbHa M, CJeA0BATeJbHO, CYIECTByeT

lim MX"™  ecan Tonsko MX™ cymecrsyer; (III) maTemaTnueckoe

n—»oa
OXHJaHHe OrPaHHYEHHOM cJ. B. cymecTsyeT; (IV) |MX0W—MX|<n.

[I[IycTs aas HekoToporo X (0) = (kny’, (k+1)n'l v X(0)e
= (lnz_‘, U+ l)nz_l]. B takom cayuae ykasaHHble npome)xvrxn HMEK)T
HelycToe InepeceyeHHe, a cCJeA0BATeJIbHO, Ppa3HOCTh RA| '—iny
=X"™ (@) —X'™ (0) Memay KX JEBBIMH KOHIAMH He MPEBOCXOIHMT IO
MOAYJI0 AJHHEB HauGoJabwero #3 Hux. (I) M3 HepaBeHcTBa 1 X" (@) <<
< |X"™ (@)] +max(n—!, m~') n 3agau 7.12, 7.5 3akmiouaeM, uTO
MX® cymectsyer, ecan cymectsyer MX(™. (II) Ilpumenssn 7.12,
HMeeM

IMX™ —MX ™ | <M X™ — X" | < max (a7, 7Y,

TakK 4yTo mocJegoBateasHocTs MX(" ¢pynaamentanasHa. (IV) Ilepexo-
AR B MOJYYeHHOM HepaBeHCTBEe K NMpejeJy NpPH f;—-0o, MOJyYaeM Tpe-
6yeMoe HepaBeHCTBO.]

CrneuuanbHblil BHA AHCKPETHRIX cJ. B. X, paBHomepHo npuOJH-
xawomux cl. B. X : | X" (w)—X(w) |<n~!, KoTOpHE yyacTByWOT B Of-
pexenesMn MX, xax noka3eBaeT cJeAylollas 3ajaya, He fABJseTcd
CyllecTBEHHBIM.

7.18. 3anaua. Paccmorpum pasbuenme T ={{;, i=0, +1, £2,...,
t; <<ti+1} uucnoBoit mpamoit R u nycts Q={s;, i=0, 1, +2,...}—
MHOXKECTBO TOueK §; € [, t41], i=0, 1, ... . JluameTpom pasbueHus
T nazoseM 4ncio d(T)=sup (£;41—¢;). O6pazyem psn

()

Sx (T, Q)= 2 $iPx (i, tit1])-

[=——on
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ITokaaats, uto: (I) ecam d(T)<oo u paa Sx(7, Q) abconoTHO CXO-
AuTCA, TO abconoTHOo cxoautea pax Sx(T’, Q') ana awbux T, Q'
takex, uto d(7') <oo; (II) npu d(I')—0 Bce abcoNMIOTHO CXOAALIHECH
paasl Sx (T, Q) cxomATCA K OHOMY H TOMY XKe 4Hcay MX.

[/Iw6um X (w), T, Q nocTaBEM B COOTBETCTBHE AHCKPETHYIO CJI. 3.
Xr, q¢(w), nonaras

XT,Q((D)ZS,;ﬁti<X((D)<tH_1, i=0 +1, _-_-t2, .
Toraa ans awbux Ty, Qi ¥ Ty, Q2 BHNOJHEHO HepaBeHCTBO
[ X7, .q,(0)—X7,.q,(0) << 2max (d(T,), d(Ty)),

oTkyna BuBoasaTca yTBepxjaenus (I), (II), Touno Tak xe, Kak
B 7.17.]

7.19. 3apgaua. [JonycTHM, 4TO NMOcJaegoBaTenbHOCTh X, (w) AHCK-
PETHHIX CJY4aHHRIX BEJHYHH CXOAHTCH paBHOMepHo (Ha Q) Kk cJa. B.
X (w). Ilpeanonoxum, uto MX,. cymecTtByer npu Bcex n=1, 2, ... «
CXOAHKTCHA K KOHe4uHoMy npeaeny. [lokasaTth, uto toraa MX =Ilim MX,.

n—m

BhiBecTH oTciofa, 4TO ANA AHMCKPETHOH cJa1. B. X onpefneneHne MX kak
CYMMBl [:11a 3KBHB2JIEHTHO onpejenendio MX xax npeiena MX(™.

[ITycts mocsiemoBatenbHocTh cl1. B. XMW (w)=kn! npr kn'<
<X(o)<(k+1)n™}, k=0, %1, ..., TaK yT0 |X?)(0)—X(0)|<n "
[To ycnoBuo SuUp,|Xa(w)—X(w) | =ea—>0 npy n—+oo. B Takom
cayuae npH Beex o |Xn(w)—X™ (o) |<e.+n~!. Ilpumenss 7.12, 3ax-
JiouaeM, 4To cymectsyer MX( g

[MX,—MX® | entnt,

Yetpemaisia n K oo, [oJydaeM, 4TO NocJeaoBaTenbHocTs MX(M cxo-
aares k MX. Hakonen, aam AuckpetHof ca. B. X nonoxum X,=X,
n=1, 2, ..., 4, NpUMEHAA NOJy4YeHHHH pe3yJbTaT, AeJaeM BLIBOA 00
SKBHBaJEHTHOCTH ONpeje/ieHuH. ]

B 3agauax 7.20—7.25 ycTrasaBauBaeTcs PHAA  3JEMEHTaPHHIX
CBOHACTB MaTeMaTHYECKOrO O0XHJAAHHA, KOTOPHE [AJA AHCKPETHHIX C1Y-
ya#HbIX BEJHYHH noJydeHH B 7.5, 7.11, 7.12,

7.20. 3amgaua. Ilokaaath, YTO ONEpanXsf MATEMaTHYECKOrQ OXH-
Rauus nuHe#Ha: M(aX+bY) =aMX+bMY, B yacthocts M (aX+b) =
=aMX+b.

[CpoiictBo M (cX) =cMX ouesunro. Ecie MX u MY cymectsyor,
T0 M(X(W4Y() =MXM+ MYN>MX+MY nmpr n—>oo, rge X,
Y(® — nocnenoBaTeNbHOCTH AWCKPETHHIX CAy4a#HBIX BEJNHYHH, y4acT-
Byromux B onpeanenensr MX, MY. ITockoasky X, Y(" papromepHO
cxonsates X X, Y coorBeTcTBeHHO, TO X"+ Y7 paBHOMepHO cxomsTCH
K X+Y ¥ ocraercs BocnosnbaoBathes pedyabTatoM 7.19.]

7.21. 3anaqa. [Tonoxum X4 (0) =X (0) npr X (0)=0 u X4 (0) =0
npu X (o) <0; X_(0) =—X (o) npr X(0)<O0u2X_(0)=0 npr X (o) >0.
Iloxasats, uto ecim MX cymecrtsyer, To cymectsyior MXy, MX_ u

MX=MX,—MX_, u obpaTHo, ecix cymectsylor MX;, MX_, to cy-
1ecTByetr MX.]
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[Ilycth X" (w) — nocJeRoB4TeanHOCTh AHCKPETHBIX CJ. B., YHaCT-
Bylomux B onpejesennd MX. Tak kak 0CX4(M, X | X, 10
(eM. 7.12) MX, M MX_(® cymectsytlor, MX (W >MX,, MX (W >-MX_
npe n—oo, a u3 paBeHctBa X MW—X _(W=X" nogyyaem MX,--
—MX_=MX]

7.22, 3apaua. Ilokasath, yTo MX cymecTByeT TOTAa H TOJBKO
Toraa, Koraa cymectsyetr M| X|.

[Ilycts MX cymectByet. IlpuMenss 7.21, 3akawouaeM, 4To CyILecT-
ByloT MX;, MX_, otkyaa M|X|=M (X +X_)=MX,+MX_ rakxe
cymecrtsyetT. O6paTHO, nockoanky |X("|—|X| paBHOMepHo, TO, NpH-
menss 7.19, nonyvaem M| X" | —>M|X| npu n—oo.]

7.23. 3anaya. Iloka3ats, uyto: (I) ecau |X|<C|Y| u cymectByer
MY, to cymecteyer MX; (II) eciu X>>0 u MX cymecrtsyer, TO
MXZ=0; (III) ecan XY 1 MX, MY cymectsyiot, To MX<MY; (IV)
ecit MX cymectsyer, To |[MX|<<M|X]|.

[(I) U3 nepaBencrsa | X|<C|Y| murekaer | X™|<<|Y™ u, cienosa-
TeasHO (eM. 7.12), cymectsyer MX™. (IT) Ilpu X >0 umeem X™ >0
1 notomy MX™ >0, orkyna MX >0. (II) 0 <M (Y —X)=MY —MX.
(IV) IMX| = | MX, —MX_|<MX, +MX_=M|X|.]

724, 3anaua. Ecam X, Y He3aBHCHMH! M OTrpaHHueHnl (TaK 4TO
MX, MY cymectsyior), T0o MXY=MX-MY (obwuit cayuait cwm.
B 10.36).

[ITycts X(®), Y — cayyaiiHnle BeJHYMHH, YyacTBYIOUIHE B OIpe-
neqennn MX, MY. Jlerko Buaets, utro X" u Y(") HeaaBHCHMH, Tax
uyro, npuMenss 7.11, mnomyuaem MXWY™—MXMY™ Ilepexoas
K IpejeJy NpH n—»oo M yuMTHIBad 7.19, NpUXOANM K HYXKHOMYy pe-
3yJbTaTY.]

7.25. 3apgaua. IlonoxuM Xaop=X-Iiy:acx(wy<ty- 110KA3ATH, uTO
ecid MX cymectByer, To MX, »—>MX npn a—+—x, b—>oo (pa3ob-
patk cayyai X>=0, a 3aTeM HCnoJap30BaTh paBeHCTBO X=A—X_).

[Ecm X>0, To mpu b, <b, umeeMm Xp; (0) << Xop, (0), MXps, <<
<MXop,5, <MX, T2k uyrto cymectsyer lim MXp, = u. Ilokaxem, uro

broo

KU=MX. B nepasenctse 7.17 (IV) amx c1. B. Xp

[nb]
IMX{) — MX,, | <n—!, MX$ = Z kn—1p™ (kn—1)
k=0

nepeieM K npejedy npu b—>oo H NOJTyuHM
IMX™ —p| <ot

YcTpemass n x oo, NPUXOAHM K TpeGyemMoMy paBeHcTBy p=MX. Lan
ci1. B. X<<0 ameem TOT Me pe3yantaT: MX, —>MX npu a—»—oo.
B ofuem cayuyae, B3sB MaTeMaTHuecKoe OXuaauue oT obeux uacreit
paBeHcTBa

X-Tgex<ny=X | -Tp<xty— X Ia< x<y
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H BOCIIOJb30BABUINCH AAAKTHBHOCTLIO, IIEPEI"UIEM K npenpeay
lim  MXg,=MX; —MX_=MX.]

a-—»—oo ,b-»00

7.26. 3agaua. [lokasarb, 4TO aqs ca1. B. X C IVIOTHOCTBIO pacnpeje-

JeHus f(x) MaremMaTHueCKOe OXXHJaHHE CYIIECTBYET, ECJIX S | x[f(x)dx <<

< oo. B atoM cayuyae MX = f xf (x) dx.

L%
—mo

[[Tycts ca. B. X HeoTpHuarteJbHa. Tak Kak

tnb] (++1)/n [nb] (k-+1)/n (t41)/n
Y et | f@Wd<Y [ cFe)fWde< | ddr,
k=0 k/n k=0 k/n 0
TO CYIUIECTBYET
= (k+1)/n
MX™M =¥ kn—! S xf (x)dx
k'.;_—n k/n

H, cjejoBaTteabHo, cyiectsyer MX. Mcnoab3ys pesysabrat ¥ obGo3Ha-
yeHHA 3ajgauM 7.25, umeeMm

nm (k+1)/n m
Mxo,,,.=1immxg','2,.=1im2 kn—! j f(x)dx= 5 xf (x) dx,
n—»oo n—-swo k=0 ¥in i

m—»oo

MX = lim MXo_m=Sxf(x)dx.
0

B obmem cnywae ncnosbiyeM pasnoxenHe X=X,—X_ ¥ npuMeHHM
NoNyyeHHLIH pe3ysbTaT oTRAesabHo K X4 ¥ X_, OTKyRa

b
MX=MX+——MX_=1 im j xf (x) dx— lim goxf (x)dx.]
—>OC b a—)—ma

7.27. 3apaua. Ca. B. X umeer ramMma-pacrpejieJl€HMe C IJIOTHOCTHIO
f(xX)=T(py~! x—'e—*, x>0 (cM. 3.14 u nanee). Buuucauts MX,

o

[ 5 T (p)~! xr»—le—=dx=:§ I'(p+ 1)1 xPe*dx-T'(p+ 1) T (p)~! =
0 0

=TI'(p+ )T (p)~'=pI' (p) T (p)~' =p.

B uacTHOCTH, 3KCIOHeHUHaJbHoe pacnpexneneHde (p=1) HMeer cpea-
Hee 1.]

7.28, 3agaua, Ca B. X uMmeer Gera-pacnpedesesue ¢ nJ0OT-
HOCTbIO

f()=B(a, & ' '1—x"", 0<x<l, f(=0 mpu xe& (0, 1),
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rae (cM. 4.19)
1

B(a, b)=nS X 1—xdx=T (@) T (b)/T(a+b), a b>0

— Oera-pyukuus Jinepa. Haitu MX.
1 1
HxB(a, b)—‘x*'—‘(l—x)b—‘dx=j'B(a+l, b~ x2 (1 — x)p-dx x
0 0

X B(a+1, b)B(a, b)-'=B(a+1, b)B(a, by~'=a/(a+b).
B uvactHom caywae passHomepHoro Ha [0, 1] pacnpepenenus (a=1,
b=1) umeem MX=1/2.]
7.29. 3agauva. Cin B. X>0 umeer niaoteocts f(x). Ilokasars,

4TO MX'=S xf(x)dx, r>0, ecau uHTerpas KOHEYEH.
0
nm
[Z kn—\P(o: kn—! < X7 (@) << (k4 1) n— )=
k=0

= E j' kn=1 f(x) dx.

T k=0 {¢: kn <2 (R +1)n7 )

3aMeHsR NMOA 3HAKOM HdTerpana kn~! Ha x" nub6o na x’—n~', nonay-
YHM COOTBETCTBEHHO OLEHKU CBEPXy M CHH3Y:

m4-1/n m--1/n
5 x"f (x) dx, '{ x7f (%) dx—n—1.
4] 0

YcTpemass m K oo, nojayuaeMm, uto cymectsyer MY, Y=Xr u

f xf(x)de—n'<<MY™ §x’f (%) dx.
0 0

Iepexoxs X npefeny npm n—» 0o, NOJYYaeM MX’=5x'f (%) dx.]
0

7.30. 3anava. Buuucauts MX’, r>0, ans ramma- u Gera-pae-

npegenenui (cm. 7.27, 7.28).
[BuuucneHus aHaJOrMyHW NpoBefeHHHM B 7.27, 77.28, B wacrt-

HOCTH

‘§.t"I‘(p)—l e xdx=p+r—1)(p+r—2)... p.]
g
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7.31. 3axava. Ilyets cn. 8. X HMeer cTaHAapTHOE HOPMAJbHOE
pacnpeaenenne. [lokasats, 4To

szk" l=_-0' Mx2k=l-3-5- . '(2k-—l), k=l. 2' “-- -

MXr= s' x" (2 V2 exp (— x*/2) dx.

-_—C

IIpr r HeyeTHOM I[OALIHTErpajpHass (YHKUWA HEYeTHa, a4 NPH 7
geTHOM — vetHa. Otclona MX2—1=(0 n

MxX*=2 j X% (2m)~1/2 exp (— x%/2) dx =
0

— —1/29% S Yy 12e—vdy—n—1/22*T (k+1/2),
0

TAe COBEpPUIEHA 3aMeHa NEePEMEHHOro HHTErpupoBanEsa y=x2/2. ¥ua-
THBag, uto ' (p+1)=pI'(p) u

I'(1/2)= S Y2 evdy=,2 S e—2dx—=V =,
0 0
nloJyyaeM
MX*=2"(k—1/2) (k—3/2) ... (1/2)=1-3-5- ... -(2Zk—1).]
7.32. 3anayva. Ilycts ca. B. X>0. [Tokasars, 1ro MX cymecT-

BYeT TOrAa M TOJIbKO TOrAad, KOria CXOAHTCH psmz P: X{0)>n) =
n=1

=pn. Ilpu sToM cnpaBeanuBH HepaBeHcTBa p<MX<p+1.

[Kak caenyer ua 7.17, MX cyumecTByeT TOrxa ¥ TOJILKO TUTAd, KOrxa

cywectsyer MX), rre X (w)=k npu k<X (0)<k+1, 2=0,1,2, ._..

Ilpumenss 7.3, nonyuaeM

MXP =% P(w: X" (0)>k)=np.
k=1
QOcraercst aameruts, uro X'V <X<X“’+l H, CJIeIOBATEALHO, MX“’Q

< MXSMXY 41
733. 3axava. Brusectu dopmyay

MX=T(1—F(x))dx— jg F(x)dx, F(x)=P(w: X{a)<x),
8 '

mpuyeM MX cylecTByer TOrxa M TOJbLKO TOTA3, KOraa ofia awrerpa-
J1a CXOARTCH.
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[Tak xaxk
Fi(x)=P(o: X, (0)<<x)=F(x), x>0, Fi(x)=0, x<0,
F_(x—)=P(w: X_(0)<x)=1—F(—x), x>0, F_(x)=0, x<0,

rae X=X,—X_ (cm. 7.21), 10 popmyna 7.33 aas ca. 8. Xy, X_ npu-
ob6peraer BUJ

MX+=§(1—F(x)) dx, MX_=§F(—x)dx= € F(x) dx.
0 0 —oo

Takum o6pasom, moctaToyHo paccMoTpeTh cia. B. X>0. Paccmorpum
nocaeRoBaTeNbHOCTh c1. B. X" yyacTRylomux B onpenesenus MX, u
NOKaXeM, 4To

mx™ —>§(1—F(x)) dx, n— oo.

0

Cn. B. nX!™ npuHUMaeTr LeJble HEOTPUUATENbHHE 3HAUEHHA H TOTOMY
(cMm. 7.3)

MX ™ =nMX" =Y P (0:nX" (@) > ).
k=1
Jlerko BuaeTh, UTO

f (1—F(kn—)n—' < § (1 —F () dx < f‘ (1— F (kn—1))n—1.
k=1

k=2 I/n
Otciona BHITEK2eT, yTo CcyulectsoBaHHe MX(") 3kBUBaneHTHO KoOHeu-
oo

HOCTH MHTeErpana K(I—F (x))dx u npu 3TOM NOCIEAOBATENLHOCTH
g

MX""=§ P(o: nX"™ (0)>k—1)n! =3: (1—F (kn=1)) n—!
k=1 k=0

CXOJMTCHA K HHTErpany.]
7.34. 3anaua. Cn. 5. X HeoTpHuartenbHa. BuBecty dopmyany

Mx“=§' axe! (1—F (x))dx, @>>0.
0

[Fo()=P(0: X*(0) < x)=P (0 : X (0) < x/*)=F (x'/=),

TaKk 9TO, NpUMeHAR 7.33, nosaydaeMm

MX“=?(1—FG (x)) dx =f(1 — F(x'/®)) dx.
0 0
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3ameHa nepeMEHHOro HHTErpHpOBaHWA Y=x"% npuBoauT K Tpebye-
MOMY pe3yJnTaTy. |

[Toro6HO ToMYy KaK B aHajiH3e paccMaTpHBalOT GecKOHEYHHE Ipe-
Aenbl, noae3Ho 0006IIHTE NOHATHE MAaTeMATHYECKOTO OXMHAZHHA, AO-
nyckaas AnAa MX 3nauenus +oo K —oo, VimMeHHO, nonoxuM MX=
=+o00 ans ca. B. X>0, ana koropoit psa MX(™ pacxoautes (k
+00), 2 Takke JAJf NpoH3BoJnHOMR ca. B. X, y Koropoir MX,=+ oo,
MX_< +o0. AnanorruHo MX=—o0, ecan MX;i<oco, MX_=+ co,
Cuuraem MX onpeseneHunM ¥ B cayyae, KOrAa OHO NprHHHMaer Gec-
KOHEYHOE 3HAYEHHE, BLIAENAS Npe;KHee ONnpeleJeHHe AONO.JHHTEJhHOM
OTOBOPKOR 0 KoHEeyHocTH MAX.

§ 8.

IOMCIIEPCHA, KOBAPHALIHS,
CPEAHEKBAJIPATUYECKOE PACCTOSIHHE

Onepauns MX ycpeanenus 3HaveHuit cia. B. X, npw-
MeHeHHad K Y=|{X—a|* a>1, MOXeT CAyXHTb XapaKTEPHCTHKOM
pa3bpoca 3HayeHHH ca. B. X OTHOCHTeNbHO TOYKHM a. [IpH yc/aI0BHH,

yro MY kouneuno, umeem (cM. 7.34, rae B kayectbe X HaZO B3ATh
[X—al])

M[X—a!":Sax“—lP(m: (X (0)—a|>x)dx>
]

t
>§ ax®~1P (0 [X (@)—a|> f) dx = t°P (0] X (@)—a]> 1),

OTKYA2 BLITEKAET BAaXKHOE€ HEDABEHCTBO
Plo: |X(0)—a|>f)<t*M|X—al®,

OUEHKBAKIIEE BEPOATHOCTHYIO MacCcy (pacnpeie/eHHYI0 [0 33aKOHY
Px(B)=P(w:X(0)=B), Be®), nexamywo 3a npeaenamx [{—a, {+
+a]. OcofenHo HHTepeceH, KaK YBHAHM, YaCTHHIR cayd4aik atoro He-
paBeHcTBa, Koraa u=2 (@=0 uan a=MX). Ero Ha3LIBAOT N0 HMEHH
pycckoro yuedoro II. JI. UeGniesa. Mmesa B BuAy auasiornio mexay
BEDOATHOCTHHIM paclnpefe]eHHeM Ha NPAMOR M pacnpeaeJeHHEM ejH-
HHYHOR Macchl, NoJe3Ho OTMETHTh, 4To MX — kooparHara ueHTpa
Mmacc ¢ pacnpeaenenneM Px, a M(X—a)2 — MoMeHT uHHepuuM Ju-
He{HO pacnpeae/;eHHOR Macchl OTHOCHTEIBHO TOYKH 4.

8.1. 3anaya. [lokasats, uto ecar xoHewHo M|X[*, a>1, TO
KoHeuHo M| X—a/|® npu a06om a.
[Aas mobbix x, y>0 umeem (x+y)*< (2x)® ecan x>y u (x+y)°<
< (2y)®, ecin x<y, Tak yto (x+y)*<2*(x*+y*). Orcrona

M[X—a|*<M([X|+[a])*<2* (M[X]|*+ |a]).]
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8.2. 3anaua. [lokasars, uTo ecid KoHeuno M}X|%*, a>0, 10
koreuo M| X|®, 0<B<a.
[Buitekaer u3 HepaBenctsa |X|°<C1+ | X|2.]

83 3apgaua. [lokaaath, uro M(x—a)? gocTHraer MHHEMyMaA
npu a=MX (npeanonaraercs, uto MX2< o).
[Ha koneunocT® MX? pnirekaer koneunocts MX, Tak uto

M(X—a)?=M(X>—2Xa+a?) = MX? _2aMX a2
Kpagparuunas QyHkuus obpamaercs B MHHHMYM B Touke a=MX.]
HonyctuMm, uto MX?2< oo, Hasosem Oucnepcuei ca. B. X uucnc
DX—M(X—MX)2
Hucnepcueid pacnpedeaenun scposrnocreti P(B), B4, na npamoik
H230BeéM J[HCIEPCHIO caydyaRHOH Be/NHUMHEI, DAaclIpede’eHue BEPOAT-

HocTe# Kotopo# ects P (B).
8.4. 3anaua. Bupecr popmyay D(X)=MX2—(MX)2

[M(X—MX)2 = M(X>—2XMX + (MX)2) =MX2— (MX)2.]

85. 3agaua. BuuucauTe AdcnepcHio OGUHOMHAJABHOrO pacnpeje-

JICHHA.
| BocnoninaosaBmnes tem, uto MX?=M(X(X—1)+X)=MX(X—1)+
+ MX, sanumem dopMyay AJNS JHCIEPCHH B BHIE

DX=MX(X—1)+MX— (MX)2
B 7.1 nokasaHo, 4TO
MX = X kChpt(1—p)y" ™ =np.
k=0

JleAcTBys aHaJOrHYHO, HAXOAHM, UTO
MX(X—1)= Y k(t—1) Cip* (1—p)" " =n(n—1)p",
k=0
orkyaa DX=n(n—1)p?+np—(np)?=np (1—p).]
8.6* 3apgaua. Ilycts #Px(s) — n. . ca. B. X. [loka3ars, 4TG
DX = &% (1—)+&Fx(1—)—(@x (1)
[Tpu |s|<1 umeem (cp. 7.13):

Px(s)= Y. k(k—1)s*2py (k) > MX (X —1), s—>1—.
k=2

Ocraercs BOCNOJNL30BATHCA (GOpMyJol ANA AMcnepcHH #3 8.5 u Tem,
yro Px’ (1—)=MX (cm. 7.13).]

8.7. 3agaua. BHLYHCAHTL AHCIIEPCHHM OTPHIATENLHOrO0 GHHOMH-
aJbHOTO M IYaCCOHOBCKoro pacnpefeneHudt (m. ¢. cm. B 4.10).
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() & =—pr(1—ps) ", & (&)=rp (1—py (1—psy ", F ()=
=t(r+1)p*(1—py(1—ps) " °, omkyma DX=r(r+1)p*(1—p) "+
+rp(1—p) ' —(rp(1—p) V=1t (1—p) *+rp(1—p) ' =rp(1—p) "

(I1) & (s)=exp(—A—+As), &' (s)=Aexp(—A+As), &, (5)=A*x
X exp(—A+As), DX =A*+ A—A?=A. [loguepkrem, uto MX =DX.]

88. [Ipumep (3akoH Gonbwiux uucesn Beprynnn). O6osnauum
S» udcno ycnexos B n McnbiTaHuax DBeprynnu. [IpHMeHsis HepaBeH-
ctBo Yebmiiesa, nonyuum

P(w:|Sn(w)—MSn|>1) <t-2DS=t-2np (1—p)
ILIH
P(w:|n'Sa(w)—p|>tn!) <t 2np(1—p).

Bu6paB t=e¢n, umeeM
P(w:|n'Sa(w)—p|>e)<ntle?p(1—p).
Taxum ob6pazom, npu aw6om >0 u n—»oo
P(w: |n'Sh(w)—p|=e)—0.

3To COOTHOLIEHHE Ha3mBaeTcs 3axonom boaswiux wucea (3BY) Bep--
Hynnd. 3BY BepHyanu npeacrtaBisieT co60H yTBepX/JIEHHE TEOPHH
(oTHocH1IEECH K BEPOSITHOCTHOH MOJENH MOBTOPHRIX HE3aBHCHMHX HC-
NHITAHMH), OTpax<aloulee 3MIOHPHYECKYIO 32KOHOMEDHOCTb, BhIpaxae-
MYIO npHOIHMKEHHRM paBEHCTBOM n~!'s, =p, rae n— 'S, ecTh yacrora
BHITAJICHHA ycnexa.

89. 3anava. Iloxkasars, uro P(w:|{r'Z (w)—p(l—p)!|>
>g)->0 npu r—+oo ¥ mobom >0, rae Z, — uucilo Heyjau, npegue-
CTBYIOLIHX 7-My ycnexy B cxeme Bepuynau.

[[To repaBercTBy Yebnimena

P(o:|Z (0)—rp(I—p)7|>t) <t ?rp(1—p) 2
HJIH
P(o: [r'Z,(0)—p(1—p)|>e)<r'e ?p(1—p) 72,

¥ OCT2eTcH YCTPEMHTB 7 K ©0,]
8.10. 3anaya. Cn. B. X, umeer pacnpegenexue IlyaccoHa c na-
pamerpoM A. [lokazats, 9To npu Jo6oMm >0 ¥ A->oo

P(w: | X\(0)—A|=>Ae) 0.

[BuTexkaer u3 HepaBeHcTBa UebGuumesa. OtmeruMm, uto cil1. B. Xi(w)
ompejeneHa, Boobuie roBOps, HA CBOEM BEPOSTHOCTHOM NPOCTPaHCT-
Be, TaKk 4TO 6uao0 O6W npaBHibHee nHcaTb Xi(wa), TAe wi. — TOYKA
IIPOCTPAHCTBA 3JIEMEHTAPHHIX coOHTHH 2,, Ha KOTOpPOM onpejejeHa
ca. B. Xo. C 3Toi TOUKH 3peHHs GoJjee eCTECTBEHHO NpeACTaBJEHHe
pesyasrata 8.10 B dopme yTBepXKAeHHS, Kacawouierocs cemeictea P,
;I:Iacnpezxeneuni BeporTHocTeR Ha npamofi: P, (B)=P(w:X(w)=B)..
MEHHO

P, (k |k—A| >AE)'—=E(k:|h—x|>u)e—l}.k/k!—>0, A—POO]
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8.11. [Ipumep (reopemMa Beitepwtpacca). 3akoH GOJbIIHX YH-
cen Bepuynnu yreepxaaer (cm. 8.8), uto ca1. B. n~'S., npuHEMZIO-
mas 3HayeHus kn-! ¢ seposTHocTAMH Cn*p*(l1—p)"k, k=0, 1, ..., n,
HMeeT npH GOJBUIHX n Dacnpeje/leHHe, KOHUEHTPHpyiomeecd BOIH3H
TOYKH p:

P(w:[n'Sa(w)—p| <8) >1—n-'6-2p (1—p).

Bo3bMem NpOH3ROMBHYK HenpepuiBHYX Ha otpeske [0, 1] ¢yHkuuio
u(x) u obpasyem ca. B. u(n'S,(w))="Ua(w). Pacnpenenexne sepo-
ATHocTed ca. B. U, npu GoJablwHX n cocpeAoToyeHo BOMHIH 3HAYEHHA
u(p) u, xpome toro, MU,—u(p) npu n—oo. [leiicTBHTENLHO, NYCThb
Ans={w: [n—'Sn(0)—p| <8}, 1(A) — uuguxarop coburtus A, c=
=sup{|u(x)|, O<x<1}. [To e>0 Bubepem 8>0 u3 ycnOBHA paBHO-
MEpHO} HenpepbBHOCTH (QyHKUHH u. Toraa

|MUp—u(p)| = [M(Un—u(p) [<M|Up—u(p)] =
=M (|Un—u(p)| -1 (An0) +M(|Un—u(p)| -1 (An) <
< M (&1 (An,0) + M (2] (A, o)) = eMT (A, o) -+ 2cMI (A7) =
= eP (An,0) + 2P (A 0) < &+ 2cn18 p(1—p).

Bri6upas £>0 cxkonb yrogHo MajblM H YCTPEMJAA n K oo, [lOJy4deM
Tpebyemoe. [Tomoxum

un (p) =MU, Xu(kn—l)ck (1—p)*,

k=0

ITIpoBeneHHble OUEHKH NOKA3LIBAXOT, YTO Un(P)—>U(P) NDH n—>oo pas-
HoMepHo no pe{0, 1]. IMockonasky u,(p) — MHOrodJeH oT p cremne-
HHM 1, TO NOJYYEHHOE YTBEPXJAEHHE [Ipex-
crasaser coboit teopemy Befepurtpacca o
pPABHOMEPHOM NDHOIHXKEHHH HENpephLIBHOM
Ha oTpe3ke QYHKUHH MHOrO4YJeHaMH.

Puc. 27 una0CTpHPYET ROKAa3aHHYIO TEO-
peMmy. Orun6awoman 8p(x) Gyukuux auc-
KpeTHoro aprymentad,(kn=') =nC,*p*(1—

‘ —p)rk k=0, 1,...,n, ABJAETCA /JEJbTA-
0 s Tx o6pasHoit ¢ XoHuUeHTpauHeHd BOJH3H TOUKH
p. [1pu atom

Puc. 27

ja (x)dx= ):6 (kn—')n—" = )‘_c,.pk(l_p)"—" -

k=0

n

1
un ()= ¥ w8, (kn—yn—' = [ 8, (x) u(x)dx = u(p).
0

k=={)
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B.12. 3apgaua. Oyukuua u(x), x>0, HenpeprniBHa K orpaxHuye-
Ha. [Toka3ars, uto npH Kaxaom 6>0

up (8)= ¥ u(kn—)e="0 (nB)/kl +u(8), n— oo (un(0)=u(0)),

k-0

IpKYEM CXOAXMOCTb PaBHOMEpPHZ Ha JI060M KOHEYHOM IIPOMEXYTKE.
[Beenem nyacconomckyio ca. B. X, c¢ mapamerpom A. Toraa u.(8)=
=Mu(n—'Xne) u, aelicteys kak B 8.11, Haxonum

|t (B)— 1 (8) | < £P (@ | 1" X g (@) —B| < ) +-
+ 2P (w:|n—' X g—0|>06), c=sup{|u(x)]|, x=>0}.
ITo nepaBeHcTBy YebhlIera

P (0 | Xne (0) —nB| > 6n) <nb/ (8n)2=0/ (82n),
TaK 4TO
|un(8)—u(B) | <e+2c68-2n-!,

OTKyA2 K caegyer TpeGyeMbli pe3yabTar. |

8.13. 3agaya. BHYHCIKTL JHCIEPCHH CTAHAAPTHONO HOPMalb-
HOro ¥ raMMa-pacnpejgejeHy.
[Buurcnennss nposenem no ¢opmyne DX=MX2— (MX)2 Tlpumenssn
7.30 u 7.31, nonyyaem DX=MX?=1, DX=(p+1)p—p?=p.]

8.14. 3apaya. Ilokasats, uro D(aX+b)=a?DX, rae a, b —
[IOCTOSAHHHIE.

[D(aX+b)=M((aX+b)—M(aX+b))?>=M(a?(X—MX)2)=a?DX.]

B.156. 3agaya, Cn B. X uMmeer HOpMaJbHOE paclpefeNeHHe C
napaMerpoM cABHra g 4 napamerpom Macuraba o>0. [loka3ars, uro
MX=q, DX=q¢2.
[[laotHOCTs pacnpepenenus cia. B. X paBHa (2n)~Yglg(o!(x—a)),
g (x)=exp(—x?/2). Cn. B. Y==(X—a)/o uMeer nI0OTHOCTb pacnpeje-
JeHus ¢(x), Tak yto 0=MY=0"M(X—a) =0 (MX—a), 1. e. MX=
=a, u 1=DY=0"2DX, 1. e. DX=02.]

8.16. 3agaua. [lokasars, uro DX=0 Ttorga K TONBKO TOrAZa,
korga X (w)=const ¢ sepositHocTbIO 1.
[B oany cropoHy yrBepxaeHue oueBAHO. JlomyctiM, uto DX=0, x
3anuweM HepaseHcTBO UebHieBa

Plo:|X(w)—MX|>1)<{2DX=0, ¢>0.
Tpe6Gyemoe yTBEpXKJEHHE BHITEKAeT H3 CBOKCTBA HENPEPHIBHOCTH Be-
posiTHoCcTHO! Mepu P (cm. § 6):
P(e:|X(0)—MX|>0=1imP(: | X (0)—MX|>n"1)=0.

Jpyroe R0OKa3aTenbCTBO NOJyyYaeTcf H3 CJAEAYIOIEro pacCyXxiae-:
Hug. [Iycts ca. B. X Heorpruareasbua, X" — puckpersHas cia. B., yua-
crtBylomass B onpeieneHsn MX:X(W (w)=kn—! npr kn'<X(w)<
< (k+1)n!, k=0, =1, =2, ..., IlpeanonoxuM, uro MX=0. U3 ne-
paBerctBa 0< X" (w) <X (w) sakawuaeM, uro MX(=0. Orcona,.
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.0YeBHAHO, BHTeKaeT, yTo X" (w)=0 c BeposTHocThio 1. M3 HepaBeH-
1tBa | X" (w)—X(0)|<n! suBoauM, uto ¥ X(0)=0 c BeposTHO-
«€Thio 1.]

Ecau ca. B. X(0), Y(0) nesasucumsul, to (cM. 7.24, 10.36)

MXY=MX.MY.

HerpyaHo noHsTb, 4To 06paTHOE yTBEPKAEHHE He CIPAaBEAJHBO, T. €.
H3 pasercrsa MXY=MX.-MY, Boo6we rosops, He cjeayeT He3aBH-
.cumocTb ca. B. X, Y. Tak, ana auckpetHHX ca. B. X, Y Ha paBeHcTBa

Y xup, (6 9)=Y 20x (9 Y. upy ()

{x.4} {(x} 0]
‘HeJlb3s B o6lueM cayyae BeIBECTH, uTo Px.y{x, y)=px(x)pr(y). Aan
HHAHKATOPHBIX cJ. B. [4, /s UMeeMm

MI,=P(A) MIz=P(B), MIalz=MIz=P(AB),
M noatomy paBeHcTBo M/Ia/s=MI,- Mz nprobperer BHA
P(AB)=P(4)-P(B),

:3HayuT, ci. B. [4, /s He3aaBucuMH. B o6mem cJayyae pasHOCTb
MXY—MX.MY wMoxer G6GuTb HCNOJbL3OBAHA B KAayecTBe HEKOTOpOR
XapaKTEePUCTHKH 3aBUCHMOCTH Mexay ca. B. X u Y, oHa Ha3uBaercs
kosapuayueii ca. B. X, Y u o6oanayaerca cov (X, Y). Ormerum, uto
-cov (X, X)=DX.

8.17. 3angaua. Eciu MX?2 u MY? koHeuHH, To xoHeyHo MXY n,
-cJefoBaTeabHO, onpeaenena cov (X, Y).

[Caenyer ua nepamencrsa 2|X|-|Y|<|X|2+|Y]|2]

8.18. 3agaya. Bueectu dopmyay cov(X, Y)=M(X—MX)(Y—
—MY)).

[M(X—MXYY —MY)=M(XY —YMX—XMY + MXMY)=MXY —
—MY -MX—MX MY + MX.-MY = MXY—MX-MY ]

8.19. 3anaua. [Tokasats, 4to AAs JWO6LIX NOCTOSIHHBIX a, b, c,
d cnpaseanupo paseHcTso cov(aX+b, cY+d)=accov(X, Y).

[cov(aX +b, cY +d)y=M(((aX +b)—M(aX +-b))(cY 4-d)—M (cY +d)))=
=M(a(X—MX).c(Y —MY))=acM (X —MX)-(Y —MY)).]

Kax BuaHo H3 8.19, koBapnauus cjyyaHHHIX BETHYHH HE 3aBHCHT
oT BH6Opa HayaJa OTCYeTa, HO 3aBHCHT oT BeIGopa Macmrtaba npH
M3MEpeHHsX, NPHBOASAILIMX K paccMaTpHBaeMhHIM BeJHuynHaM. UToO6hl
NOJYYHTb XapPaKTEPHCTHKY 3aBHCHMOCTH, HHBADHAHTHYIO OTHOCHTEJb-
HO MacwTabHHX npeo6pasoBanuii, noaeaum Kosapuauuwo X, Y nua
(DX.DY)!2 [lonyueHHas xapaKTepHCTHKA Ha3nlBaeTc KO3ghpuyuen-
“TOM KOpPEeARYUU:

p(X, Y)=cov(X, Y)/VDX.DY,

Tosopsit, uto ca. B. X' =(X—MX)/VDX nonyvena ua ca. B X
‘HEHTDHPOBaHHeM (MaTeMaTHYeCKHM OMHA3aHHEM) H HOPMHpDOBaHHEM
(xopHem xBagpaTHHM H3 Aucnepcuu). Ma 8.19 purekaer, uto

p (X, Y)=cov (X*, Y*).
148



8.20. 3anaya. Busectu HepaBenctBo KowrH—ByHsKoBcKoro—
1l1sapna
(MXY)2<MX2.MY2,

TIPMYEM pPaBEHCTBO JOCTHI2eTcd TOTA2 M TOJBKO TOTA3, KOrxa c Be-
posTtHocTbio 1 aX(w)+bY(w)=0 AA HEKOTOPHX IOCTOSHHHIX 4, b,
He paBHHX HYJX 0JHOBPEMEHHO.

{Iyers a, b — nekoTopule nocrosuuue. Torga

0<M(aX+bY)2=a?MX2+ 2abM (XY) + b2MY2

Pacemarpusas Bupaxkenwe crnpaBa npu MX2>0 xak KBaAgpaTHHA
‘TPEXYJIEH N0 4, BHIBOJHM, YTO €ro AHCKPHMHHZHT HEIIOJOXHTEJNEH:

4(MXY)2—4MX2. MY2<0.

K TakoMmy e 3aKJIOYeHHI0 MBI npHxoAuM, ecan MY2>0. B cayuae,
Korna MX2=MY2=0, cn. B. X(w)=0, Y(w)=0 c BeposTHOCcTBIO 1, K
HEepaBeHCTBO TpHBMaibHo. Pasenctso (cM. 8.16) P(w:aX(w)+
+bY(w)=0)=1 npu a?+52>0, MX2+ MY?2>0 oanazaer, 4TO KBaA-
PaTHHHE TPEXUJEH HMEEeT KOPeHb. 3TO IKBHBAJIEHTHO PaBEHCTBY HYJIO
JAMCKPHMHHAHTA. |

8.21. 3angaua. Busecru ua 820, wro J|p(X, Y)|<1, npuuem
[p(X, Y)[=1 toraa u TOMBKO TOrA2, KOrAa c BepofTHOCThIO 1
aX(w)+bY (w) +c=0 a8 HeKOTOPHX NOCTOSHHHX a, b, ¢, a?+b2>0.
(ITpeanoaaraercs, uto DX, DY>0, 1. e. koapHuUHEHT KoppeasilUHK
«OTpejieJieH.)
[Ioacrasass s 8.20 X*, Y* smecro X, Y, nonyuaem

p(X*, Y*) <1, X*=(X—MX)[YDX, Y*=(Y—MY)/YDY,

npHYeM PaBEHCTBO MMEET MEcTO, KOTAa NpPH HeKOTOpHXx a, b, a?+
+52>0 c sepostHocThio | aX*(w)+bY*(0)=0, T. e. a(X—MX)+
+b(Y—MY)=0]

OnHo ¥3 HanpaBJeHHil B TEODHH BEPOSTHOCTEH H3ydaeT CcJaydaft-
Hule BeJIMYHHE Ha BepOATHOCTHOM npocrpaHctBe (Q, %, P) kak aJne-
MEHTH JIHHEHHOTro NpocTpaHcTBa QyHKUMHE Ha Q ¢ HOPMOK

1 Xll= (MX2)12,

‘OnpefeseHHON s MHOXecTBa / Bcex cayuaiHeix BenwuuH X(w) c
KOHEYHHM MaTeMaTHUECKHM OXHAaHHEM KBajaparta. [IpM 3ToM OTOX-
JAectBasem gawob6ue ca1. B. X(w), Y(w), a1a xoropux || X—Y|=0, T. e.
P(w:X(0)#Y(w))=0. B H onpeaensior ckajispHOE NPOHIBEJAEHHE

X, Y)=MXY, [X|2=(X, X),

KOTOpOe, OY4EBHAHO, YAOBJETBOPSAET HEOOXOAHMEIM CBORCTBaM:

1. (X, X)>0, npuuem || X||=0+>P(0: X (0)=0)=1;

2. (X, Y)=(Y, X);

3. (@1 X+ a5Xy, Y)=a,{X,,Y)+a,{(X,, Y).
Paccrosuune [[X—Y| mexny snementamu X, YeH naausaercs cped-
sexsadparuueckum paccTornuem mexcdy ci. 8. X (w), Y (o).
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Ko3¢pdunuest koppenauuy
p(X, Y)=(X—MX, Y—MY)/(IX—MX| . |Y—MYI)

mexay cia. B. X, Y uMeer reoMerpHuecKM#f CMBICJ KOCHHyca yriaa
mexay sekropaMu X—MX u Y—MY. Ecau p (X, Y)=0, To Bexrops!
X—MX, Y—MY oprozonansuet, a ca. 8. X(a), Y(w) HazuBaT npu
3TOM HeKoppeauposaxwusimu. He3zapucHMHe cayualiHhle BeJHMUMHH He-
Koppeauposauk: MXY=MX.-MY, o6pathHoe B ofweM ciyuae Hesep-
Ho. Hanpumep, aasg ca. n. X, pacnpeaeneHHoit no cTaHaapTHOMY Hop-
MaJbHOMY 3aKoHy, MMeeM MX=MX3=0, rtak uro M (X . X?)=MX?=
=0=MX-MX? y X, X? Hexoppe/nUpOBaHbI, XOTH M CBA33HH (PYHKIHO-
HanbHOM 3aBucHMocthio. Ilpu |p(X, Y)|[=1 cn. B. X, Y cBA3auun nu-
HEHHOM 32BMCHMOCTBIO, 2 B NpoMexyrodHoM caydae 0<ip(X, Y)|<
<1 mexay X u Y umeercs cBf3b, npu 3TOM Ko3poduuueHt p(X, Y)
XapakTepH3yeT Mepy JiMHeHHo#t cBf3u Mexay X u Y

8.22. 3apaua. Haitth kosdpdunresTn a, b U3 yclIOBHA MUHHUMY-
Ma cpPelHeKBaAPaTHYECKOro PaCCTOAHUA IIY— (aX+b)Il.
[Beiay 8.3 muuumym no b smpaxenus M(Y—aX—b)? nocruraercs
np¥ b=M(Y—aX)=MY—aMX. Tlonaras Y,=Y—MY, X,=X—MX,
NepenyuieM pacCMaTpHBaeMOe BHPaXKeHHE B BHIE

‘M(Y,—aX,)*=MY;—2aMX,Y, -+ a*tMX3.
YCJIOBHE MHHHMYMA IO @ AdeT

a=MX,Y,/MX3=cov(X, Y)/DX, b=MY—aMX.]

Cn s, Y=aX+b — Gauxaitwas K _cn. 8. Y nunefinas Qyuk-

uus or ca. B. X. T'osopaTt, uro dopmyna V=aX+b paer Haunyw-
Wy a cpednexsadpaTudHoOmM auHelnywo oyenxy ca. 8. Y. Ecau ca. B.
X Moxer 6HITb M3MEPEHa NDK NPOBEAEHHMM ONKITA, a CJl. B. Y He Jo-
HNYCKaeT HeNoCPEeACTBEHHOro HaG/II0eHMHA, HO 3aTO H3BECTHH BEPOAT-
HOCTHHE xapakTepucTHiy MX, MX2 MY, MY2 MXY, 1o ¥ cayxur
OLEHKO} ANA Y, BHIYMCIEHHOH IO pe3y.bTaTy Haé'nop.enuu 3a ca.8. X.

Ilpy reoMeTrpHueckol HHTEPNPETALMH BEKTOD Y=aX+b wnai-
Adexunit B 8.22, npeacrasaser cofoit npoekuMio BekTopa Y Ha JHMHEH-
Hoe nmoanpocrpaxcrtso B f1, natanyroe na sektopu X, 1. Kospouuu-
eHTH @, b MOXHO GHJO 6n MO3TOMY HAaUTH H3 COOTHOLIEHHE OpTO-
FOHaJbHOCTH -

(Y—aX—b, Xy=0, (Y—aX—b,1)=0,
HJH
T. €.
MXY —aMX2—pMX=0, MY—aMX—b=0,
OTKYAA

b— MY —aMX, d— (MXY —MX -MY)/(MX*—(MX)").
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3anucap Y=Y+ (Y—7), umeem npeacTasiende ci. B. Y B BuUje

CYMMHl cJa. B. Y, JuHeltHO Bhpaxawomeiics yepes X, ¥ ca. B. Y —Y,
HekoppeauposauHo# c¢ X. B 4acTHOCTH, A4S UEHTPHPOBAHHHX K
HODMHDOBAHHHX ca1. B. X*, Y* umeem

Y'=p(X, V)X  u V' =p(X, Y)-X"+(Y"—p(X, Y)-X").

8.23. 3axaua. Bupectu creayiomyn GopMyay AHCOEpPcKHH CcYM-
Mbl CJAy4YaHHBIX BEJHYHH:

DX, +...+X)= Y. DX;+2 T cov(X, X))
i=-1

(1<i<i<nl

B yacrHocTH, ecan ca. B. X, ..., X, nonapHo HeKOpPPEJHPOBAHH, TO
ZIMCIEePCHs CYMMbl PaBHZ CYMME OQHCHEDCHE.

[Beuny 8.14, 8.19 moxuo noaoxute MX,=0, i=l, ..., n (3amenus
X; na X;—MX,), Tax uto

DX, + ...+ Xp)=MX,+... + X =M ¥, X, X,=
{iu f}

=Ymxi+2 ¥ mx.x,.]
{1 {i<n

8.24. 3anaua. Buyucaute AMcnepcHH GMHOMHAJABLHOrO K THIEp-
TEOMETPHYECKOTO pacrnpenesieHui, HCIOJb3ys MpEACTABJEHHN COOT-
BETCTBYIOIIKX cAy4aiHLIX BeJHUUYHH B BHAE CYMMH. '

[(I) Bbunomuanenas ca. B. Sa=X1+...+ X, e X;, i=1, ..., n, —
He3aBUCHMble HHAMKATOPH, P(w:Xi(w)=1)=p, (=], ..., n. UMeem

MX,=p, MX1=p, DX,=p—p%, DS,=np(1—p).

(II) Tunepreomerpuueckast ca. B. S, — 4YHCJIO KPACHHIX WAPOB B BH-
‘Gopke 6e3 BO3BpalleHHH K3 ypHum obbema N ¢ M kpacHmmu wapa-
MK — npeacTtaBEMa B BHAe cyMMmbl X|+...+Xn rae X; — uHAuKa-
TOp cOOLITHA, 4TO [-i BHITAINEHHHWH AP KPacHHE. Jlerko BHIETh,
4TO

Plo:Xi(w)=1)=M/N, P(o:X;(0)=X;(0)=1)=
—M(M—1)/ (N (N—1)),
OTKYAa
MX;=M/N, DX;=(M/N)(1—M/N), cov(X,, X,)=MM—1)/(N((N—1))—
—(M/NY:, DSp=n(M/N)(1—M/N)+n(n—1)(M(M—1)(N(N—1))—
—(M/NY) = (M/N) (1—M/N) (1 —(n— 1N —1).]

8.25. 3anaua. Hcnonpays HepasencrBo Uebumepa u 8.23, B-
‘BECTH 33KOH GOJbIUMX yKcesa B ¢opme: nycts ca. B. X|, X3, ... Heaa-
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BHCHMbl M HMEIOT OZHH2ZKOBbIE CpPEJHHE H JHCIEDCHH, TOTAa NPH N—>-
—o00 ¥ 1106o0m >0

P(o: |[n (X (0) +...+Xn(0))—MX,| >e) 0.

[Tax xak D(X,+...+X,)=nDX,, To ouerka cBepxy AJS paccMar-
pHUBaeMoil BEpPOSTHOCTH B HepaBencte YeGuimeBa pasHa DX,/ (ne?)—
—0 npu n—oo.]

B s3KkcnepuMeHTanLHWX Haykax cpeaHee apudMeTHUECKoe Y=
=n—'(x,+...4+xs) H3 pe3yabTaToB X, ..., Xn [OBTOPHHIX H3Mepe-
HHH# HEKOTOPOH BEJIHUYHHHI 4 PAcCMAaTPHBAKT Kak 6oJiee TOYHOE INDH-
6NMKEHHE K HCTHHHOMY 3HAYEHHIO g 3TOH BEJHYHHAHI IO CPABHEHHIO C
OTAEABHBIM H3MepeHHeM. BepofiTHOCTHAS Moaenb H3MEpPEHHH faeTcA
[I0CJI€10BATEABHOCTBIO €. B. X|, ..., Xn. Eclu H3MepeHHS He coaep-
AT CHCTEMATHUECKOH OIHOKH, T. €. OTKJOHEHHe X;i—a oObAcHAeTcA
YHCTO C.IyuYaHHBIMH NOTPCUIHOCTAMH, TO CAEAYET [PEeANOJOXHTb, 4TO
M (Xi—a)=0, 7. e. MX;—a. Ecn1# k TOMy Xe H3MEDEHHS HE3aBHCHMAI
H oauHakoBo TouHm: DX;=0? i=1, ..., n, To 3bY 8.25 noasonser
O6LACHHTh IKCIEPHMEHTAIBHO HAabMI0aeMyl0 3aKOHOMEpPHOCTb O cTa-
6unM3anuH ¢ POCTOM N cpeAHHx apudmeTHueckHx X=n"'(x;+...+
+Xn) B6iM3M a. KauecTBO NPUGIMIKEHHS K a4 OUEHKH S (X, ..., Xa)=
=X OPH KOHEUHHIX N MOXHO XapaKTepH30BaTh HepaBeHCTBOM Yebnl-
meBa

P(o: |S(X,(0), ..., Xn(w))—a|>e) <e2DS=e—20?n",

OLGHHBAIOIHM CTENEHb KOHIEHTPAllHH paclpelesNeHHs BEepofTHOCTeH
c1. B. S(Xy, ..., Xa) BOKpYr TOUKH a. ITa OUEHKA NPAMO 3ABHCHT
ot aucnepcun DS, u, Takum o06pa3oM, TOYHOCTb NPHUOIHKECHHA
S(xy, ..., Xn) = O MOKHO oUEHHBATh ofAHMM uncioM DS. Kak noka-
anBaeT clIEAyHOLlas 3a7aua, He Bcerga cpeaHee apHthMeTHIEcKoe H3
Ha6MIONEHHH — HAHJYYLIHA crnocob HCNONbL30BaHHA AAHHBIX AAS ole-
HHBAaHHS MaTEMaTHYECKOro OXHIAHHSA.

8.26. 3anaua. Cn B. X), ..., Xn HE33aBHCHMH H DaBHOMEDHO
pacnpeaenesnl Ha otpe3ke [0, 8], Xm=max(X,, ..., X»). Ha#tu
MX(ny, DX(n).

[®. p. Fa(x) cn. B. X(n) ¥ €€ NIOTHOCTb fn(X) paBHHI

Fn(x)=(x/0)", fa(x)=0-"nx""!, 0<x<8,
OTKyaa

0
MX = [ 28 "nan—1 dx =01 —1/n), MX%yy=6%n/(n + 2),
1]

DX (n) = MX ) — (MX () = 6*n/((n +2) (n+ 1)%).
Orciona creayet, 4to cl. B. Ya=2"1(1+41/n)"'X(n) umeer cpensee
MY,.=0/2=MX,,

T. e. oueika 2-1(1+1/n)~'max(x,, ..., X¥a) BenHuunu 0/2 — wmare-

152



M2THYECKOTO OXXHAAHHA OTAEJbHOrO H3MEpEHHS, JHIUIeHa CHCTEMATH-
yeckoR omnbGku. Ee qucnepcus paBHa

DY,=2-2(1+ 1/n)~2DX =02/ (4n (n+2)).

Cpennee apupmernueckoe n'(X,+...+ X,) uMmeer AHcnepcHio
8 8
n=1DX, = n— ([ w007 dx—({ 267" dx)*) = 69(120).
0 0

‘OTHOWEHHE
DYA/D(n ' (X +...+Xa))=3/(n+2)

‘MeHbiue 1 npu n>1 u crpemurca K 0 npu n—+o0.]

8.27. 3anaua. JlonycTHM, YTO BpEeMeHa A0 OTK23a f MAEHTHU-
HHEIX HM3JeNHu#, MOCTABJEHHHX Ha HCNHTAHHA, NPEACTaBJAAIOTCH n He-
3aBHCHMHMHK ca, B. X, ..., X, HMEGIOWMMH I[OK23ATEJLHYID ILJIOT-
#octs Ae™*, x>0. [IpeAnosoX®M, 4TO HCHOHITAHHA MPOAOJIKAKTCH
A0 r-ro oTKa3a (r<n), Tak 4UYTO pe3yabTaTh HaGJIOAEHHH MOXHO
ONHCATh MOPAAKOBHIMM cTaTHCcTHKaMH X <Xg<...<X(y (X —
IPOAOJXHTEILHOCTh pabOTH H3fenus, OTKa3aBIIero 1o MOPHAAKY i-M).
PaccMOTpHM Kiacc OUEHOK HeH3BecTHoro 3HaueHus A~'=MX,, umero-
mHux BHA €1 X(y+...+C-X(ry ¥ YAOBIETBOPAIOIIHX YCJOBHIO HECMEUEH-
HOCTU:

M(C[X(|)+...+CrX(r))=}\-—1.

HaliTv B 3TOM Kaacce OLEHKY ¢ MHHHMAJbHOH [AHCHEpCHER, I0Jb-
3ysch TeM, 4To ca. B. Yi= (n—i+ 1) (Xiy—Xu—n), =1, ..., n, Xg=
=0 He3aBHCHMH M HMEIOT I[OKa34aTEJbHYK ILIOTHOCTL Ae~™*, x>0
(cMm. 4.17). '

[Ouenky moxHuo uckars B Buge U=a,Y,+...+a,Y, Hmeem

MU=VA""ag,+...4a,), DU=A""(@ai+... +dd.

Munrumym BuipaxeHus ai?-+...+a,2 npu ycrosun a;+...+a,=1 go-
CTHraercsl NpH a;=...—a,=1/r, TaKk YTO ONTHMA/JbLHAA OLEHKZ HMEEeT
BUA

U=r ¥ (n—i+ ) (Xp—Xen)=r— ¥ (a—i+ 1) Xy—
=1

i=1

—r Y (—i+ ) Xy =r ¥ Xy +r-1 (1—r) X0,

=1 1=l

Taxum o6pasom, U npeacrasaser coboit NHHEARYIO $YHKUHIO N0AKOL
napaborku Xoy+. ..+ X+ (n—r) X(n.]

Koneunyio nocaegosarensHocTs ca. B. Xi, ..., X, GuBaer yao6HO
paccMarpuBaTh KakK BekTop X= (Xi,...,X;) co clyuya#iHHIMH KOMIO-
HeHTaMu, Maremaruueckum oxuoanuem clyyafiHOro BEKTOpPAa HA3H-
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BaXOT BEKTOD, COCTABJIEHHRIH H3 MaTEMaTHUECKHX OXHIAHHA €ro KoM-

IIOHEHT.
MX=(MX,, ..., MX,).

Koesapuayuonnod marpuyed sextopa X (unuw Habopa ca. B. X, ...
..., X7) Ha3WBAOT MATPULY

Rx =ilcov(X:, X;), I, j=1,..., nl.

O6pamenne co cAyuaiHWMH BEKTOPAaMH YNPOUI2ETCH, €CJAH HCNOJb-
30BaTh annapar MmartpuuHo#t anre6pu. C 3To#l Leanio onpegenHM Ma-
TEMATHYECKOE OXMHAZHHE MATPHUL M3 CJYYaHHHX BEJUYHMH KaK Mar-
pHUy, 06pa30BaHHYI0 H3 MaTeMaTHYEeCKHX OXHIA2HHH ee KOMIIQHEHT:

M|Z;, i=1,...,m, j=1,...,nl=
=IMZ;;, i=1,...,m, j=1,...,nl.
Torna KOB2pDHAULHOHHYIO MaTpHLY MOXHO NPpEACTABHTL B BHIE
Rx =M ((X—MX)’(X—MX)),
rape WTpHX odo:«maqaer Tpaﬂcnomlpona}me, TdK YTO
(X—MX)’ (X—MX) =[l (X.—MX,) (X,—MX)), i, j=1, ..., nll

€CTh NPOM3BEJEHHE MATPHUL-CTONOLA HAa MaTPHLY-CTPOKY.
8.28. 3angava. Ilyets Z, V — cayuahnsle MaTpuun, A, B — no-
cTosiHHbBle MaTpHUH. [loka3aTs, uto

M(Z +V)=MZ + MV, M(AZ)=AMZ, M(ZB)=(MZ) B,

rae pasmepHocTH matpuu Z, V, A, B npeanonaraloTcs cOr1acoBaH-
HRIMH:

[M (AZ)=M {1 r Ay "= ”M )" pZy; H=
(&} ! (k)

=Y Mz, [=lan I M2y | = A-MZ.|
(k)

829 3anaua. Busect tdopmyay Rx=M(X'X)— (MX’). (MX).
[M (X —MX)' (X—MX)) =M (X'X—X'MX—(MX") X +MX’ MX) =
=MX'X—MX'MX—MX'MX+MX'MX=MX'X—MX'MX.]

830. 3angaua. [lokazaTs, uTO
Rx 2 =Rx, Rxa=A'Rx4,
rie a — NOCTOSHHHIT BeKTOp, A — NOCTOSAHHAA MaTpHUA.
[Rxa= M ((XA) XA)—M (XA)' M (XA) = M (A'X'XA)—
—M(A'X')-M (XA)=A'M (X'X) A—A'MX'MXA= A’ (MX'X—MX'MX) A.]
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8.31. 3apgauya. [loka3aaTh, YTO MaTPHUA KOBapHAUKH CHMMETDHY-
‘Ha ¥ HEOTPHLATEJLHO ONpeje/eHa.

[Zc,-c,cov(x,, X)= ZCOV(C‘-X‘, c,-X,):DXc,X,-}O. OtmeTnM,

.0 . i }
4TO €C]IM MaTpHUa KOBAapHAUHW BLIPDOXKAEHA, TO HAHAETCH HEHYJEBOH
BekTop (€, ..., ca)=¢C, 4to D(cX’)=0, 1. e. cX'=M(cX’) c BeposaT-
HOCTBIO ). 3TO 03HAYaeT, YTO COBMECTHOE pacnpeje/leHHe BePOATHO-
«cteit ca. B. Xy, ..., Xn COCPEAOTOYEHO B HEKOTOPOM JHHEHHOM IOA-
npoctpancrse B K" (paamepHocTe <n).]

832 3apgaya. Ca B. (X}, ..., Xa)=X HMEIOT HEBBIPOXAEHHYIO
MaTpuuy Kosapraumni. Bmsectu u3 8.30, uTo cywecTsylT OpTOro-
HaabHag MaTpuua C ¥ HEBHpOXKAEHHA® MaTpHua A, Takue, yTO CJIy-
yaiHuR Bektop (Y), ..., Yn)=XC muMeeT HeKOppe/NHpOBaHHHIE KOM-
NOHEHTH, a cayuaiuuid sektop (U, ..., Un)=XA umeeT exuHHuHyO
MaTpHLy KOBapHalHi.

[Kak H3BeCTHO, CHMMETDHYHYIO MAaTpDHLY MOXHO NPHBECTH K AHaro-
HaJlbHOM ¢dopme
CR:: C'=A

€ NOMOWILIO NOAXOASLIEHR opToroHaasHOX Matpuuw C (C'C=CC'=I).
Ecnr Matprua Rx HeoTpHuarelbHO ONpeAesneHa, TO Ha JHArOHAaJH
MaTpHUL .\ CTOST HeoTpHUATeAbHHe 4YHcaa A;>0, i=1, ..., n, ecan
Rx K TOMy e HeBWpOXKJAeHa (NOJOXKHTEIbHO Onpejel]eHa), TO BCe
2:>0,i=1,...,n. Ilonarag Y=XC’, uaxonum 13 8.30

RY = (CI) 'RxC'ZCRxC"—:A.

JdoMHOXK a8 NnoJyYeHHOE COOTHOIIEHHE cJeBa K CNpaBa Ha AHAaroHaJb-
Hylo MaTpHuy A2 (c 3anemesTamu 2,72, i=1,...,n, Ha TrJaBHOH
JAHArOHAMH), HOJYYAEM

A-12RY 12—,

T. €. BeKTop YA~'2=U HMeeT eqHHHYHYIO KOBaDHAUHOHHYIO MaTpH-
uy. Takum o6pasom, U=XA u A=C’A~'2 yposnersopser TpeGoBauu-
siM 3anaun. CootHowenne X=UA-! nokasniBaer, YTo B YCIOBHHX 3a-
payy BeKTOp X MoJyuaeTcs JHHeHHbHIM npeobpa3oBaHHEM H3 BEKTOpa
U, KOMIIOHEHTH KOTOPOTrO HEKOPpPEJHPOBAHH K HMEIOT eJMHHYHhIE
AHCIEPCHH. |
8.33.* 3axauva MarpHua koBapHauui cia. 8. (X, ..., X,)=X
umeer paur m<n. Iloka3ats, uyTto cywectayer Bektop U= (U|, ...
.» Un) c eIMHMYHOH KOBapHaUHOHHOM MaTpHUeH, TakoH, 4TO
nonyuaercs u3 U anne#noiM npeo6pasosanveMm X=UB+b (c mar-
puuei B paura m).
[Kak » B 8.32, Haxoqum opToroHansHyw Mmartpuuy C, Takymwo, 4TO

CR C'=A,
rie MaTpuua A AMaroHaabHa ¢ YHCAAMHE Ay, ..., Am>0, Ame=...=
=An=0, Ha rnaBHOH Auaronann. Bektrop Y=(Y;, ..., Ya)=XC’ nme-

€T MaTpHuy KoBapHauui A, tak ytro DY,=A. u, crenosarensHo, Yi=
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=MY,, k=m+1, ..., n, c BepoATHocTbIO 1. Bea orpanuyeHus oO6uIHO-

ctH nonoxXumM MX=0, tak gro MY=0 n Y,=0, k=m+1, ..., n, ¢
sepofTHocThio 1. TakuM o6pa3oM, HMeeM

X=Y(C)'=YC=(Y,, ..., Yn, 0, ..., 0)C.
O6o3nauumM Cmn MaTpHly, 06pa3oBaHHyld H3 C BHYepKHBaHHeM IIO-
ClIeHHX n—M CTPOK, a Am — JHATOHAJbLHYX MAaTpHLY MOPHAAKA M
C 3JeMEeHTAMH A, ..., Am HA rJaBHO# AuaroHanu. Bexrtop (Y, ...
.., Ym) uMeer MaTpuuy xoBapHauui Am, sextop (Uy, ..., Un)=(Y},...

Y An'"? umeer €AMHHYHYI0O KOBADHALHOHHYIO MaTpHLY, TaK 4TO
X =(Yu ey Ym) Cm.n= (Up ceay Um) A'lnﬂ Cm.n = UB-

yTo M TpeboBajsoch ycraHoBATb. OTMETHM, YTO M3 COOTHOLIeHHR X=
=UB caexnyer, uTo c BepoATHocThio 1 BekTop X JEXHT B NOANPO-
crpanctBe L B R”, nopoxaenHoM crpokaMH Matpuun B (npr MX=
=0, a npp MX=£0 pacnpegesneHHe BepOATHOCTEll COCPEAOTOYEHO Ha
THIIEDIJIOCKOCTH, noiyuyaemoi casuroM L Ha Bektop MX). Bosnee TO-
ro, ecau AONYCTHTb, YTO pacnpefeseHHe BepofTHocTed Bekropa X
COCPEIOTOYEHO B HEKOTOpoM mnoanpocrpaHcrBe L’=L, L'+#L, To,
B3AB Kako#-1H60 HeHynemso# Bexrop aeL, oprorosasbHui x L',

HMeeM
0=Xa’=UBa’

¢ BeposTHocThiO 1. OTkyna
0=D(UBa’)=aB’Ba’= (aB’) (aB’)’,

YTO NPOTHBOPEYHT NPEANOJOMKEHHIO, UTO MaTpHua B uHMeeT paur m,
NOCKOJIbKY AJIMHA HEeHyJeBoro Bektopa aB’ okasanach paBHoOR HyJO.]

8.34. 3anava. Cnyvaitune Bexkropn X=(X;, ..., X») B Y=
=(Y,, ..., Ym) nexoppesuposansi, 1. €. cov(X; Y;)=0, i=1, ..., n,
j=1, ..., m.Tlokaaars, uto Bektopu XA u YB, rae A, B — HekoTo-
phle NOCTOSHHHE MATDPHIE!, TAKXE HEKODPEJIHDPOBAHH.

[Ans nw6ux sexTopos a=(ay, ..., aa), b=(by, ..., bm) HMeeM

cov(Xa’', Yb')= Zaibi cov (X;, Y))=0.]
{t./1

8.35.* 3anaua. [lycts cayuaidumit Bexkrop X= (X, ..., Xn) nme-
€T KOBapHalHOHHyI MaTpHuy padra 0<m<n. I[loka3atb, uTo AR
HexoTopux 1<ij<...<im<n cn. B. Xi, ..., Xi, HMEOT HEBHPOX-

JEHHYI) KOB2DHALHOHHYIO MATpHIy, a OCTaJbHHEe KOOpPAHHATH X;
BexTopa X JHHeHHO BHpa)kawTcA (c BepoATHOCThIO 1) wepe3 X, ...
Xi,.

[ITepecrasnm koopauHaThl BekTopa X TakHM o6pa3doM, 4ToOH YyrJjo-
BO# MHHOp nopaAaka m matpuubl Rx Oua nosnoxurened. Iloxaxem,
YTO B 3TOM cJyYae TpeGOBaHHAM 3ajay¥ YAOBJeTBOpHeT Habop HH-
aexcos ir=R, k=1, ..., m. Bo-nepsuix, MaTpHlla KoBapHalK# BEKTO-
pa (X1, ..., Xm) nonyuaercs u3 Ry BHUEpKHBaHHEM NOCAEIHHX n—



—MmM CTpOK H cTos610B H, CAEJ0BATEJNbHO, HEBLIDOXJAEHA. lIa.nee 3a--
MMHALIEM

D(alxl+ LA +amxm _+_ am—rtxm+i)= aRxa’!
a=(a;, ..., 8, 0, ..., 0, @nyi, 0, ..., O)=R"

Ilpeanonoxus, uto aaf mioboro BekTopa a+#0 yxasaHHoro BHAA
aRx a’+#0, Mu OW HMEJH IOJIOXHTEJLHO ONpEeJeHHYI0 KBaAPaTHU--
Hyio GopMy, cOCTaBJEHHYyK H3 noaMaTpuusl Rx paamepa (m+1)X
X (m+1), uero He MoXeT OuiTh, T2k KaKk Rx umeer parr m. Caeno-
BaTeJaBHO, AJA HeKoToporo a=(aj, ..., @m, 0, ..., 0, @m4s, 0, ..., 0)#
#0 umeem aRxa’'=0 u 0, X, +...+a2mXm+Amy1 Xmy=const ¢ BepoAT-
Hoethio 1. OcraeTcA 3aMeTHTh, 4T0 @m+i7#0, Tak kak HHadge cJa. B.
X, ..., Xm O6ujH 6 JHHEHHO 3IABMCHMH H HX MAaTpHLA KOBapHAUMMH
0K23aj1ach G BHPOXXJAEHHOH, |

8.36.* 3agaua. [lonycTHM, 4TO MaTeMaTHYECKOE OXHIAHHE H’
KOBapHAaLlHOHHAA MaTpuua cayyahsoro Bextopa X=(X,, ..., X.) #3-
BecTHH. [TocTpouTh aunedHyo ouenky Xpo=a,X;+ ...+ a1 Xn 1+
+b cn. B. X, Hauayuwylo B cpeJHEKBaADAaTHYECKOM CMBICJe:

M (X,— X,)*= min, npeanoaaras, 4To Rx HeBHpOXJAeHa (cp.
8.22), :

[Beuay 8.3 munumym 1o b cpenHeXBajpaTHYeCKOro PacCTOSHHSA'
(M (X,— X' nocturaerca npub=MX,—aMX,— ... —a, 1 MXp_1,.
Tak 4TO Janee npeanoJoXxuMm, uto MX;=0, i=1,...,n. Tuddepen-
LHPYA 1O 4y, ..., dn_) BHPAXKEHHE

M(X,— X2 =(Xp—a,X,—...—8n 1 Xn1, Xp—0,X;—...—n 1 Xn_1)=

=¥ aa, (X;, X)), ana=—1, (X;, X;) =MX.X;
{i.j}
¥ NPHPAaBHHBAafd HYJKO NpPOH3BOAHHE (AM60 cpasy 3anmuCchHBag Yclo-

BUA OpTOroHaibHocTH Bexktopa X, —X, X K2XZOMy H3 BEKTOPOB:
Xy, ..., Xn—), nonyuaem

(Xnr X)—ay (X X)— ... —8n1 (Xny, X;)=0, i=1,..., n—1.
Mycts Rx=lry, i j=1, ..., nll, Q=Hqy, & j=1, ..., nll=Rx',
A — onpeaenutenr matpuusl Ry, Ai;j — aareGpanueckoe gonoJHe-

HHe 37eMeHTa ri; B R x. Pemas snuneiiHyo cucremy no npasuany Kpa--
Mepa, HaxXoQuM

ryi ri—-y Iy ry i+ rin—1 ryy ryn— |7t
q=l T
m—11..-Tn—1i—1 Tn—1n rmn—1i4-) - .. Tn—1n—1 | |Tn-11.-. Tn—1n-1
= — Aui/Ann = —(An & W(AnnA ™) = —GnilGnn,
Xon=—(@n/qn) X1— . - - —(Gnn—1/Gns) Xn1]
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§ 9.

YCJIOBHOE
MATEMATHUYECKOE O)XXUJAHHE

IMycts (2, #, P) — ocHOBHOe BEpPOATHOCTHOE MPO-
crpancrBo. das awboro cobutus A, P(A)>0, ¢yHkuus MHOXKecTBa

PA(B)=P(AB)/P(A)

o6ragaer BCEeMH CcBOMCTBAMM BeposTHocTHOH Mepn (Pa(Q)=l1,
P4 (B)=1—Pa(B), Pa(B) cueTHO-afAMTHBHA) ¥ HA3bIBAETCH YCJOB-
HOH BEpOSTHOCTHOH Mepofi npu ycioBuu cobumtus A. BeposiTHocTHOE
npoctpancTBo (2, %, Pa) paccMarpuBaeM Kak BCIOMOraTeJqbHOE IO
OTHOIIEHHIO K OCHOBHOMY npoctpanctBy (Q, #, P). Onepauurwo mare-
MaTHyeckoro oxuganus B (Q, #, P,) oboanauum M,. HanoMmuuwm, uro
gedcTBuTebHAS GyHKIMA X(w) — cAydyadHAa® BeJHYHHA, €CJd AJH
Jai06oro npomexyrka /s MHoxectBo {w:X(w)E/l})=H#. Sto o03Ha-
yaeT, 4yto cJ. B. X(w), 3a72HHa® Ha OCHOBHOM BEPOSITHOCTHOM IIpoO-
CTPAHCTBe, TaKXXe HABJIAETCH CJAY4YaiHOH BeJMYMHOH HA BCIOMOraTefhb-
HoM mnpoctpanctee (R, %, Pa). Maremaruueckoe oxuganne MqX
c1. B. X(w), paccMarpuBaemon Ha (Q, %, Pa), nassiBaercs ycaos-
HblM martemaruseckum oxudanuem ca. 8. X(w) Ha (Q, &, P) npu
ycaosuu cobuirun A. Hapaay ¢ MaX ynorpebasercH o6o3Hauenne
M (X|A). IlockoabKy yCJOBHOE MAaTEMAaTHYECKOE OXWTAHHE OMNpeje-
JfeTcs udepes oObdHOe, OHO M of1agaeT BCEMH CBOHCTBAMH Mare-
maTtuyeckoro oxuaanug. OGHYHO HMHTepeC NpEACTaBJAET He OTAEeNb-
Hafl ycJOBH2a® BEPOATHOCTHAas Mepa P.s, a2 COBOKYNHOCTb YCJOBHHIX
seposiTHocTedt Pa, i=1, 2, ..., rae {4, i=1, 2, ...} — pa3buenue
npocTpancTBa Q (uaM, wHaue, nonaHas rpynna coOuruit). CooTsercT-
BEHHO HMCEM COBOKYNHOCTb YCJOBHHIX MATEMATHYECKHX OXHIAHHA
M(X|A:) cn. 8. X.

9.1. 3axgava. BuBectn o¢opmyny M(X|A)=M(X/.)/P(A) 8
npeanonoxeni, uto M (X/4) xoHeuno.

[M(X|4)=lim 5‘ kn—'P,(0: kn—!' < X (@) < (k+ 1) n—1)=

*k=—re

 =lim )" kn—1P ({0: kn' < X (0) < (B + 1) n—1} [V A)/P (A) =

A= b x

=lim Y, kn'P(o:kn' <X (0)/,(0) < (k+1)n—)P(A),
R0 p -
‘Tak Kax npu k#0
{o: b <X () <(k+ 1)} VA=
= {1 hnt < X (@) 4 (@) < (k+ 1) a1}
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92 3anaua. [Iycte cobutun A, ..., A, o6pa3yor (KoHeuHoe):
paaluerHe npocTpaHcrsa (2. BuBect dopmyay

= Y M(X|4)P(4),

i=1

npeanonaras, yto MX xoHeuHo.

[Tak xaxk |[XIa|<|X|, To ¥3 KoneuHocTh MX ciaexyer KOHEUHOCTb.
M(XI4) nns mo6oro coburtus A. Beps MmareMaruueckoe oxuaaHHe:
OoT o6eHx yacTed paBeHCTBa

X (o)=Y X (@) /4 (o)
=1

H npuMeHss 9.1, noayuaem TpeGyeMuil peayanTart.]
93. 3aanaua. [lycts cobutus A, Ay ... o6paiyior (cuerHoe)
pa3brende npoctpaHcTea Q. Busect dopmyny

=L_§.M(xui)=i§M(xm.-)P(A.-)

cHauana aas OHCKkpeTHoH cii. B. X ¢ koHeu’mM MX, a 3arem s
NIPOH3BOJILHOH.
[das puckpetnoit ca. B. X umeeM

MX=Y xP: X(@=x)=Yx $,P(u: X(@)=x14)=

) x} =1

— ):zxp(m X () I, (@)= x)= EM(XIA)

i==1 {x}

Ans npoussosanHo#t c¢a. B. X ofpaiyeM NOC.IeX0BaTENLHOCTb JHC--
KPETHHIX cJay4YaidHHX BeauuHH X (w)=kn—! npu kn'<X(w)<(k+
+1)n~1, Tak 4ro

MX = lim MX"™ = lim 2 M (X1, )= lim ZM(X""]A,)P(A)

n—»a n-—»x '_ n—»x l'__l

Tak kak |X™(0)—X(0)|<n?, 1o |[M(X™|A)—M(X|A:)|<n' u
| Y M AP () — T M(X[A)P(4) | <n ]
i=1 fi=l

94. [Tpumep (onTHManbHas HenMHedHas ouenka). [Ipeanono-
XKHM, YTO HaOnwaaercs AHCKpPeTHas ca. B. Y (MM Halop TaKHX Be-
aHuHH), 2 cl1. B. X ¢ MX2<oo nenabmonaema. Uiem OUEHKY cl1. B.
X no ca. 8. Y B BuAe npouasonbHoit pyukuur g(Y), Taxkoi, 4TO
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Mg (Y)2<oo. Ouenky )'Z:E(Y) Ha30BeM oOnrumaishol a8 cpedue-
K8a0paTUMHOM, eClIH

M(X—X)*=minM (X —g(Y)?*

10 BCEBO3MOXHEIM hyHKuuAM g (y).
[TpuMensn 9.3, umeem

MX—g()i=Y,M(X—g (") lwyw—n) =
(¥}

=Y M((X—g () Lwviw=n) =
()]

=2;M«X—g(y»'|{w: Y (@) =y))-P0: Y (©)=y).
{v

TlockoanKy nas nmﬁdro cobutun A
min MA (X—a)’ = MA (X—-MAX)E,
{a}

‘TO NPH KaXKAOM 3HAUEHHH y CI. B, Y ONTHMajbHas OLEHKa HMeeT
BHJ
E(W)=M(X|{w:Y (w)=y)) (P(w):Y(0)=y)>0).

Urak, onTHManbHad He/qHHeHdHA® oueHka jgaercs ¢yHkuueR £(y),
npeacTaBasolei cofoi NPH KaXKJAOM Y YCJOBHOE MaTeMaTHUeCcKoe
oxunaude cia. B. X npu ycaosHr cobutHs {0:Y(w)=y}. Oueuxa
8(Y) — cnyuaiinas senwunua, dyukuus or Y. Ee uasmBsawr yciaos-
HbLM MATeMaTUYecKuM OXUAQHUEM, WIK YcaoBHbLm cpednum ca. 8. X
npu ycarosuu ca. 8. Y, 1 0603nauaioT

g(Y)=M(X]Y).

(C TouxkM 3peHHS reoMeTPHH I'Hjb6epTOBa NPOCTPAHCTBA MHOMXECTBO
ca. B. 2(Y), Mg(Y)2<oo, obpa3yer 3aMkHyTOe JHHeHHOe MOANPO-
cTpaHcTBo B npocrpaHctse H Bcex cayuaiiubix BeqaumuMH Ha (Q, &,
P) c KoHeyHHM MaTeMaTHYecKHM OXHJaHMeM KBajapara, a M(X|Y)
npeacTaBiafeT cobodf npoekuHio Bektopa X Ha 3TO NOANPOCTPAHCT-

BO.)
95. 3angaya. Cun B. X, Y HeaaBHCHMB H HMeOT GHHOMHAJbHLIE

pacupeieNeHHs ¢ napaMeTpaMHM n, p H m, p cooTBercTBeHHo. Hafitu
M(X|X+Y) (ycnosHoe pacnpeneneHHe cM. B 5.4)
[Tak xak (cM. 5.4)

Pxia+y) (R[1)=Cr*Cn*[Clarm,
o (cM. 7.2)

M (X |{0:X (@) + ¥ (o) =1)) =In/ (n+m),
M(X|X+Y)=(X+Y)n/(n+m).

TlonyyeHHH# pe3yanTaT MOXHO HHTEPIPETHPOBATh CJEAYIOIMM 006-
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pasom. JonycTuM, uto H3BecTHo obwee uucao X+Y ycnexos B n4
+m ucnuranuax Beprynnu. Torxa Hauayymas cpeJHEeKBaApaTHY-
Has oueHKa yucaa X yclnexos B NEPBHIX 71 MCILITAHHAX — BEJHYHHA
(X+Y)n/(n+m), 1. e. nponopuKoHansHas gons oBlEro yucaa ycne-
X0B.]

96. 3anava. Cr. B. N ¢ uesnMH HEOTPHUATENbHWIMH 3HAYEHHS-
MM He 3aBHCHT OT NoOcJefoBaTeNbHOCTH ci. B. Xy, Xo, ..., Sv=X,+
+...+ Xy (Sv=0 npu N=0). [Ipeanonaras, uro MX;=a, i=], 2, ...
..., MN koneununl, Haity M (Sy|N).

[Bocnoasaosasmucs 9.1, aanumem

M(Sy[{o: N (0)=n}) =M (Sy/e:N(=m)/P (0 : N(0)=n).
Hanee umeem
M (Sylio:mwr=m) = M (Snli:N(w)-m) = MSn Mo voy—n) =
=naP (0: N(w)=n), M(Sy|N)=Na.]

OcraHosuMcs noapobHee na onpeieeHHH YCJIOBHOTO MaTeMaTHYe-
ckoro oxuaaHus. [1ycTh Ha BeposiTHOcTHOM npoctpanctBe (Q, &, P)
3agaun ca. B. XY, npuueM ca. B. Y nuckpersa (nubo B KauecTme

Y moabmeM HaGop aHckpeTHmix ca. B. (Yy, ..., Y.)). Bregem paabue-
e {A,}, Ay={w:Y(0)=y}, nopoxaennoe ca. 8. ¥ (unru naGopoMm
cayyaiinnix BenuuuH Y=(Y,, ..., Ya)). Onpedesum MatemaTuueckoe

oxuganue M(X|Y) dopmynoir
MX|Y)=2,M(X|Ay)-1a, (P(Ay)>0),

rae /2 — wmupgukatop cobutuf A. J{am cymecrsoBauus M(X|Y) ue-
06x0AMMO M HOCTAaTOYHO, 4TOOW npH J1060M Yy OO KOHEYHO
M(X]A,). Bto obecneunBaercs koHeyHocThio MX (cm. 9.3). Tocrex-
Hee ycJOBHEe NMpHHHMaercss 6e3 OroBOPOK BCAKHH pa3, Koraa peus Gy-
ZeT MATH 00 YCJIOBHOM MaTreMaTHYeckoM oxHuiaaHuu ca. B. X. Kak
BHAHO H3 onpeneneHus, M(X|Y) — dyukuus Ha Q, npHHHMalOLas no-
CTOSIHHRIE 3HAYeHHS Ha 3neMeutax pa3buenns {A,}:M(X|Y)=
=M (X|A,) npn w=A, MoxHo ckasats, uto M(X|Y) nonyuaercs
u3 X ycpenHenueM: 3HayeHus X (o) npu wsA, ycpeaHsiorcs no ye-
n0BHOH Mepe P4, M ycpeaHeHHOe JHaUEHHWe NPHHMMAETCS 32 3HAye-

u¥e ca. 8. M(X|Y) npu ns4,.

Poas ca. 8. Y npu onpenenennu M (X|Y) cmoaurcs x paabGuenuio
npocTpaHcTBa 2, MOPOXKAAEMOMY 3TOH cayuaiiHo# BeauuuHon. Ilo-
3TOMY HapAAY C NOHSATHEM YCJOBHOTO MATEMATHYECKQOTrQ OXHAAHHA
OTHOCHTEJNEHO CJaYy4YalilHOH BeJHYMHH MOXHO TOBOPHTL 06 YCAOBHOM
MATeMATUYECKOM OMUOGHUU NpU ycaoeuu npoussoisnozo (He Gomee
yeM cueTHoro) pasbuexus {A; i=1, 2, ..). OboanaunM £ cHCTEMY
BCEX MNOAMHOXKECTB H3 §2, KOTOpHe SABJAKTCA OOBEAMHEHHSMH 3je-
MeHTOB paabuenus {A; i=1, 2, ..} (¥ BKIOYAKOWYI0 IYyCTOE NOA-
mHoxecTtBo). CucTema &, OueBHAHO, sIBAsiETCH aare6pOR MHOXKECTSB,
H, KpOME TOTO, OH2 3aMKHYTa OTHOCHTEJIbHO 00pa30BaHHMS CUETHOTO
obbeMHEHHA CBOMX 3jJeMeHTOB. JI1000# KJ1acec MOAMHOXECTB C YKa-
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3aHHEIMK cBORCTBamu HaamiBaercs o-aazebpoid muoscecrs. Ilo pany
npuuun yaoGHee roBopuTh 06 YC/IOBHOM MaTEMAaTHYECKOM OXHUAAHHH
Cl. B. OTHOCHTENAbHO o-anrebpw S=o({4;, (=1, 2, ...}), nopoxden-
roy pasbuennem {A;, =1, 2,...}, Hexenu o6 ycJOBHOM MaTeMaTHue-
CKOM OMHAAHMH OTHOCHTENbHO caMoro pa3buenus. Onpedesum

MX|A)=Y MX|A) 4.
(1}

9.7. 3axaua. YcTAHOBUTb PaBEHCTBA
M(aX+b|s2)=aM(X|s£) +b,
M (X, +Xa[2) =M (X,|£) + M (X3 5¢).

[Butekator u3 onpepenenus M(X|s£) u toro, uto M(X]A)=MsX —
06LITHOE MATEMATHYECKOE OXHAAHME HA BCIOMOraTelbHOM BEPOSAT-
HocTHOM npoctpanctee (Q, %, Pa).]

98. 3axaua. YcraHoBuTs Gopmyny M(M(X|s£))=MX,
[CoBnanaer ¢ ¢dopmyaoit 9.2.]

99 3aagaua, Ilycts ca. B. Y nocToAHHa Ha 3aneMeHTax paabue-

uua {A, i=1, 2, ..}, S#=c({A4: =1, 2, ..}). Iloxkasat, uTO
M(XY|£)=YM(X|5£), M(Y|s£)=Y.
[TIpu Buuucnenun M (XY]A:) aamerum, uto ci1. B. Y, paccmaTtpupae-
Maf Ha BCIOMOraTeJbHOM BEPOATHOCTHOM mnpoctpancTee (, &8, Pg),
NOCTOAHHA M TOTOMY BHIHOCHTCH 32 3HAK MATEMaTHYECKOTO OMXHAA-
nun My,. TakuM 06pa3oM,

M (XY |8)= Y YM(X|A) 4.
{1}
YyureiBas, 4TO AJA KaXKAOr0  POBHO AR OAHOTO 3HAYEHHSA [ HMe-
eM [4 ()= 1, a nns ocranbubix jF=i 1‘1 (0)=0, moxuo BuHecTH Y
3a 3HAK CYMMH M TOJYYHTh

M(XY12) =Y ¥ M(X|A) L4 =YM(X|A).
{1}

PaccmarpuBas paabuenne, NMOpPOXAEHHOE NDOH3BOJNBHOH RHUCKpPET-

HO# cJI. B. Z, nepenuiueM NnoJy4eHHOe CBOHCTBO B BHAE
M(Xh(Z)|Z)=h(Z)M(X]|2)

ans moboi dynkuuu h(2).]

9.10. 3agaya. Ecau ca. 8. X u Y nesapucumu, To M(X|Y)=
=M(X).
[HMcnonsays 9.1, umMeen

7 .- -
M(X|Y)= Y, M(XI4)P (A4, 1a =Y (MX)-1s,= MX.
(v} (#}

B cnyuae, koraa MX2<oco, nonyuaeM, 4To Haaydulas CPeAHEKBaA-
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paTHuHas oleHKka ca. B. X no He3aBucHme# oT Hee ca. B. Y ecTsb
nocTosHHas, pasHas MX, uro BnoJHe NOHATHO.]
9.11. 3agavya. [Tokasars, 4To

MM(X|Y, Z)|Y)=M(X]Y).

MM (XY, Z)[{e:Y (0)=yh=MM(X]Y, Z)-fuyw)-n) X
X-P@:Y@=y)"=MMXlgyw=nl¥, Z}P:Y(©)=4"=
=M (XToyo=nPO:Y (@) =" =M(X[{o:Y (©) =4

rA€ MH Ioc/lefoBaTeNbHO Kenosb3oBanu 9.1, 99, 9.8 u 9.1.

(Ha samxe reomeTpru rusnbbeproBa npocTpadHcerBa npu MX2<oo
M(X|Y, Z) smnsercs npoekuweir Bexktopa X Ha NOANPOCTPAHCTBO
L,z cn 8. g(Y, Z), a M(X|Y) — npoekuus X Ha moAnpocTpaHCTBO
Ly cn. . h(Y). Ouesuano, L,=L,. ¥ noromy npoekumio X Ha L,
MOXHO NOJYYMTh, cHauana crnpoektupoBans X Ha Ly., a 3aTeM BeKTOp
NIPOEKI KM ellle pa3 CIpPOEKTHPOBaTh Ha Ly.)]

9.12. 3apgaua. [Mycts #N, #2 — g-anre6pH NOAMHOMKECTB H3
Q, nopoxaeHune (cueTuniMu) pasbuenusmu {A; (N}, {A;} coorsercT-
BeHHO, npuueM SMN=£?@ IlokazaTs, 4TO

MM (X[ L)L) =M(X]A").
[lo ycnosuwo AMes£@), tak yto A) npeacrasuMo B BKAEe 06bEaH-
HEHMS 3JileMEeHTOB u3 S, M NOTOMy HMHAMKATOpDHAS CJ. B. IAsl) o-

CTOSIHHA Ha 3neMmeHTax pa3buenus {A;?}). JlanbHedmias BHKIagKa
ectb noBTopeHke 9.11:

M(M (XA AL) = M (M (X AD) ] 1) PN ™' =
= MM(XT )| AD) P AN~ = M(XT ) PAD) " =M (XA ]
i

[MTepenumem cdopmyny, onpepensiiomyro M (X|Y) ans duckpernsix
ci. B. X, Y (uaw Y=(Y,, ..., Yx)), supazun M(X|{w:Y(0)=y})
Yepe3 YCJOBHOE pacnpeaencHue pxy(x|y):

MX N =Y 10 Y 50,y (x19)=Y, % ¥ 14 pyy (%15).

{v) {x) (x})
YauTHBAst, YTO NIPH KaMKAOM ©

Lo, (@) By (£19) =Ta, (@)Py (x]Y (@),
nosyyaeM, BEIHOCS M3-TIOJ BHYTPEHHel CyMMH MHOXHTENb Py (x]Y),

M(XW):();xpx,(meu,

v
HIK

M (X1Y)=);xpm(xm.
{x
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Bupaxenue pxy(x|Y) npH xaxaoM (HKCHPOBaHHOM X — Cay-
yajiHas BeNHYyHHA, JeicTBUTEeNLHas GyHKUHa ot Y. PaccmarpuBas
pxy(x|Y) kak OyHKUHMIO OT X, 3aBHCAUIYI0 OT ciaydaitHoro mapamerpa

, TmoJyuaeM ciydaiioe pacnpejeseHHe BepPOSATHOCTE! HAa MHOMECT-
Be Z 3Hayenuil ca. B. X, T. e. oro6paxkelive, cTaBsllee B COOTBETCTBHE
KaXXA0oMy 3H44eHHIO y ca. B Y pacrnpejelerue BeposTHOCTeH Py vy (x|y)
Ha &.

Onpenesende ycJOBHOTO MaTeMaTHYeCKOrO OXHAaHHS B BHIIeE-
YKa3aHHO! ¢opMe HenocpeacTBeHHO obo6mgaercs Ha c¢a1. B X, Y
(unu Y=(Y,, ..., Ya)), obnanaiomue coBMeCTHOA IJOTHOCTBIO pac-
npeaesenust BeposTHocreil. MiMenHo, nonoxum

M(XIV)= | xfxy(x|¥) ds,

rae

fxiy Cely)=fxy (%, 9)/fy(y)

— ycnoBHAas NJOTHOcTh c1. B. X npu yciosun Y. Beexem Takxe rno-
HATHE YCJOBHOrO MATEMaTHYECKOro OXHAaHus cia. B. X npu ¢uk-
CHPOB2HHOM 3HAaYeHHH . B. Y, nojaras

MX= [ xixy(xly)dr.

B orauuHe OT AMCKperHOro cayuasi, korxa cobutre {w:Y(w)=y}
HMEJIO MOJIOXHUTEJILHYI0 BEDOSATHOCTE H MOXHO OHJIO ONPENeNHTDb
M(X|{w:Y(0)=y}), B HenpepnlBHOM cJyuae aHaJOTHYHOE [QHATHE
HE MMEeT CTOJb Npo3payHoro cMmbicsia. OaHako ¥ ageck M(X]Y) —
pe3ynbTaT NOACTAHOBKHM CJ. B. Y BMecTo aprymMeHTa Yy ReHCTBHTE/be
Hoit dynkuuu g(y)=MyX.

YenoBuwe niotHocTH fxv(x|y) 3azator Ha R cemeiicTBo pacnpe-
Jenenui BepositHocTeir Py, a My npexcraBasier coboit onepaunuio Ma-
TEMaTHYECKOro OXMAAHHA B BeposiTHOCTHOM Mozean (R, &, Py)
(rae # — cemeiicTBo GopesieBckHX MHOXecTB Ha npsmoit). Orciona
MOMHO IOJYYHTh CBOHCTBA YCJOBHOTO MATEMAaTHYECKOTO OXHIAHHK
M(X|Y) rak xe, Kak 3ro OHJO cAEJTaHO B RHCKPETHOM CJVYae.
ViMeroTcs,, 0AHAKO, HEKOTOphle TEXHHYECKHe 3aTPyAHEHHs. Bo-nepBrlx,
uuTerpan PumanHa B pARe OTHOWIEHHH AONMYcKaeT MeHbIyk cBoboay
LedcTBHI, YeM cyMMH H psigd. IlostoMy, ocTaBasick B PaMKax TEODHH
MHTErpUpOBanHus no Pumany, npHxoZuTcs TpeGoBaTth OT GYHKUHH
fxr(x, y), fx(x), fxy(x|y) u 1. &. RononHHMTENBHHIX YCJOBHIl pery-
NSPHOCTH, uTro6W obecneyutsh BhnonHenue cBoitere M(X|Y). Hdas
Gosnee mupoKoro NoHATHs HHTerpasna (no Jlebery), o uem Oyaer
pegn HHIXKE, OTMEYEeHHWE 3aTpyAHeHUs oTnajzant. Mu orpanHuHMCcsH
BHBOAOM cBoiictB M (X|Y), re oroBapuBas TpeGoBaHHMIi, KOTOpHIE
ofecneyHBa0T 3AKOHHOCTh [POM3BOAMMHIX MaHUNYJAIMA € MHTErpa-
JIaMH.
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Ilpyroe 3ameuaHHe KacaeTcf (OPMy.abl BbIUHCJAEHHR MaTeMaTuue-
CKOTrO OXMHUAaHusA QYHKUMHM OT CJY4adHOH BEJHUIHHH

Mg (X)= \ g(x)fx(x)dx.

YacTHulit cnysai g(x) =x7, r>0, 6ua paccmoTped B 7.29 (oTMeTHM,

YTO NPHUBEAEHHOE TaM pacCyXAEHHe TOAMTCH AJR J0G0H MOHOTOHHOR

¢yukunu). B obmem suge dopmyna Gyzer ycranosnaena B § 10.
9.13. 3axaua. [lokasats, uto M(M(X|Y))=MX,

mmxiyy= S MX-f@dy= § [\ sfxp(xin)de) iy @) dy=

= f ?xfx,y(x. y)dxdy= S x(_S fxv (x, y)dy)dx=

—0p —o0 -0
~

= § xix (0 de=mx.]

9.14. 3a nauya. [Toxasats, 4to
M(aX+b|Y)=aM (X|Y)+b, M(X,+X;] V)=M(X,[Y) + M (X;]Y).

[Burtekaer u3 pasercts M, (aX+b)=aM,X+b, My (X,+X;)=
=MyX1+MyX2_] . .

9.15. 3anaua. [lokazars, uto M(XA(Y)|Y)=h(Y)M(X]|Y),
M(h(Y)|Y)=h(Y).
[BuiTekaer u3 pasenctea My (Xh(y)) =h(y) M, X.]

9.16. 3ajaua. Ecawm ca. 8. X, Y Hezasucumn, 10 M(X|Y)=
=MX.
[TIpu nesasucumoctd X u Y umeem [xy(x|y)=fx(x), ¥ onepauun
M, u M cosnagawor. (OrMeruM, uTo 6GHJIO G TOYHEE CKa3aTh, UTO
u3 He3zasucumoctH X u Y BuTekaer coBnagenue Mep P, u P Ha R
AJf MHOXECTBAZ 3HaueHUA y cia. B. Y, uMmeloliero sepofiTHOCTh 1.)]

9.17. 3anaua. [lokazats, uto npu MX?<oo MmunMMYyM cpenxe-
KBaapatuuyHoro paccrofuuf (M(X—g(Y))?)'? nocturaercs Ha QYHK-
wan & (y)=M,X.

oo 0

MX—gmy=§ [ c—e@)ixy(x Hdrdy=

= [ i@ (] c—g@ iy indx) dy= § )M, (X—g (o) dx

HO MaTeMaTH4eckoe OXHKAJHME MOA 3HAKOM HHTerpaja JAOCTHraer
MHHEMYMa npH g (y)=M,X.]
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9.18, [IpuMep (MHOrOMEpHOE HODMaJbHOE paclpejiejeHue).
Pacnpegenenre BepofiTHocTed B R?, 3agaBaeMoe IJOTHOCTHIO BHAZ

f(x;, x3)=cexp (—”%‘ (quxf +2q,,%,%, +‘hax§)) )

rae matpuua (gl — cHMMMeTpHUHAS NONOXHTENBHO ONpeJeJeHHas,
€ — HODMHDYIOL{af KOHCT2HTA, HA3KWBAETCH OBYMePHbIM HCBLLDONOEH-
HbIM HOPMAALHBLM pacnpedeseruem C HYJeBRIM cPEIHHM.

OproronansuuiM npeo6pa3oBaHHeM (IOBOPOT M CHMMETPHH) IIe-
peljeM K HOBOH CHCcTeMe KOODAMHAT (Y, Y2):

X =Cnh+CraYs, X2=CaY1+ Calf,

Takoi, 4TO6H KBajpaTHuHaf ctopMma §q X124 249X, X5+ Gaaxy? 1pHUBe-
Jach K K2aHOHHYECKOMY BHAY A1Y12+ Aay2?, Ay, Aa>0. Takum obpaaom,
B HOBOH CHCTEME KOOPAHHAT IJIOTHOCTh pPaclpefeNeHH BEpPOSTHOCT-
HOH Macchl HMEeT BHJ

£ (Y1, y2) =cexp(—'fa (M2 +Aaya?)).

Hnrterpupys g(4:, y2) No BceMy NpPOCTPAHCTBY M YUHTHIBAf, YTO (DYHK-
uust (A/27)2exp(— (1/2)Ay?) — naoTHOCTL HOpMaJbLHOrO pacnpeje-
aenust co cpeauum 0 W aucnepckedt A~!, Haxoaum c¢=(2no,07)7!,
a?=M"!, ga?=A;"! ¥ ybexaaemcs, uto g (Y1, Y2) — DJOTHOCTb BEKTO-
pa (Y,, Y;) M3 He3aBHCHMEIX HOpMaJbHO Daclpejie/eHHLX CJI. B. Yy,
Y2, My1=MY2=0, DY1=0'12, DY2=O'22.

HUrax, HopMansHoe pacnpejeseHHe Ha IJOCKOCTH B NOAXOAANIEH
CHCTEME KOODAMHAT npeAcTaBaseT colfo¥ COBMecTHoe pacnpejejeHue
BEPOSITHOCTEH N1apH HE3aBHCHMHIX CJAYYAaHHHIX BEJHYHH, KaXAas H3
KOTOPHX pacrnpejnesneda Hopmaanxo. Cia. B,

Xi=c, Y +cpYy, Xo=cy Y +c0Y,

KMEIOT COBMECTHYIO IoTHOCTb f(Xy, Xz) (cM. 3.26). Ilapy ca. B.
(X1, X2)=X Ha3HBaT O8YMEPHbLIK HOPMAALHLIM CAYYAUHBIM BEKTO-
pos. Vi3 yxasanHoro mnpejcraBjeHHs Buitekaer (cm. 4.20), uto X,
X, v m06as HeTpDHBHaJbHAR JHMHelHas KoMOunauus a,X;+a,X; ume-
IOT HOpMaJbHHE Paclpe/eNeHHs.

Orciona xe Jerko yCTAHOBHTh BEPORTHOCTHHIH CMBICA MaTPHUH
llg:;ll xBappaTuuno# popmu B onpexenenuu f(x, xz). Tak Kak

X=YC', C=lcl,
o (cM. 8.30)
' —1 —1 o~ Arl_.l 0
Rx=CRyC’', Rx =CRy C’, Ry= I
0 Ay

Gy X3+ 2G15%, %3 + qzzx§= (%, %3) || Gip | (%1, Xa)' =
= (Y1, Y)C' 11911 C Wy Ya) = Wy Y)RY (G0 8a) =
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= (%, %)CRY'C’ (x,, %) =(x,, %) Rx' (%, %),

TaK uTo Matpuua ||¢;;ll —obpathag x Matpuue KoBapuauuit BekTOpa
X=(X;, X).
Haxowen, 3aMeTHM, YTO HOPMHDYIOLIA® IIOCTOSHHAR € paBHa

¢ = (2no,0,) ! = (2n)~! (A, A,) /2 =(2n)~!(det Ry)—'2=(2n)—! (det Rx)—'72,
Taxum 06pazom,
fxox: (%, x5)= (27)—172 (det Rx)—"? exp (— —é— (x,, x)Rx' (*1 x,)') .

HafigeM ycnosrywo mioraocTs fx. x, (%2 1%,). Tlonmoxum Rx = [ ry ],
Q=Il4gil. ITo noxasanxomy

Rx=Q ', detRx=(detQ ™, detQ=g,1054— 0.
2, Gy 20) = (2 (det Q¥ exp (—— (gt + 2000+ qurd)).
Tak kak ca. B. X, nopmansua, MX, =0, DX, =r;, = gyy/detQ, TO
Fx, ()= (2ng32' det @' exp ( ——- (det QUgut).
Fxerx, a2 =Fx.. x2 (Fur x2)lFx, (%) = (@) 12 %

X exp ( — ';— (@12} + 2,9%,%; + Gaax]— 41163 1 (93,/93s) 21) ) =
= (2ngg!) /2 exp ( ——;- ((¢%,/qag) X2+ 2g,3%, %5+ qzzx:)) =

= (2ng5;') /2 exp (—-1? (s —(—9.2/9a0) %1173 )) '

YTO npeacrasaser cob6o# HOPMAaJBHYKO ILIOTHOCTh €O CPEXHHAM
—(912/922) Xy ¥ pucnepcueir gy,'. Orciona

M (X, | X,) = —(915/920) X;-

IlpoBenennnle paccyZeHHE HLOCJOBHO IEDPEHOCATCH Ha IPOCTPaH-
cTBO JK60 Da3MEPHOCTH: M-MEPROE HEBbLPONOEHHOe HOPMAALHOE
pacnpedesenie ¢ HyJIeBHM CPERHHM 3ajaeTcs ILIOTHOCTBIO BHAA

f O, ...y X0)=(2n) 2 (det Q)'/? exp (——;— xQx’), X=(%, +++ s Xn)

rge Q — IPOM3BOJLHAS CHMMETDHYHAK I[IOJIOMHTENIRHO OIpeje/eH-
nas Marpinua. HopMaasuuit cayuainmit sextop X=(X), ..., Xa) ¢
MJIOTHOCTBIO f(X1,...,X,) HMeeT HyJeBoe MaTeMaTHuYecKoe OMHRaHHe
u Matpuuy kosapHauuii Ry =Q~'. Eciu C — opToronansnas MaTpH-
ua, npusoasias Rx: K guaronansHo#t dopme: C'Rx C=A, A — gua-
roHaJbHAX MATPHUA C NOJOMXHTEJILHEIMH uHcaamu A, i=1, ..., n, Ha
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r1aBHOI AMaroHand, To BeKTop Y=XC COCTOMT M3 He3aBUCHMEIX HOP-
MaJbHEIX KOMIOHeHT. JIl06as HeTpHBHAJAbHA® JHHEHHAR KOMOHHANHUA
KOMIIOHEKT BekTOopa X HMMeeT HOpMa/jbHOe pacnpejejeHue. Yc/OBHad

IIOTHOCTE fx | X,.....x, ,(Xa|%y, ..., Xa—1) HOpMajbHAa CO CPEAHHM
_(qln/qrm) Xi— ... _(qn—l,m’qnn) Xn
M [HCrepcHeRt g_!, Tak uro
M(xnlxls Py Xn—1)= _(qm/qrm) X1_ .. -—(Qn—l.n/qnn)xn-

CpaBuuBas nocieaHee cootHoweHue ¢ 8.36, noayyaeM BaXHHH BH-
BOA. AJf HOPMaJbHOrQ CJyYaHHOro BeKTOpa HaWJydlIas B cpejHe-
KBaApPATHYHOM HenWHeHHas oueHxka X, no Xy, ..., Xn— coBnajgaer ¢
JHHeHHOM.

9.19. [Ipumep (Haunyyulee HecMeleHHoe oneHusarie). Oana
M3 IOCT2HOBOK 3334 MaTeMaTHUECKOH CTAaTHCTHKH COCTOHT B cJe-
ayioweM. Jlaka nociaeaoBateNsHOCTs HabaoaeHufl X=(x,, ..., Xa),
KOTOpHEe PaccMaTPHBAIOTCA KaK 3HAUEHHH, NPHHATHIE NOCAEX0BATENb-
HocThlo X=(X,, ..., Xn) He3aBHCHMHX OJHHAKOBO paclpeieleHHHX
Cly4yadHEIX BENUYMH, paclpeje/ieHHe BEPDOATHOCTEH KOTOPHIX OmNpeje-
JEHO C TOYHOCTBIO [0 Heu3BecTHoro napamerpa 8. Tpe6yercs no-

CTPOHTL OLEeHKY 6 napamerpa no pesyastataM HabjoJAeHHH X,

.y Xn, T. €. Takylo QyHguuio 8=S(xy, ..., xn), AA" KOTOPOA B Ka-
KOM-TO CMEHIC/IE MOXHO OHIJIO TOBOPHTE O NpHOJTHXEHHOM pDaBeHCTBE
= 0. Tunuuuu ¥ npUMep Takoro pojAa — OIEHKA HEM3IBECTHOH Bepo-

ATHOCTH ycnexa B 7 MCNHTaHUAX Depuyaan. B Gonee obmeit nocra-
HOBKe peun HjeT 06 oneHxke HekoTopok (pyHkuuu 1P (8) HeHaBecTHO-
ro nmapaMetpa.

Ilycts ans oueHxu napamerpudeckodt GyHkuuu ¢ (0) npeanmoxena
HEKOTOpa®  cTaTucrtuxa — GYHKOHA  pe3yJbTaToB  Hab.l0JAeHHA
S(xy, ..., xa). Kax xapaxkrtepusoBaTh INOrpelIHOCTh OUEHHBAHHA
S(x1, ..., xa)—p(B), umMen B BHAy, YTO B KayeCTBE Xi, ..., Xn MO-
TYT BHCTYNaTh JNKOLE 3HAYEHHH, NPHHATHE B pe3yJabTaTe NPOBeAE-
HUf ONHTa CcAyYadHEIMH BeauuuHamu Xy, ..., X, DaxTHUeCKH peyb
gner ob oTkJoHeHHHM 3HadeHus cia. B. S(X;, ..., Xa) orT HexkoTOpoO#
(rensBecTHON) nocrosHHOW P(B8). Mmn yXe 3HaKOMH ¢ OAHOI Ta-
Ko# Mepo# pa3zbpoca — 3TO CpexHEKBaApaTHUHOE pacCcTOAHHE

(M(S(Xy, ..., Xa)—p(8)) )12

Ecau onenxa S (X, ..., X») He umeer cmemwenus (MS(X,, ..., Xin)=
=y (0)), To cpeaHexBaApaTHYECKOE OTKJOHEHHe IpeBpalllaeTcs B
aucnepcuo DS (X, ..., Xn) ® MOXHO CT2BHTb BOIPOC O IOCTPOEHHH
HECMEWCHHON OYeHKU ¢ MUEHMAJIbHON AHCNepcHed.

B MatemaTHuecKod cTaTuCTHKe OOHYHO He 06pallaioOTCH K HCXOA-
HOMY BepOSITHOCTHOMY NPOCTP2HCTBY, Ha KOTOPOM OINpejpe/eHsl ca. B.

Xy, ..., Xn, a umeloT aeno c npocrpancrsom (R*, 4", P.), nopox-
ReHHEM cal. B. Xy, ..., Xn; 3necs #" — kaacc noaMHoxects BCR",
TaKix, uTo MHoXectBo {w: (X (w),..., Xn(w)) =B} asascrcs coOH-
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THeM (cM. onpenenexne %" B 6.19, noapoGuee 06 3toM 6yaer HATH
peusr B § 10), P, — BeposTHocTHas Mepa Ha 4", npeAcTaBJAwILaA
coboit pacrnpejneneHnHe BEPOATHOCTeH cayuaiHoro Bektopa X=(Xi, ...

.» X5). TlockonbKy HCTHHHOe 3HauyeHne mapamerpa 0 He H3BecTHO,
TO Mbl CTOMM nepej HeoOXOAHMOCTBIO paccMaTpHBaTh Bce AONYCTH-
Mule 3nayeHunss 6 B KauecTBe BO3MOMHHIX, 2 3TO aKTHUECKH NPHBO-
AKT K 1leJ0My CeMeACTBY BepOSITHOCTHHX npoctpaicts {(R", &", Ps)},
3aBucsmeMy oT napaMerpa 8. B stom cemejicTBe nepemenHH# TOJb-
KO OIMH 3JIeMEHT — pacnpegejeHne BeposTHocTed Py. 3TO moaBORKT
K ONpejeeHnIo CTarucTueckod Mmodeau kak obnexta ((R", 4n),
{P¢}), cocrosmero us sei60poyHozo npocTpancraa (R™, #") u cemei-
CTBa BepOATHOCTHHIX Mep {P,).

@Oynkuuy pe3yanTaToB HabmiofeHH# S(x;, ..., Xn) Ha3HBawTCA
crarucTuxamu (npegnonaraercs, 4TO AJAA Jwo6oro npomexyTrka lap
{(x1, ...y %) :S(x1, ..., Xn)Elap}=HB"), OHM cTAHOBATCH CaAYdait-
HbHIMH BeJMuYKHaMH, Koraa tukcupyercs mMepa P,. B o6o3nauenusax
Mbl OTpaxaeM 3TO OGCTOATENLCTBO, mnepexoAf oT S({x;, ..., Xa) K
S(Xy, ..., Xa) ¥ ynoTpebass cumBoan Mg, Dy ans MaTemaTuue-
CKOTO OXMHAAHUA M JHCNEPCHH CJAY4YaHHbIX BENHYHH C pacipejeleHH-
eM pa.

BaxHo uMeTn B BHAY, YTO NMOCKOJBKY MCTHHHOE 3HaueHHe mapaMerT-
pa 0 He H3BECTHO, TO KayecTBO JWOOOH OUeHKH S(xi, ..., Xn) HEH3-
BectHoro P(8) cnenyer paccmarpuBaTth BO Bceit 06macTH JOMYCTH-
MuX 3HaueHHi 6. B HekoTophix ciyuasx 3apaHee orpaHHYuBalOT cebs
KJ12aCCOM OLEHOK, AJA KOTOpPHIX HEKOTOpPOE CBOHCTBO BBIIOJHAETCS
npu Bcex 8. Takos, HanmpuMmep, Kaacc necueu{eunbm OYEHOK, KOrAa
BBIMOJIHAIOTCA paBEHCTBA

MGS(Xl, ey Xn)=¢(e),

rie 6 nmpoGeraer Bce mapaMeTpHYeckKOe MHOMECTBO. 3ajaYya HauAy4-
Wez0 HeCMeUeHHO20 OUEHUBARUR 3aKII0YAaeTCH B HZXOX/JAEHMM TaKOH
¢ynkuux S(x1, ..., Xa), YAOBJETBOPSAKOILEH YPaRHEHHIO HeCMelleH-
HOCTH, AN KOTOpoR aucnepcus DaS (X, ..., Xn) 6nlna Gbl MEHEMAJb-
Ha MpH KaxjaoM 0.

Orpannunmcs nanee ClyyaeM JHCKPeTHOTro pachpeJeneHis Bepo-
sitHocTet Py, Ilycts p (")—‘pxx, xn(xl, ..., X;) obo3uayaer co-

BMecTHOE pacnpejeneHue ca. B. X, ..., Xa, paccMaTpuBaeMbIXx OTHO-
CHTE/LHO BEpOATHOCTHOR Momennm (R", 4" Ps). Ilocnenywowue 1o-
CTPOEHHS ONMPAXOTCH Ha MpPEANOJOXKCHHE, YTU CYUIecTByeT Takas

PyHKuus T (x;, ..., Xa), UTO YCJAOBHOE pacnpeie.eHue
p(x|)=pxir (X|t)=p2 (VPR (), =T (x), xX=(xy ..., %),
c1. B. X=(X,, ..., Xa) npu ycaosuu ci. B. T=T(X,, ..., Xa) oxHo

i TO Xe npu Bcex 3Havenusx 8. C npumepamu Takoro poga MH
BCcTpeuanaucs B 3agavax 5.1—5.5. Tam ke 06bACHAI0CH, YTO CTATHCTH-
ka T (x), o6aagamouiasl YKalaHHLIM CBOKCTBOM, HECET BCIO NOJE3HYIO
urdopmanuio o HeusBectHoM 6, cogepxamyipocs B HaGJIOZEHHAX
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x=(xy, ..., xa). [lo 3to#t npuunHe T(x) HaawBaercs OCOCTATOYHO]
CTATUCTUKOU.

Crnenyomuft MogXoh, NMPeAJOXEHHbIH He3aBHCHMO KOJIMOropoBHM,
Pao u Buekysniom, noaBonsier no naw60it HecMeIeHHOH OLEeHKe
S(x) noctpouTh HecmemerHylo ouenky g(T(x)) — nexoTopyio yHK-
M0 RocTaTOYHOM cTatucTHky T (X), ANs KOTOpO#

Dgg (T (X)) < DpS (X)

npx Bcex 0, nmpuueM HepaBeHCTBO cTporoe, ecnd Toanko g(T(x)) He
cosnanaet ¢ S(X) c BeposiTHocTh 1 (no mepe P;). dT1a yaywwennasn
HecMelleHHas OLeHKa, nocTpoeHHas no S(X), uMeer BUA

g (T (X))=Mq(S (X)|T (X)).
Ilpexpe Bcero 3aaMeTuM, uTo
g(N=Mg(SX)|{o: T(X ())=1)=Y S(x)p(x |1)
{x}

B camMoM jene He 3aBuCHT oT 0 M, caenoBartensHo, g(7(x)) neictBu-
TeJbHO sBjsAerTcH QyHkUued ot HabnwaeHu#t x=(x, ..., x,). Haaee,

Mqg (T (X))=MgM, (S (X) | T (X))=MgS (X)=1(0),

T. €. onenka g (T (X)) HecmellenHas.
Haxkoxern, HepaBeHCTBO AJNS JHUCHEpPCHH

i g T XN—p @) IF<II S(X)—w(B) I3

obwsacusercs teM, uto g(T(X))—¢(6) — mpoekuus (8 ruan6epToBOM
IPOCTpaHCTBE CJy4YalHbiX BEJHYMH, paccMarpuBaeMhuix no Mepe Pj)
Bexropa S(X)—y(0) Ha nmoANpPOCTPAaHCTBO CAYYaHHBLIX BENHUYHH, ABJIf-
IOIHXcH meAcTBATeNbHHIMH (yHKuuamu oT T (X)=T. dokamxeMm 3TO
HepaBEHCTBO, OMNHpafAchb Ha CBOKCTBA YCJOBHBIX MATCMATHYECKHX
OXMHJIAHHHA:

DgS=Mg(S—v(8))'=Mg(S—g (1) +g(T)—¢(8))*=
=Mq (S—g (T))* +2Mp (S—g (1)) (g (T)— v (8) + M (g (T) — ¥ (8))%,
Mgy (S—g (7)) (g (T)— b (0)=MeMq (S— g (T) (g (N —% (B)) I T)=
=Mg{((g (T)— ¥ (0)) Mg (S— g (T)|T))=Ms (g (T)— ¥ (8)) X
X (Mg (SIT)—g (T)))=Mg (g (T)—%(8)) (g (N —g (T)=0.
Takum obpa3aom,
DgS=Mg (S—g(T))* + Dgg (T),

YTO ¥ ycTaHaBjuBaeT TpefyeMulit pesylbTar.

9.20. 3agaya. JJana noclefoBaTeNbHOCTb N HCnnTaruit Bepnyn-
JU € Heu3BEeCTHOH BeposTHOCTbIO ycmexa 0. Mcnonbays nocratounyio
cTaTHCTHKY T (X) =x,+...+ X, (cM. D.1), MOCTPOHTL yJYUILIEHHYIO He-
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CMEIIEHHYIO OLEHKY 0, Hcxoas M3 HecMmeluleHHOH oueHkH S(x)=x,
(xoTopas cama kak oueHKa § HHKyfa He rOAMTCSH, NOCKOJbKY IPHHH-
Mmaer nuib 3HauveHus 0 u 1).

[Tak xax MgX,=0, To S(X)=X, — gmelicTBUTENBHO HecMelleHHAN
oueHka napamerpa 0. [lanee umeeMm

g(t)=Mg (X {0 : T (X(a))=t})=Pg({o : X, (0)=1}|{o: T (X (0)=th=
=p, (1, )/p8()=8-CaZ1 6" (1—8)""/C10" (1 —8)"'=t/n,
g (T (x))=T (x)in=(x,+ ... +xn)/n,

T. €. yJyYlleHHas OLEeHKA ABJAETCH YAaCTOTOM YCIexOB.]

9.21. 3apavya. [Jaua nocaegosarenbHoctb Xi, ..., X, HE32BHCH-
MEIX NY2CCOHOBCKMX COY4YaWHHX BEeJWUMH C OJHHAKOBHIM, 1O HeH3Be-
CTHHIM mapamerpoM . [lonb3ysch ZocTaToOyHOM craTHCTHKOM T (X)=
=X1+...+x, (cM. 5.2) ¥ HecMmemeHnHoM oueHxo S(x)=x;, X=
=(xy, ..., Xn), NOCTPOHThb YJNYUYLIEHHYIO OLEHKY mapameTpa A.

[ =My (X /{0 TR @)= =Y xupxr (x]1) =

(x}

=2 2 (8% ... xal)) —t=

{x}’
=tn“1: : (t— Dt (n__l)—(f-—l)ztn—l' g(T)=Tﬂ_l,

(xp—1)txg! . .. xp!
{x : x>0
rAe CyMMHMpOB2HME OrPaHHYEHO YCJOBHeM X+ ...-+x.=! u rxe yure-
Ho, yro (f1/(x,!...xa!)n~?! npepcraBasior coboit MONMHOMHANBHEE
BEPOSITHOCTH, B CyMMe paBHhle 1.]

9.22. 3agaua, Ca. 8. X;, ..., Xn HE3aBHCHMH K OJHH2KOBO DaB-
HOMEpDHO pacmpefeseHB C MHOXKECTBOM 3HaweHwit 1, 2, ..., N, rae
N — nemnaBecTHo. HaltTH xaxyioo-mH60 HecMelleHHYIO OLEHKY napa-
merpa N, 3aBHcAmylo CT nepBoro Habnwogeuus, [locTpoMTh yayu-
IIEHHYI0 OLEHKY, HCIOJb3ys MAOCTATOYHYK CTATHCTHKY T (X)=
=max(xy, ..., X¥a} (cM. 5.3).

[Tak xax

M X, =N'(1+24 ... +N)=N""(N(N+1)/2)=(N+1)/2,

To HecMmeulenHoit Gyper ouerka S(x)=2x;,—1. lHcnoasays 5.3, mo-
ayuaem

P (R, )={ P(o: X, (0)=Fk)P(0: max(X,;(w), ..., X, (0),=1),k<1t,
P(o: X, (0)=t)P(0: X,(0) <L, ..., Xp(@)<H), k=L,
==Y (=1 =YY k<t
Piilr (1= [t“(l——(l—t")")" k=t

171



OTtcro1a HAXOAHM

H
My (X, {0 : TX @) =1)=Y ko), (k]t)=
ke=1
=(U2¢—-DA—1 =YY+ D=1 —7
git)=My(2X;—1{o: T (X (@) =f))=
=({t—(t—D(—) (==Y,
HJIH
gty =t(1 — (1=t Y1)yl —a—tH".

Ilpn Goabmux ¢t umeeMm npubamxerHo g(t) =< t(n+1)/n, 1. e. Hau-
Jyuliasg ONEeHKa €CTb HEMHOro NOANpaBJeHHasd cTaTHCTHKA T (x).]

9.23. [Ipumep (maprunraan). [Iycts Xy, X, ... — HekoTOpas
NocJAeJ0BATEJbHOCTh RHCKPETHHX c1. B. ¥ MX;=0, i=1, 2, ... . Ecau
X\, X3, ... HE32aBHCHMBLI, TO NPH JKGOM N MMEET MECTO PaBEHCTBO

M(X,,+1|X1, ey Xn)=0, ﬂ.=1, 2, P
Oxa3niBaetcs, uto u Korjaa ca. B. Xj, Xy, ... 3aBHCHMBI, HO BBINOJHA-
I0TCH yKa3aHHLIe .DaBEHCTBA, NocJjenoBaTenbHOCTs X, Xo, ... coxpa-

HfeT HeKoTopble o6mue HepTH C HOC/JEeJOBAaTENbHOCTbIO HE3ABHCHMBIX
Be.IHYHH. JTO NO3BOJSAET NMEPEHECTH Ha HMX HEKOTOphie Pe3ysbTaThl,
CnpaBefJIMBLIe AJf He3aBHCHMBIX BeJHYMH. Hanpumep, M3 3THX cOOT-

HOUIEHHH BLHITEKAeT, uTOo cJ. B. X; i=1, 2, ..., HexKoppeJHpOBaHHI:
npy m<n umeem (cm. 9.8, 9.11)

MX X)) =MM (X, X, ]1X,, ..., Xp—1))=

=M(X,M(X,|X,, ..., Xaz1))=0.
OG6paayeM noc/ieZOBaTeIbHOCTh HapaCTAKIUHX CYMM, COCTABJEHHHIX
M3 ol B. Xy, Xy, ... Yo=Xi+...+X,, n=1, 2,.... Ao nocaesona-
teasHocTH Yy, Yy, ... HMeeM npH J060M n
MYp1] X, ..., X))=MXn11l X, ..., X))+
+MY X, -, Xp)=Y,

¥

M(Ypa)Y, ..., Y=Y, n=1,2 ...,
IlocnenosatensiiocTs ca. B. Yy, Yo, ..., yAOBJeTBOpAIOLIAR 3TOH CH-
CTeMe paBeHCTB, HAa3bLIBAGTCH MAPTUHZGALHOU, WK MAPTUHZGAOM. 3a-
MeTHM, uTo eciau Yy, Yy, ... — MapTHHraJj, TO nNOCJeROBAaTENBHOCTh
cn. B. Xy=Y,—Y,.,, n=1, 2,..., yRoBJeTBOpseT paBeHCTBaM

M(Xp | X, ..., X)=0, n=1, 2,....

MapTHHI‘aHbHaﬂ TEOpHA IOJIY4YHJIA B HACTOfALlee BpCMA 3Ha4YH-
T€JbHOE DA3BHTHE, €€ METOAbl 0Ka3aJHChb quSBquaﬁHO JI00TBOP-
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HBLIMH [IPM HCCJEJOB2HHH MHOTHX BONPOCOB TEODHH BEDOATHOCTEH.
IlepBOH24a/ bHO MapTHHTaJbl NOABIJIHCL NPH H3YYEHHH DOJH CHCTEM
B a3apTHHIX Hrpax. Yxe npocreflas Hrpa B OpJANKY NPCAOCTAB/IA-
eT BO3MOXKHOCTH AJA Bu6opa pasnuunblx ctpavernit. Hanpuwmep,
MOAKHO MeHATb cTaBKy. OnuiueM 3Ty WHrpy IOCJA€J0BaTEJILHOCTLIO
X,, X3, ... HE32BHCHMHIX CJ. B., IPHHHMAIOMHKX 3nadeHus +1 c pas-
HLIMH BEPOATHOCTAMH. ECTECTBEHHO NpeANOJOXHTh, UTO BHOOp CT2B-
KM JelaeTcH Ha OCHOBAHHMH IIpeJUICCTBYIOLIErO XOA2 HIPhl M NOTOMY
KalKTaJ HrpoKa (BHUCPLIBAIOLEro NPH BHnageHud 1) nocre (a+1)-i
NapTHH MOXHO IpeACTaBHTbL B BHAE

Snt1=8n+Xntibn (X;, .., Xp),
rae b, — cymMma, pasurpuBaemas B (n+1)-i naprun. OueBHAHO,
M(Snit [Xpr - Xn) =M (SntXnttba Xy ooe s X} 1 Xy ooy X)=
=M(Sal Xy, .. X))+ Xy oo s X)M(Xapa |1 Xy, .., X)=8n,
MSrnatlSy, .. S)=MM(Sana| Xy, .oy XIS -- -0 Sa)=S5,
T. €. [I0CJTeJ0BaTEIbHOCTb S, S, ... 3HaYCHHA Kanurtaja — MapTHH-

raa. TakuM o6pa3oM, BHe 32BHCHMOCTH OT CHCTEMBI BhIOOpa CTaBKH
KanuTaj Mrpoka B CJAeAYIOUIeH NapTHH B CPEJHEM OCT2eTcH Ha ypOB-
He ero 3HauellHs B NPEAWeCTBYIOUIEH NapTHH.

9.24. [Ipumep (BerBammuiica npouecc). I[Ipencrarum cebe creny-
IOIH{i npouecc pa3MHOMEHHHA 4yacTHL. [lycTb B HauajbHBII MOMEHT
BpeMEHH MMeeTcHd OJH2 4acTHNa, KOTOpad K MOMeHTy | naer cayuai-
Hoe uncsio Z, TaKHX e YacTHI, a cama BuIOHBAaeT M3 JaJjbpHeliiero
npouecca paaMHoxeHus. K MoMeHTy 2 kaxpgas M3 Z; YaCTHL NEpBOro
NOKOJIEHIIH, pa3MHOXasich HE3aBMCHMMO OT OCTAJbHBIX, AaeT cJaydai-
HOE 4HCJO NOTOMKOB C TEM XKe 32KOHOM paclnpejeneHus, 4To H Zj.
O6o03naunm Z; cyMMapHOe YHCJIO [IOTOMKOB BTOpOro nokoJjexus. [Ipo-
JOJIKAs yKa3aHHbIE Ipouecc, NoJydYaeM I[OCJEAOBATENILHOCTb CJ. B.
Zy=1, Z, Z,, ..., KOTOp2A HA3LIBAETCH BETBAUWUMCR npoyeccom I'ans-
ToHa — BaTcona.

dopmanbHoe mocTpoexne npouecca [aabToHa — BaTtcona MOXHO
npoBecTH cacayoomum obpasom. Ilycts X,") i, j=1,2, ..., — Heaa-
BHCHMAEIE B COBOKYNIHOCTH OJMH2KOBO paclpeje/eHHhle ClyyaHHLe Be-
JHYHHH C LEJHMH HEOTPHUATEJbHHMH 3HAYEHHAMH (CylNleCTBOBaHHE
T2KOro ceMeiicTBa cJ. B. BhTeKaeT M3 nocrpoenni § 6, ecau pacnoJo-
xuth ca1. 8. X{” B nociesoBaTenLHOCTB, HyMEpYs KX, HaNpHMeD, B
nopfAjaKe Bo3pacTaHHs i+j, a npu i+j=const B NpOH3BOJBLHOM INODHAA-
Ke). [Tosmoxnm

Zp =X 4 XEC =01, 2 ..., Z=1

[TocaenosatenbHocts Z,, n=0, 1, ..., o6pa3yer, O4YEBHAHO, Map-
KOBCKYIO Llelb:

i)=P@: X" (@) +. .+ XY (@)=lnua).

Pz, iz,...2,(int1 [ g, -
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Otcrona umeeM (cp. 9.6)
M(Zani|Zy, 2y, ...\ Zp)=Znn, p=MZ,.

CaenosatennHo, mnocieposaTenbHocts Wh.=Z,/p", n=0, 1, 2, ..., —
MapTHHrall.

§ 107.

H3MEPVMBIE dYHKIINU
W MHTETPAJI

[Tycte Q — HekoTopoe MHOXecTBO, £ — HEKOTOpaN
c-anre6pa ero nopamuoxects. Ilapa (R, S£) HasuBaeTcs uU3MepUMbIM
npocTpancreom. Jleictsutenbras ¢ynkuus X (w), paccmatpuBaeMas
Ha M3MepHMOM InpocTpaHcTtee (), S¢£), Ha3wBaercs uamepumou no
bopearo, ecin X~'(I)={v: X (0)El}=s# ans nwboro npomexyTka
I. Ha camom nene ans u3amepumon dyukuuu X—!(B) es¢ ana awboro
6openesckoro MHoxecTBa B. IIposepuM 3To yteepxaerue. O6o3xa-
yuM %’ knacc Bcex noagmHoxecTB B’=R, Ttakux, uto X-!(B')e=s¢, u
nokaxem, uro %H'=4. Eciw B'ed#’, 1. e X !(B)Es#, 10 1

X'(BYe 4. Ho X' (B)=X"'(B), 7tax uro B'=H. Iycrs
B/e#' 1. e. X-'(B/)=st, i=1, 2, ... . Torna ux—‘ (B) e A x,
{ty

TNOCKOJIbKY

Ux=By=x""(Us),
{i} {0
nonyuaem |\ JBi= ®’. Takum ob6pa3oM, KkJaacc F’ 3aMKHYT OTHOCH-
(i}

TeJbLHO NEepexoja K MOMNOJHEHHIO M CUETHOMY OGheJMHEHHIO, K TOMY
xe J, Red®’. Caenosatenbro, #' — o-aarebpa. Ilockoabky & co-
AEPXKHUT NPOMEXYTKH, TO J' BKIKUYAET H NOPOXKAAEMYK NIPOMEXYT-
Kamu o-aarebpy Gopesesckux MHoxects %. Ma nposeneHEnX pac-
CYXJAEHHH BHUAHO, UTO AJA H3IMepuMocTH ¢yHkuux X(w) AOCTATOYHO,
yToGH 6blIM M3MepuMH npoobpa3sm Kakoro-iubo kJacca NOAMHO-
XecTB, mnopoxpaawpmero 4. Hanpumep, jaoctatouHo, u4TOOH
X7 ((—o0, x])=s¢ npu a1060M X.

Y106HO NONOJHMTb YHCJAOBYIO NPAMYK OECKOHEYHO YAaJeHHBIMH

Toukamu: R—={R, oo, —oo}, pacuIupuTh CHCTEMY GOpDENEBCKHX MHO-
xects, no6aBass kK # noaMHoxectsa B|J{oo}, BU{—o0}, Bl
U{oo, —oo} npu Bcex BEH, u 0606lHTL NOHATHE HK3IMEDHMOM
$YHKIMK, JONycKas B KauecTBe 3HaueHMH oo M npexnosaras
X—'(o0), X~!(—oo0)=sf. Beenenue GECKOHEYHO YRAJEHHHIX TOUEK 06-
Jeryaer o6pallleHHe C NpefeJbHHIMH ONEpauusMHM: MOHOTOHHAas Mo-
CJIE0BATENLHOCTb BCErAa MMEET NpPEAE], XOTH OH ye MoXeT OnlTh
6ECKOHEYHEIM, BCAKOE YHCJIOBOE MHOXECTBO HMEET TOUHHE BEPXHIGIO

*) CM. cHOCKY Ha c. 101.

174



¥ HHXHIOIO [PaHH, KOTOpPHE, B YACTHOCTH, MOryT paBHAThCA == o0,
BeckoHeuHo yhaseHHBIE TOUKHM BK/KOYAIOTCH B NOPALKOBYIO CTPYKTYPY
npAMoR (—oo<x<<oo s Ji060ro xR) H B apHMETHUECKYIO CTPYK-
TYpPY B IPEANOJOMXKEHHH, 4TO H3beraloTcs GeccMBICIEHHKIE BLIpaxKeHHS
THIAa co—oo, co/oo H Ap. BmecTe ¢ TeM BripaxeHus 0-oo, oo-0 noses-
HO OTHECTH K OCMBICJE€HHHIM, NPHHAB (- co=o00-0=0.

Kanacc #3aMepuMbiX YHKUHH 3aMKHYT OTHOCHTENLHO NpEeREJbHOrO
nepexona. B camom pene, nycthk Xa(w), n=1, 2, ..., H3MEpPUMBH H
Y (0) =sup X, (0). Tak kak npu mob6oM ¢ {0 : X, ()= (—oo, t]} =4,

n

TO
f0:Y@e(—oo, =N {o: Xa(w)e(—om, fled.
n=1
Toyno Tak xe
Y~ (c0)= ﬁ G{m:X,,(m)>N}eu¢. Y ' (—o)e= A
N=1 n=1

Crnenosatenbno, QyHkuus Y(w) uaMepuMa. AHaJOrHYHO yCTaHABJM-
BaeTcs, 4YTO H3MepHM HH(HHYM (MOXHO NMEpeHTH K CynpeMyMy H3Me-
puEMEIX BMecTe ¢ Xn(w) dynxuuit —X.(w)). B Takom ciyuae u3MepH-
MEI BepXHHil npejeJs Noc/Jef0BaTeJbHOCTH H3MEePHUMHX DYHKIHI

lim X, (w)=inf sup X, ()
n—»an n k>n
¥ HuxHH# npeaen. Ecam cymectsyer lim X, (w) = X (w), To X (0) Takxke
n—»oa
H3aMepuMa. .
HamepuMmas ¢yHKUHA C KOHEUHBIM YICJOM 3HAYEHHH
n
h(@)=Y ada (@),

=1
rie a;=R, Aiest, i=1, ..., n, A/A;)=< npu i#] Ha3wBaeTca npo-
crod. Ecnv yHesno 3HaueHHH uaMepUMOH (YHKUMH CYETHO (B HamH-
caHHOM Bhe ¢opMyJe HaAO NOJOXHTh n=o00), TO (PYHKUNA HaA3LIBA-
erca gaemenraprold. Jliobylo HaMepuMmylo ¢yekuHo X(w) MOXHO
NPEACTABHTh KaK Npejes MOCIeJ0BATENLHOCTH NPOCTHIX QYHKIHH:

X" (@)= Y ke e x@<iinay (@) F

k=n —nt
+nlie: x> (©)—nlio: x(w)y<—n (©).

Jna panbHefmero 3aMeTHM, yTO B cjaydae HeoTpuuarensHoir X(w)
noc/eA0BaTe1bHOCTh

(n) —
X" ()= k2 nl{m:kz'"<X(m)S(k1'—1)2'") (@)
{ocec2®}

cxonutesl K X(w) He y6GhiBas.
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Jlerko BHAETH, YTO KJ1aCC NPOCTHIX (YHKUHH 3aMKHYT OTHOCHTE.b-
Ho apuMeTHuecKHX onepauuil. IIpumMenss npene’bHHH nepexoj, no-
JyyaeM, yTO 3TO YTBepXJeHHe BCPHO AJS BCEro Kjacca H3MEDHMLIX
¢yukunit. OTciona moayuaem Takxke, uto BMecTe ¢ X(w) H3IMepHMH
GYHKIHH

X (@)= X (@) No: x>0 (©), X =(—X), | X|=XT+ X",

Ilpennonoxum, 4TO Ha M3MEePHMOM IpocTpaHcTBe (£, &) omnpene-
JeHa cueTHo-agauTHBHAas Mepa p. Korxa p(Q)=1, Tpoiika (R, £, p)
Ha3blBaeTCH BEpDOSTHOCTHBIM [POCTPAHCTBOM, Jo06ad u3aMepuMas
GOyHKUH — cJayYyaHHOH BequyHHOR. /1A cayyadHEIX BEJHYHH ONpeje-
JIEHO NOHSTHE MAaTEeMaTHYECKOrO OXHAAHHA. IJTO NMOHATHE B OO6IIEH
TEOPHH TNIPOCTPAHCTB C MEpOH Ha3nBaeTcs uHTezpasom Jlebeza. Cy-
IIeCTBYIOT pa3/IHyYHble NOAXOAL K ero omnpepenensio. B § 7 6ua ic-
f0/b30BaH NpEefeNbHHH Nepexox OT 3JeMeHTapHuX PyHKuu# x pas-
HOMepHO npuOJHKaeMbIM HMH NDOH3BOJIbBHHIM H3MepHMHIM. Hinke uc-
no/sb3yercs, BOIMOXHO He CTOb HarAsjHLIHA, HO TexHHueckH boJee
COBEPLIEHHBIH NMOAXOX.

OnpenenuM unrezpas JleGeza pJs HeOTPHLATENbHOH IPOCTOR
¢yHkuuu opmyJoi

[ 7 (@0 (do)=Y ap(4) (0-00=00:0=0),
i=l

a J/1f NPOH3BOJBHOR IPOCTOR NOJIOXKHKM
(h@)p(do) = [ A" (@R (do)— [ 4 (@)p(do)

B NPEANO.I0XKEHHH, YTO XOTA OBl OAMH M3 MHTErpajoB CNpaBa KOHe-
yen. IIpocTyo QyHKUHMIO BCErZa MOXHO TMpPEACTaBHTh B BHJE JHHed-
HOR KOMGHMHAUWH HHAMKATOPOB C NONADHO DAa3JHYHHMI KO3PGHIHK-
eaTamu: a,#a; npu i#j. Or1ciona, npuHEMas BO BHHMaHHE AJAHTHB-
HOCTb MEphl i, 3aKJIOUaeM, 4TO ONpEJE/EHHE KOPDEKTHO — He 3aBH-
CHT OT NpEeACTaBJEHHA NpOCTOH QYHKUHM Kak KOMOMHAUHH HHIHKA-
TopoB. MHTerpas oT HeoTpHIATeNbHOH GYHKUHH CyLIeCTBYeT BCErAa,
XOTS M MOXeT paBHATbCH +oo. IIpoctas ¢yHKuMs Ha3nBaeTcH UH-
Tezpupyemoil, eClM HHTerpaJ CYLECTBYET ¥ KOHEYEH.

10.1. 3anaua. IlpoBepuTh 3/MeMeHTapHHE CBOHCTBA HHTerpana
OT NPOCTHX HEOTDHLATENbHBIX (YHKUHH: aJNHTHBHOCTb, OXHOPOA-

HOCTb, MOHOTOHHOCTh (Jh1 (m)p.(dm)<§ kg (©) g (do) npu k(@) < A, (m)).
[3ameruM, uTO npocTyio (YHKIHIO MOXHO 3amHCaTh B BHAE

h(@) =¥ ada (@),
1=1

rae uamepumue mHoxectsa A;, {=1, ..., n, obpa3syior pa3buenne Q
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(1. e. UA,—Q AAj=@ npu i+ j), RoGaBaAR, €Ca 3TO HeOGXOAM-

Mo, q.nen suga 0-7, (o). Ilycrs

hh ((I)) X a, A(k) ((I)) k=1 , 2,

i=1

— IpocThle QYHKUMH, NpeACTaBJeHHble B YKadaHHOM BHAe. B Takom
ciayuae uMeeM

1 = 21 142) (0), IAsl) (m)zzl IAgl)lA’(_z) = z lAgl)As_z),
i= j= i=1

b =3 ol . R (A) = ¥ k(A4

=1 =1 /=1
K aHAaJIOTHYHO

hl ((I)) z X A(I)A?), p.(Alﬂ)) — EI p(Algl)A’gz))'

i=1 i=l1 i=1
OTKYAa
{ b (@B (do) = 2 ¥ ol (44,

=1 [=1

[h@pE =Y ¥ afuAda?),

=1 =1

Ipexnonoxum, uro A, (0) << hy(w). Toraa ana nap £, j, Takux, 9TO

AVAP £ F, umeen a“’ < af¥. CpaBHupas NOWIEHHO CyMMH B NpaBhIX
qacmx nosyyaem

{1 (@)1 (d0) <\ Aa (o) (do).

CkaaanBas Jeshle H npaBblé 4aCTH BLINKHCAHHLIX BhIlIe COOTHOIIXEHHﬁ,
HAaXO0oHM

[ (@)1 (@) + [ ha (@) (do) = Z Z @ 4 o) p (APADY,

1=1 j=I
4YTO BMECTE€ C IIDEACTaBJIEHHEM

B©+RO=Y T @+ a®)10,0

i=1 j=1
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JOKa3nBaeT aAAHTHBHOCThE HHTerpana. OXHOPOAHOCTs HHTErpana
{ch(@)p(do)=c { r(@)u(do)

OUeBHIHA.]

10.2. 3axaua. Ilepenectn yTBepxaeHus 10.1 Ha npou3BoJbHBEE
IpoCTHE QYHKUHH.
{B npeanonoXeHHH, YTO KaXALIH H3 HHTETpaJoB

{ (@) (do), §hs(0)u (do)

CYLIECTBYET, AOK23aTelhCTBO MOHOTOHHOCTH HHTerpana % HeoTpH-
naTteJbHEIX NPOCThIX GYHKIHH INEpEHOCHUTCA Ha npocThle (GYHKIHH,
NpHHEMAKOLIHE 3HaYeHHR Jioboro 3Haka. 3To Xe 3aMeuaHHe OTHOCHT-
CH K J0K23aTeNbCTBY OJHOPOJHOCTH M aAXUTHBHOCTH B IpEjIOJIOXE-
HHH, YTO CYMMEHI

{ A @ (do) + [ b (@)p (dw), By (©)+ ke (0)

uMmeroT cMmiuica. TlocienHee npeanosioXeHHe MOMHO OCNaGHTh, eCaH
paccMaTpuBaTh QYHKUHH, ONpeReseHHhe BCIOAY, KpoMe, GBITh MOXeET,
HEKOTOPOro MHOXECTBa MEpbl HYJb, H JONYCKaTh Heonpene]eHHOCTh
cymMmnl h;(w)+hy(w) Ha HEKOTOpOM MHOXECTBE | — MEphl HYJIb.]

10.3. 3anaua. Ilyctb h(w) — HeoTpHuaTenbHa® npoctas QyHK-
nis. Ilonoxum ans nwo6oro H3IMEpHMOro MHOXecTBa A

[ 1) [4(0)p(do) = [ h(0)p (do) = T4 (A),
A

TJe cJeBa CTOMUT HHTErpan OT IPOCTOR HEOTPHUATEeNbHOR GYHKUHH
h{w)Is(w). Tlokasats, uto Fx(A) — cueTHO-aAIMTHBHaR Mepa Ha
(Q, s£).
[Oas hA(w)=b-Is(w) nonydaeMm Fx(A)=b-un(AB), n yrBepxnaeHxe
oueBHHO. [IpousBonsHas npocta® GYHKUHE — cyMMa GYHKUHHA yka-
3aHHOro BHAa, Tax uTo B o6meM ciayuae Jn(A) npeactaBaseTcs Kak
CyMMa Mep H, cle/l0BaTeJbHO, ABJISETCH Mepoi.]

104. 3apxaua, [das awboit npoctoit ¢yHkuuH h(w) # awboro
mHoxectsa Acsf onpenenum uuterpan ot h{w) no MHoxecTBy A
KakK

;Eh(m)u(dm) = [h©) a(@)n(do)

NPH YCJOBHH, YTO MHTErpas cnpasa cyuiecTByeT. I[IpGBepHTh 3JeMeEH-
TapHbE CBOHCTBAa MHTErpaja no MHOXecTBy A OT mpocThX QyHKUHAH.
IToxa3aTth, uTO HHTErpan Kak QyHKUHMS MHOXECTBA CUETHO-aJIHTHBEH
¥ HenpepniBeH (IpeAloJaraercs, YTO HHTErpas] OT A CYUIeCTBYET).

[ [ 1y (0)+ ha (@D (d0) = § (1, (0) T4 (@) + s (0) L (@) (o) =
A
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= {5 (@) 1a, @ 1 (d0) +§ 12 (©) L, (@) (d) = [ By (@) (do) +
A

+{ k(@ u @), [ch (m)u(dm)=0§h(m)u(dm).
A

A
rae npeanoqaraeTcs, 4YTO HHTErpaJu

(A (@u o), [ k(@)1 (do)
A A

CYWECTBYIOT, 2 HX CyMMa onpejeeHa (¥#oo, —oo).
Ecan A (0)<<hs (w) Ha mHOXecTBe A, To, npuMenss 10.2 k ¢dyHK-
uuaM Ay (w)l4 (@), hz2(w)la(w), nOayuaem

{ (@)1 (do) < § 4y (@)1 (do).
A A

CuerHass aJZMTHBHOCTb H HENPEPLIBHOCTh GYHKIHI MHOXECTB

74 (A) = ( (©)p (do)
A

BEITEKAET M3 NPEACTABJEHHS
(A= (A)—Tn-(A), h(@)=h" (@) —h (v)
M CUETHOHM a/[IMTHBHOCTH M HenpepuBHOCTH Mep & a+(A), &n-(A).]

10.5. 3agaua. [lycth A(w) — KOHeuHAaw HEOTpHUATENbHAS NpO-
cras dyHkuus. BLIBeCTH HepaBeHCTBO

jh(m)p(dm)gmax{h(w)}p.(m k(@) > e)+-ep (0 : 0 < h(o)<e).

K]

[$2@udo)=[r@prEa)=Y § r(0)pdo),
4]

=1 4
A= h(@>e), A={:0<t@)<e}, Aj={0: h(w)=0}.
Ha muoxectse A, BocnonbayeMcs HepasekctBom A (o) <max {A(w)},

(1]

Ha MHoxecTBe A; — HepaBeHCTBOM /i (w) <€, H, npuMensas cBofcTBO
MOUIOTOHHOCTH HHTErpaJa, nojydaem tpebGyemoe.]

10.6. 3anaua. I[lycte An{w), n=1, 2, ..., — HeBo3pacTaiomas
10CJ/1€,10BaTEbHOCTb NPOCTHIX QYHKUMA, TaKas, 4TO

lim A, (@) =0, j _'h1 {0) 1 (do) < .

n-»c

IlokasaTh, 4TO
lim Ih,,(m)p(dm):O.
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[Tax xax O<hn<h), TO hn uHTerpupyeMa ¥ p(w:hn(w0)=o00)=0.
ITockonbKy 3HaueHHe HHTErpaja He MEeHSeTCA NDH H3MEHEeHHH (YyHK-
UMM H2a MHOMECTBe u-Mepbi Hy.Jb, MOXHO 6e3 yumep6a Aas 06GLIHOCTH
IPEANONOXKKTE, 4TO An(w) <oo, n=1, 2, ... . [Tosnaras c—max {h, ()}

H YYHTHBAs, 4TO hl(m)>/h2(m)>/...>/0 M3 HepaBCHCTBA 105 rno-
Jyuaem

< (m@pEd)<a©: h@>e+m©: 0<h @<
S (@ : hy(@>e)+ep(: hy(@)>0).

3aMeTHM, YTO M3 KOHEUHOCTH HHTerpana oT A;(w) BHITEKaeT KOHey-
HocTh p(w: /1, (w)>0), 2 ¥3 MOHOTOHHOH CXOAMMOCTH INOCJEAOBATEJb-
HOCTH h.(w) K HYJNIO CaefyeT, 4TO

©:h(@> Do b @>e) () {0k (@) >e)=g,
=1

npuaeM p(w : A, (@) >e)<<p(o: k(@) > 0) << co. Tlepexogsn B HepapeH-
CTBE K BEepXHeMy npejeJy IO 7 W MCNOML3ys CBOHCTBO HENpPEPRIBHOCTH
MepHl [, MOJy4YaeMm

o<mgh,‘(m)p(dm)<ep(m: h (©)>0), £>0].

10.7. 3agaua. Ilycts h.(w), n=1, 2, ..., — HeBo3spacraolas
NoC/e0BATENLHOCTh HEOTPHUATENBHEIX TNPOCTHX QYHKIHME CXOZMTCH

K npoctoii dyuxumn h(w) n \ A (0)p(dw)<oo. Iloxasats, uto
lim Sh (m)p.(dm)_jh(m)p.(dm)< co.

[Tocnenosatensuocts An(w)—h(w), n=1, 2, ..., HeoTpHUaTEJbHHIX
TIPOCTHIX $YHKUMH He BO3PACTAET, CXOAMTCHA K HYJIIO M

< [y (@ —h(@)p(do)={ h (@) pde)— (A @)1 (do) < .

ITpumensis 10.6, nonyuaem TpebGyemoe.]

10.8. 3agaua. [Iycth hn(w), n=l, 2, , — HeyOhnlBalomwas mo-
CJe[0BATEILHOCTL HEOTPHLATE]bHEIX IIpOCTle GYHKUMA CXOMMTCH K
npoctoil $yskuuu h(w). IlokasaTts, yTo

lim { hy (@) (do)={ A (@) p (da),

n—»oo

pa3obpaB ciyuam KOHEYHOro M GecKOHeyHoro murterpana ot A(w).
[Cnyua koneuyHoro wHTerpana ot h(w) pasbiupaercAd Tak e, Kak B
10.7. IIpeanoaoxumM, 4TO

[R@RE)=F ap(A)=co,
=1
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K NycTh, Hanpumep, a,u(A;) =oo. [TokaxeM, uto

S h, (0)u (dw) + 00, n— oo.
A,

IMocnegosate 1LHOCTh A, (@) = A, (@) [4, (@), n=1, 2, ..., He yGuBaer
¥ cxogutes K a,]4 (w). s moboro O <o << a, umeeM

(@A, (@) >a) C {0 Ay (0)>a}, G {0:h(0)>a) =4,

n=1
M 10 CBOICTBY HENpephLiBHOCTK MEpH
(@ : k(@) >a)>p(4), n—>oo.
Oxesnaxo, . N
s h, (@) u(do) > ap (o : h, (0)> a).

Hepexo,m B HEpPaBEHCTBE K Ipeaeay no n, nojydaeMm
tim § %, (0) 1 (do) 3> ap (4).

Ecar p(A,)=o00, T0o Bce Roka3axo, a ecnu w(A4,)<oo, T0o @;=o00, TaK
uTO @ MOXHO BhIGpaTh K4K YrOAHO 60JbIUHMM.]

10.9. 3aagauya. Ilycts Aa(w), n=1, 2, ..., — HeyOniBawomas (xe-
BO3pacTapoulas) MOoCIeA0BaTeNLHOCTh NMPOCTHIX (YHKIUN, CXOAAULANA-
cs K npocro# Qyskuuu h(w), U Shl (0) u (dw) >— oo (J‘hlp(dm)< oo).

[Toka3aTs, uto
lim j‘h,,(m)p(dm)=§ h (0) u (dw) >— 0o (< o).

[dna HeyGniBaroulei nocjeaosarensHocTd An(w), n=1, 2, ..., nocne-
4

JA0BaTeNLHOCTE h, (), n=1, 2, ..., He ybuiBaeT ¥ cxoaured K it (w),

a nocneloBaTensHOCTs M, (W), n=1, 2, ..., He BOo3pacTaeT M CXO-

autcd K h—(w), npuuem Shl—(m)p(dm)< oo. Ilpumenss 10.7, 10.8,
no.;yuaemM Ipu n—»oo

{ #3 @n(do)—>{ bt (@) u(do), [ h @p(do) > (A~ (@0 (do) < oo,

H OCT4€TCA BOCIOJL30BATLCA OlipefleJicHHeM HHTerpana oOT l'IpOCTOlI'I

yHKIHH.]
10.10. 3anaua. IIycrs As(w), n=1, 2, ..., — HeyOnlBawowas no-
CJ1eJI0BATE.TbHOCTL NMpOCThIX QyHKuUM, Takas, YTo

lim £, (@) >0, {4 (0)p(do)>—oo.

IToxasaTs, uro

lim S By (@) p(dw)=0, lim Sh,‘(m)p(dm)> 0.
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[Bropoe cooTHOweHWe, OYEBMAHO, BHITEKaeT u3 nepeoro. M3 mpegp-
+ —
crasneEns h,(0) = h, (0) — kA, (©) crenyer, 4TO nOC/IEROBATEJLHOCTD

hq (0), n=1, 2, ..., HEOTPKUATEJLHLIX NPOCTRIX QYHKUHI Ht BO3pacTaeTr
u llm hn (©)<<0, a 3Hayur, limhA,; (0) =0. Tak kak no YCJOBHIC
— 2 n—svo

Shl_ (o) p (do) << o0, TO, tpumenss 10.6, noaysaem nepsoe u3 TpefyeMhix

COOTHOLIEHHH. |
10.11. 3apgaua. Ilyers A, (0), n=1, 2, ..., — HeyOulBaloN@s# 1no-
CJIE0BATENLHOCTE NPOCTHIX QYHKUMH, Takas, YTO

th (@)1 (do)>—o00, lim h,(w)>=>h (0}

rae h(@)—npoctan GyHKuus, HHTErpan oT KoTopoi cymectsyer. Iloka-
3aTh, 4YTO

lim § £, () (do) > [ A (@)1 (do).

[Ec.rm ﬁﬁ (o)1 (do) << o0, TO K mnocresoBarensHOCTH A, (0) — A (),

n=1, 2, ..., npumerumo 10.10. Ilpeanonoxum, uro 5h(m)p(dm)=oo,
K TOKaxeM, caenys cxeme paccyxzaenud 10.8, yto B 3TOM CciTyuyae

lim j‘hn () p (dw)=oo.

n-»x

Ilyets

(h@pE=Y, an(4), opA)=co. hn(@)=hm(©)l4 (o)
=1

Jas mwoboro 0<a<a,; nMeeM

[ hn @B (o) Zop(@: ha(@)>0) >ap(o: k(@) > a).
IocsenoBaTeIEHOCTD h, (0), n=1, 2, ..., He yCusmaer, lim by (©)>a,
npu Beex @ & A;, fn(©)=0 npu © € A,. Tlostomy "

0 h@>dC @ Ea@>a, | 0 w>ad=4,

n=1

lim p (o : &, (©) > a)=p(4))-

n—-+x

Taxum ofpazoMm,
lim [ hy (@) 8 (do) > o (4,)

rae au6o p(A;)=oo, au6o 0<p(A;)<co, HO @,=o0o, U CAEAOBITENL-
HO, @ MOXHO B3fiTb CKOJLKO YTOAHO GOMBILIKM.] '
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10.12. 3anaua, Ilyems A (w), Ar(@), n=1, 2, ..., — JABe HeyGH-
Balol¥e MOC/Ie0BATEIbHOCTH NPOCTHIX HEOTPHUATEJbHEIX QYHKUMiH, TaKue,
uTo

lim A (@) > lim Ay (0).

n—-ow n—»oo

Tokasats, 4yTO

nmxm@mmm>Umﬁﬁmp@¢

[Tak xax npu JoGom m lim A, (©) > An(0), TO

n—»w

lim Ay, (@) > A ().

n—»oo

ITpumerss 10.11, nonyuaem
1m§¢@m@m>5&@w@m

[Tepexons B 3TOM HepaBeHCTBE K Npeieny no m, noayuaeM TpebGye-
Mbli pe3y.1bTarT.]

Hnreepaa Jlebeea 0T NpPOM3BOJLHOA HEOTPHUATENLHON H3MeEpPHMOH
¢yuxkuun X(w) onpemenum Kak npenesJ HHTerpajoB HeyGHBaIOIKEH
nocsaeqoBaTeNbHOCTH An(w), n=1, 2, ..., HEOTPHUATEJbHHIX NIPOCTHIX
$yHKIKHA, cXoasmumxes K X(w):

§ X @ (do)=lim (A (0) p (do).

. LJ
KoppexTHocTh onpepenenns moiTekaer u3 10.12: ecan hn(0), Ay (o),
n=1, 2, ..., — ABe NOCJE€JOBATEJbHOCTH YKa3aHHOrO BHAa, TO U3 pa-
BEHCTBZ

lim Ay (0)=1im kn (0) =X (©)

n—-»m

cjelyeT paBeHCTBO
lim [ fn(@)p (do)=lim | £ (@) p(do).
n-»x n-»%x
J18 npon3BoJbHOR nM3MepuMoi HyHKuMH X(w) onpeaenuM

§ X @ ()= ] X+ @p(do)—f X~ (@)n (o)

B NpPEANOJOMEHHH, 4TO XOTH Ohl OMH M3 MHTErpaJOB B NPABOH YacTH
KoHeueH, Pynkunio X(w) HazoBeM unTezpupyemol, €cCJH HHTErpas
CYLIECTBYET I KOHEYeH,
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10.13. 3axaua. IlokasaTs, 4TO A/NS HEOTPHUATEJLHHX H3MEDH-
muix ¢yHxunil X(w), Y (w)

VX @po)>0, [cX (@ p@o)=c | X @)n(do),
f (X @)+ (@)p (do)= X @p (do) + [ ¥ (@p(do),
a npr ycaoBur X (o)=Y (w)
§ (X @—Y @)p@o)=[ X (@p@o)— ¥ ©ndo),
ecJIH XOT8 Oul OJAHH H3 HHTEI‘paJIOB CrrpaBa KOHEYEH, K
fX@p @)= [ ©pdo).
[ITepBoe cooTHOLUEHHE O4YEBHIHO, BTOPOE COOTHOWeHHe npH c=>0 H

TPETbE MNOJYYaKTCA NpejAe/bHHM INEpPeXoJOM OT NpPOcThIX GYHKUHE,
COOTHOUIEHHE

§ (— X @) p(do)=— X (@)p(do)

npeAcTaBiafer co0OH onpejenleHHe HHTerpasja OT OTPIIATE]IbHOR
¢yuxkuuu. Ilpr X(w)>7Y(0) no agaAHTHBHOCTH NOJydaeMm

[ X @ (do)= (X (@) —¥ (@) + Y (@) p (do)=
={ (X @—Y @)p o)+ [ ¥ (@ p(do) > [ ¥ (@)p(do),

4TO YCTAHABJHBAET ABA IOCJEAHHX COOTHOLUEHHA,

10.14. 3agaya. Ilyets 0<X,(w)<AX:(w)<... — nocregosa-
TenpHOCTh H3mepuMmux oyuxkumi, X(w)=limX, (). IlocTpouth He-
yOHIBaIOLIYIO NOCAe40BaTeNbHOCTh An(w), n=1, 2, ..., HEOTpHUATE/]b-

HHIX NPOCTHX QYHKUHH, TAKYIO, YTO
()< X, (0), n=1, 2, ..., limh, (0)=X (v).

[ITonomum

ni—|

gn ((D): Z kn~! ](m:kn_1<xn(m)<(k+l)n_1} ((D) + "'](wlx,,(w)>ﬂ) ((D)
1--0

Iycts 0<X (0)—Xn(0)<e aam Bcex n>N=N (g, w). [lpy Xn(0)<n
uMeem 0<CX, (w)—gn (0)<<n~!. JloaToMy npx #, ®, T2KHX, 4TO n>>
>max (N (o), Xa(w)), nonysaeM 0<X(w)—gn(w)<et+n~!, uto ycra-
HAaBJMBAE€T CXOAMMOCTb TMOCJAEAOBATENBHOCTH gn(w), n=1, 2, ..., X
X(w) B Toukax w, B XoTopblx X(w)<oco. AHAJOTHYHO ycTauaBJIHMBa-
ercs, uT0 gn(w)—>o0, n—>o0, ecan X (w)=oo. QueBHaHO, 4TO gn(w) <
<Xn(0), HO He 06f3aTeJLHO ABJAETCA MOHOTOHHOH nOCJ/e10BaTelb-

184



HOCThIO, 3aT0 h, (0)=max{g, (w)} yHxOBIEeTBOpsET BCEM NOCTABJEH-
k<n

HHIM TpebOoBaHHAM, TAK KakK
£n (@) < hy (©) Smax {X, (@)} =X, (0).]

10.15. 3aagaua (Teopema o MOHOTOHHOH cxoauMocTi). IlycThb

0<X;(0w) <X2(w) < ... — nocrenoBaTeNbHOCTh H3MEPHMHIX (QYHKUHHA,
X (0)=1lim X, (w). IloxasaTh, uto
n-»oco

lim § X, (@) ()= X (@) (d).

[BocnonbaoBaBmuck 10.14, nocTpouM HeyGLIBAOIIYIO NOCJAEAO0BATENb-

HOCTh ha(w), n=1, 2, ..., HEOTPHIATEJbHLIX NPOCTHIX QYHKUKH, Ta-

Ky, 4T0 hn(0) <Xn(w), limh,(0)=X(0). Bsuay 10.13 u onpene-
n-»oc

JEHU R ITHTErpaJia uMeeM
§ n (@)1 (@) < [ Xa (@) (do) < [ X (@) p(do),

lim § h, (@) p (da) = X (@) (da). ]

10.16. 3axgaua. Ilycth X(w) — HeoTpruaTeNbHasg H3IMepUMas
dyukuus. [lonoxum ans nwGoro uaMepuMoro MHoxecTBa A

Fx A=\ X @) 1, (0)p (do)= | X (@) p(do).
A

Iloxaaath, uTo Jx(A) ecTh cueTHO-aAAMTHBHAR Mepa Ha (Q, s£).
[M3 10.15 caeayer, uTo psja K3 HEOTPHUATEJIbHHIX H3MEDHMHIX YJEHOB
MOXHO HHTErpHpOBaTh NOYJMEHHO, TaK uTo npu AA;=, i#j, noay-
yaeM

o0 B

ax (U A)=[ X (@) F.1s(0)ndo)—

A RCIACTICOED WAZIN
=1 =

10.17. 3aaaua. B npeanosnoxenuH, yto uHTerpan ot X (w) cyuue-
CTBYET, OKA3aTh, YTO QYHKUHA MHOKECTBA

Ix(A)={ X @p(do)= X (©) 1,() p(do)
A
CUETHO-aAIHTHUBHA.

[Butexaer u3 10.16 u upeacrasnenus Ix(A)=F x+(A)—Tx-(A), 8-
JSOMWErocs onpeaesneHuemM HHTerpana oT QyHKuHH X (0)/4(0).]
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10.18. 3apgaua. [Tycts X(w), Y(w) — HeoTpuuaTenbHHIE H3Me-
p¥Mble ¢yHKuuH. [Toxa3aTh, 4TO eca® XOTH 6bl OAMH K3 HHTErpa.oB
crnpaBsa KOHeyeH, To

[ (X @—Y @) p (do)={ X (@) p (do)— [ ¥ (@) p (do).
[ITonoxum A={w: X(0)—Y(w)>0}. Toraa
j (X (@) —Y (@) p (dw)= [ (X (©) 14 (@) —¥ (@) I, (@) p (do) =

={ X (@) 1, @) p @do)— [ ¥ (&) L, (0) u (do),
rae Mual  Bocnoab3osasauck 10.13, yunTtmBasg, uto X(w)li(w)>

>Y(w)/a(w). AHanornuHo

J X @~ @) p(doy=—{ (v @) I5 (@) — X (@) I (@) b (do) =
A

A

= — (Y@ Iz @pEn) 4 X @) 75 (@) pdo).
A A

CxlanniBas MOJyYEHHLIE COOTHOMIEHHA M moab3yface 10.17, nprxogum

K TpeGyeMOMy pe3yJbTaTy.]
10.19. 3agaua, [IpoepuTh 3M€MEHTApHbIE CBOMCTBA HHTErpana:
aaRUTHBHOCTb, OXHOPOXHOCTb, MOHOTOHHOCTh.

[] (X (@) + ¥ @) p (do)= [ (X+ (@) + Y+ (@) —(X™ (@) + Y~ (@) (do)=
={ X+ (@ + Y+ @o)— [ (X~ (@) +Y @) do)=
= [ X+ @u(a)+ [ Y+ @ pdo)— [ X~ @p(do)— | ¥~ (0)u(da)=
= [ X (@) p(do)+ | ¥ (@) p(do),

rAe NpeanoiaraeTcs, 4yTO BCe BHIPAXKEHHA OCMBLICJEHH H Tie Mhl BOC-
nonn3oBaauck 10.18, 10.13 u onpenenenuem uHTErpana.]
10.20. 3apgaya. Ilyere X, (w)=> X,;(w)> ... >0 — n3vepumue

dysxumy, X (0)=lim X, (o), SXI(m)p.(dm)<oo. Buigectr u3 10.15,

qT0o
lim [ X, (@) p (do)=1 X (@) (do).

[[TocnenosatensHocts X;(w)—Xa(w0), n=1, 2, ..., He ybniBaeT U He-
OTPHUIATENLHA, TdK UTO

tim § (X, (©)— X, @)k (do)={ (X, (@)— X (@) 1 (do).
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Tpumennn 10.13, umeem
[ (X, @) — Xa (@)p (do)= | X, (@) p(do) — § Xn (@)1 (do),
§ (X, (@) — X (@) p (do)= X, (@) p (do) — § X (@) (d),

OTKYJa BBHAY KOHEYHOCTH HHTerpana ot X,(w) nosydaeMm tpebyeMmuiii
pe3ysbTar.]

10.21. 3apaaua. [TocnegoBatenbHocTh Xn(w) n3MepHMbIX YHK-
uui He ybniBaer (He Bo3pacTaeT) H

X, @p(d)>—c0 ([ X,(@)p@do) < o).

IToxka3saTs, uTo
lim § X, (o) 1 (do)= lim X, (@)p(do).

YceranasauBaercs anagsornuno 10.20, mubo seiBoguTcs w3 10.20, 10.15
¢ nomowsio pasnoxenns X, (0)=Xn (©)— X7 (0).]

10.22. 3agava (nemma Paty). Ilyers X,(w), n=1, 2, ..., —
HeoTpHUATe bHbIE H3MepHMue QyskuuH. [loka3ars, 4TO

J lim X, (@)1 (do) < Lim § X, (@) (do)

[[Tocnenosatensrocts Y, (w)=inf X, (0) H3MepuMHX HeoTpHHATENDb-
k2n

HuX GYHKUHA He yOniBaeT W NOTOMY
tim { ¥4 (@)1 (do)= { lim Y, (@)1 (do).
n-so * n-sx

IIpunuman Bo BHHMAaHHe, YTO

¥ @p o)< [ Xn(@)p (o), lim X, (@)=1lim Y, (@),

noayuaem tpebyeMblli pesyJ/ibTar.)

10.23. 3axaua. Ilyets Xa(0)>X(0), n=l1, 2, ... (Xn(o)<
<X(w), n=1, 2,...) —u3avepuMue yskuun, X(w)— HHTErpHpYyeE-
Ma. Buisecty 13 10.22, uto

§ lim X, (@) (do) < lim § X (@) (do),
(§ Tm Xn @)k (do) = Tim § Xo (@) (da).

[[Tepeittu k nocnenosatessHocTd  Yp(0) =Xn(0)—X(0) (Ya(w)=
—X(0)—Xn(0))] )

10.24. 3anaua (Teopema Jlebera O MaXODHDOBAHHOH CXORH-
mocti). [Tyets Xn(w), n=1, 2,...,— cxoafwmanca nocjef0BaTeNbHOCTDb

187



uamepumbx ¢ynkunf, |X.(0)]<X(w), rae X(w) — wHHTErpupyema.
IToxasaTh, YTO CYLIECTBYeT M KOHEueH

lim [ X, (0)n @do)=] lim X, (©) p(dv).

[Beuay pasnoxenus X, (m)=X',.+ (0)— X, (0) nmoctaToyHo pa3obpaTh
cayuah HeoTpuuarensHbnx Xa.(w), n=1, 2, ... . B stom cayuae, npu-
meunns 10.22, 10.23, nonyuaem

{ 1im X (@) (do) < lim § X, (@) p (do) <

< Tim [ Xa (@) (do) < § lim Xa (@) (do)

YTO M J2eT HYXHBI{l pe3ynnTaT.]

10.25. 3ajgaua. Marematiiueckoe oXxufaune cia. B. X(w) — ns-
MepHMO# QyHKIHK Ha nmpocTpaHcTBe (Q, &) C BEpOATHOCTHOII MEpOH
W, B § 7 6blI0 oflpefenieHO KakK Npeges

lim ¥, kn—p(e:kn! < X(0) <(k+1)n 1)

n-»00 p___ o,

B NIPEANIOJIOXKEHHH, YTO pPAAbl abCOMIOTHO CXOAATCA (npeaen NpH 3TOM
cywectyer, cM. 7.17). IlokasaTh, 4YTO MaTeMaTHuecKoe OXHAaHHE
CYIlecTByeT H KOHEYHO TOorja M TOAbKO Torja, Koraa X (w) HHTErpH-
pyeMma mo Mepe p, IpH 3TOM

MX = X (o) (do).

(912 dopMmyna MOXKET CJIYXHTL ONpejesellHeM MaTeMaTHYeCKOro
OXIJIaHHA II KOrja MHTerpaJ GecKoHeueH.)
10.26. 3anaua. Ilyctb X(w) nmamepuma # p(o:X(0)£0)=0.

Iloka3aTts, yTO !X(m)p(dm):O.

[MocTaToyno paccMoTpeTs HeoTpHuaTtesbHyio X (). Bufipas HeyOu-
BAIOWYIO INOCJ2J0BATENbHOCTh NPOCTHIX GYHKUHH A (w), cXoaslyo-
ca K X(w), TakuM obpa3oM, uTo hn(w)=0 npu X(w)=0, noayyaem
TpebGyemoe.]

10.27. 3apgaua. Ilycrs X(w), Y(w) H3MepuMb M p(o:X(w)+#*
#Y(w))=0. ITokasaTs, uTO

§ X @u(da)={¥ @)

ecJM X0oTs Gbl OQHH H3 HHTErpaJsoB CyLIeCTBYET.
[QocTaTouro paccmorperh HeorpHuarteabhble X, Y. Ecan B 31OM cay-
yae o6a MHTerpasa GECKOHEYHBI, TO YTBEpXKJeHHe TPHBIAIbHO. B npo-
THBHOM cayuae npiMenseM 10.18 u 10.26.]

B Teopuu BeposTHOCTe# .11060e NMOAMHOXECTBO 3JIEMCHT2DHBIX CO-
GLITHH BEpOSITHOCTH HYJb NpeHeGpeXHMO ¢ TOYKH 3peHMs HHTepIpe-
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rauuu Mozead. TOYHO Tak Xe cJayuaiHas BeJHuydHA NpeACTaBaAseT
MHTEpec JHIIb C TOYHOCTbIO RO ee H3MeHEeHHs Ha J1060M ¢iKkcupoBaH-
HOM MHOXECTBe BEDOSTHOCTH HyJb. B Teopuu mHTerpana JleGera Mmu
BHIENM, YTO H3MepHMBIC (YHKUMH, OTJHYAIOWIHECH HA MIOXECTBe
u-HyJeBo# Mephl, HMeIT OJMHAKOBLIE HHTErpajbl, a Bce cBOHCTBa
MHTErpaJa COXDaHSIOTCH, eCTH COOTBeTCTBYIOLue TpeSoBaHHA Ha
$YHKUMKM HaKJIaablBaTh HE Ha BceM MHOXecTBe Q, a Ha Jio6oM ero
IIOAMHOXKECTBe, AONOJHEHHEe K KOTOPOMY HMeeT u-Mepy HyJas. Hanpu-
mep, pesyastat 10.24 0 nmepexoxe X npexenay noJ 3HAKOM HHTerpana
LJS Ma)ODHPOBAHHOR INOC/e 0BATEJBLHOCTH MOXHO nepedopMyJaHpo-
BaTh B BHRe: ecad liMp,wXn(0)=X(w), |X(w)]<Y(w) =Bcioay,3a
HCKJIOUEHHEM HEKOTOPOrO MHOXEecTBa Mephl HyJab, a Y (w) HHTErpH-
pyema, TO

liMpsoof Xn (@) p (do) =f X (w) p (do).

O cBoiicTBax, KOTOphlE BLINOJHSIOTCSH BCIOAY, KpoMe, GHITh MOXET,
HEKOTOPOTO MHOXECTBa MEephl HyJb, TOBOPHAT KaK O CBOHCTBAx, BH-
NOJHAIWMXCH no4Tu 8ctody (N.B.), a B TEOPDHH BEPOATHOCTEH YIOT-
pe6asiOT eme TepMHH «nouTu HasepHoe» (n.H.). Takum ob6pa3oM,
MOXHO TOBOPHThH O I.B.-CXOAMMOCTH, €CJM OH2 HMEET MeCTO BCIOAY,
KpPOME HEKOTOPOrO MHOXEeCTBAa MEpHl HYJb, O Il B.-KOHEYHOCTH H T. A.
Bonee Toro, yno6xo paccmartpuBate yHkund X(wo) Ha (9, S, p),
onpezneJeHHble BCIOAY, KPOME HEKOTODOrO MHOXECTBA W-Mephl HYJb,
¥ TakuWe, YTO CcyuecTsyer u3MmepuMmas oyukuus X(w), uTO
p(w: X(0)#X(0))=0. [Ton uxHTerpaJoM OT TAKOH u-NI.B. H3IMEPUMOHR
¢yuxkuur X (w) noapasymeBaem uurerpas ot X(w).

10.28. 3anauva. Ilyers X (w)>0, S X (w)p (dw)=0. Iloxa3saTs,
uto (o : X(w)>0)=0.
[[Ipexnonoxum, uto p(w:X(w)=>0)>0. Ilo cBoMicTBY HENnpepLIBHOCTH
MepHl [PH N—-00

plo: X(o)>n1)—>u(o: X(0)>0),

T4K YTO, HA4YHHaA ¢ HeKOoToporo 7, uMeeM u(w: X(w)>n-1)>0,

(X@r@o)=> |  X@p@o)>o.

{0: X{w)>n"1)

[Tonyyennoe npoTHBOpeuHe HOKA3LBAET yTBEDXKAeHHe.]

10.29. [Ipumep (unurerpann Pumana, JleGera, Pumana — CTuab-
theca, JleGera — CtuanTheca). Mamepumas ¢yHkuus g(x) Ha npocrt-
pauctee (R, #), rae # — Kaacc OXHOMEpDHLX GOpeNeBCKHX MHO-
JKECTB, Ha3nBaeTcs Takxe Gopeaescxoi. Kaacc GopeneBckux ¢yHK-
n¥# BKJIIOYAET BCe OOBIYHO DAacCMaTpHBAaEMble B KJNaCCHUECKOM aHa-
au3e ¢ynxkuun. Hanpumep, GopeneBcKMMil SBASIOTCH HENpepLIBHbIE
¢yHKUMK (KaK Npegesbl NPOCTHIX), CYNeprno3nuus GopeseBCKHX QYHK-
uvit ({x:f(g(x))=B}={x:g(x)=f(B)}=F ana B=HR).
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IIpocras dyHKuHS BHAA

n

h(x)= Y, Tt (),

i=1

Tae a=h<iH<...<f=b, a;=R, i=1, ..., n, Ha3LBAETCA CTYNEH-
yarod. Uuterpanst Pumana u JleGera ot cTyneHyaThX QyHKUHi, oue-
BHIHO, coBnajaior. Jlonyctum, uto $yukuus f(x) uuTerpupyema mno
Pumany Ha otpeske [g, b]. [To KpHTepHIO HHTErpHpPYeMOCTH HaHAyTCH
ABEe IOCJefOBaTeNLHOCTH h,'(x), hn”(x), n=1, 2, ..., cTyneHyaTHX
pyskuuft, TAKHX, UTO

ha (0) < F () <hn (x), xE[a, b], hn(x)=h,(x)=0, x=[a, b],
b
tim { k() dx=1im § & (¢) de= F () v,

rAe cnpasa CTOMT WHTerpan Pumana. [JociepoBaTesnbHOCTH
R (x)—=max A (x), F, (x)=min kg (x)
k<n k<<n

MOHOTOHHK M 06/1afal0T TeMH JKe CBOHCTBAMH, YTO H HMCXOJHEIE.
B Takom cayuae dyuxkuun

[ (x)=limhq (x), " (x)=1im kg (x)
M3MEpPHMBH, 8 HX HHTerpajn Jle6era paBHH:

§ P de=tim (7o) de="lim [ B () ax= § F(x)ax.

[a. 5] f{a,b)
W3 cooTHOmenu#

f<f@)<F (), x&a, b, : S)] (F" (x)—F' (%)) dx=0

Burekaer (cM. 10.28), aro u{x:f”(x)—f'(x)#0}= 0. Takum o6pa3om,
ANs uHTErpHpyeMmoit no PuMany Ha orpeske [a, b] dyukuun f(x) no-
cTpoeHn H3MepuMuie ¢Qyukuud f'(x), f“(x), xoropwe oTiHuamTCH OT
f(x) nHa mHOXecTBe JeGeroBOA Mephsl HyJb, a HHTEerpajn Pumana
Jlebera fJst HHX paBHH:

j f(x)dx= 5 [’ (x) dx= S [’ (x) dx.

fa.b) [a.b] [a,b]

Ecnu ¢yukuus f(x) cama uaMepuMa, TO HHTerpanw Pumana u JleGe-
I'a OT Hee pPaBHHI.
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Hamepuman ¢yuxuus X(w) u3 (Q, &, p) B (R, #) nopoxnaer
Ha # wmepy px(B)=p(w:X(0)=B). Ilycts g(x) — Gopeaesckas
¢yukuus. ITokaxewm, uto

[ g(X @)n (@)= g (x)ux ().

rae cnpasa cTouT uHrerpan JleGera ua npocrpancree (R, &, px).
Has g(x)=Ia(x), Be%# umeem

[Xeyp@)= | 1u(@o)=

{w: X (w) € B}
—p(0: X (@) € B)—px (B)= | 15(x) ux ().

Tax xak npocThle QYHKUHH — JHHeHHhle KOMOHHAUWH HHAHKATOPOB,
yTBepXKJeHHe BepHo AJAf InpocTthix ¢yukuuié. Ecam g(x) — nwobas
HeoTpuuaTenbHas GopesaeBckas QyHkuus ¥ A.(x), n=I1, 2, ..., —
HeyOLBAIOMIAS  [NOCJEJOBATEJBLHOCTh  HEOTPHUATEJbLHHIX  IPOCTHIX
$yHKUHH, cxoafuasca K g(x), To B paBeHCTBe

[ 7 (X @) 1 (d)= 7o () i ()

MOXKHO nepedATH X npejeny NORA 3HaKOM HHTerpaJja, BOCHNOJL30BaB-
muck yreepxaenueM 10.15, ¥ moayuuth HyxHoe paBeHcTBo. Haxko-
Hel, B ofueM cayuae nojoxum g(x)=g+(x)—g—(x) ¥ Bocnoan3dyeM-
CA yXe YCTAHOBJIEHHhLIM pe3yJbTaTOM [Jf HEOoTPHUATeJbHHX GYHK-
142928

[IpEMeHsis K BepOSATHOCTHHIM MepaM, NoJiyiaeMm BaxHywo ¢opmyny

Mg (X (@)= g (x) Px(dx), Px(B)=P(0: X (@)= B), BE &.

Jlio6asn o-koHeyHas Mepa p Ha (R, &) 3anaercs cBoeR QyHKUHEH
pacnpenenenus (¢.p.) F(x) (cm. 6.20). B vacraocrH, mepe JleGera
coorBercTByeT ¢.p. F(x)=x. Teopus HHTerpupoBaHust no PrmaHy
Jerko pacnpocTpaHAeTcs Ha NpoH3BoJbHYylo ¢.p. F(x), ecanm aas
CTyneH4YaTo# PYHKUHH

h)=Yadu. (0, a=ti<t<...<t.=b,
i=:1

TIIOJIOXKHUTh
] n
[r(xydF (=Y a,(F (t)—F (t:ir)).
al- i=1

CooTBeTcTBYIOIIHE HHTerpa] Ha3wBaeTcs udTezpasom Pumana —
Cruaprveca. UnterpupyeMue no Pumany — CTu/bTheCy H3MEpHMHE

191



yHKIUHK TaKxKe HHTerpupyeMu no JleGery mo Mepe u c &.p. F(x),
2 HHTErpajh COBNAJaIoT:

§ g dF ()= Sjg(x)u(dx).

a+- (a,b

UHTerpan crnpasa Ha3wBaKwT HHOrRa unrezparom Jlebeea — Cruab-
ThECA.

10.30. 3anauqa. [lokasaTth, uTo M3MepHMas a6COJIOTHO HHTErpH-
pyemas no PrMaHy Ha npsaMod OYHKUMH TaKXKe HHTEerpHpyema Imo
Jlebery u MHTErpaJnl paBHH,

[ITepeitTH k npexeny B paBeHCTBe NpH 7, M—>0C:

[gmde={g, . (dx g, ()= Iinm (),

T7e cJeBa CTOMT HHTerpan PuMmaHa, a cnpasa — JleGera.]

Iyers (Q: $fi i), =1, 2, — 182 H3MEPHMHIX NPOCTPAHCTBA C
O-KoHeuHmMH Mepamu. [IpoctparctBo (Q, &£, p), rae Q=02; Xy,
S=c (X %), p — Mepa Ha £, rtakag, uto p(A;XA;)=
=u(A,)-p2(A2) ana mwobux A;=s#;, i=1, 2, Ha3uBaeTcs NpOH3Be-
IEeHHEM 3THX mpocTpaHcTB ¢ Mepo#. CymecTBOBaHHE MEpH U BHITEKA-
eT ¥3 6.26, rae paccMaTpHBAIOTCS BEPOATHOCTHHIE MepH i i=l, 2,
ec/u pa3buth Q B cueTHoe o6beJHHEHHe HENEpeceKAIOWHUXCS NpAMO-
yronbHukoB A NXA;?, takux, uto p;(A:M)-pa(4;,@)<oo (cMm. Teo-
peMy O NpOXOJKEHUM o-KOHeuHoH Mepw B § 6). Teopus mHTerpupo-
Bauyga no JleGery gaeT BO3MOXHOCTb BLIDA3HTh B BHAE SIBHOR ¢op-
MyJH Mepy p Ha Npoi3BefeHHH NPOCTPAHCTB depe3 MEphl [ii, Wa.

1031, 3agxgaua. Ilyers (R, &) — npou3aBefeHHe H3IMEPHMEIX
npoctpancts (Q:, $£:), i=1, 2. as awboro Muoxectsa A=Q u .-
6ol  ToukM 0 EQ; (0,EQ2) onpexenHM  cedenue Ap,=
={w,: (0,, ©,) 4} (As,={0,:(0,, 0,)=A)) MHoxecTBa A KO-
OpAMHATOH ) (wy). IToka3sath, uTO ecau A, 0 A, € 4,
(Ao, = Ay KODOTKO: ceueHMe HIMEPHMOr0 MHOXECTBA H3MEDHMO.
[Jlerko BugeTs, uTo aas Jwbux A, AN=Q, i=1, 2, ...,

(A, = Ay (H A“’)m.={Lig AL,

Beegem knacc S’ takux MHoxects A=Q, uto A, €4, npH Beex
01EQ. Ecw Asst’, 10 Ay, € A,, ¥ NOCKOJAbKY S¢ SBJIsETCH
o-aare6poit, Ay, € A4,, a H3 NpexbLIAYLEro  BHITEKAET,  YTO
Ay, = A, T e A=s¢. TouHo Tak Xe y6exjaaeMcs, 4To S’ 3aMK-
HYT OTHOCHTEJbHO cueTHHX obnenuHeHuidt, Ouesuguo, &, Q=s’, Tak
yto ¢’ sBaserca o-aareGpoit. I[lockoabky A Jio6oro npsMOyroJfb-
uuka A=A;XA; umeeM A, =A, mpu 0, EA, u A, =2 npH
w,= A, TO Bce NPAMOYroJbHHKK co cTropoHamu A;=8¢;, i=I1, 2, Bxo-
IAT B S¢’. YuuThBas, uto S ecTh MHHHMAaJbHas o-aiarebpa, coxep-
Kalas M3MepHMBIE NpSMOYTOJbHHKH, 3akJmouaeM, uto ' 25¢.]
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Huxe Bo uabexaHue HejopalyMeHHA u3aMepuMbie Ha (Q, &£)
GYHKUKHE HA3LIBAIOTCH TaKXKe UIMEPUMLIMU OTKOCUTEALHO £, WM
S-uaMepumMbLMU.

10.32. 3axava. B ycaoeun 1031 aas ¢uKcHpoBaHHOrO wEQ
u Joboit ¢yukuun f(o), o=Q, onpenenum ceyenue f,, (0;) Kak
byHkuUHIO Ha €0, 3a4aBaeMyl0 DABEHCTBOM fo, (©)=F (0, ©y).
IlokasaTb, 4To ecau f(w) H3MEpHMa OTHOCHTENLHO &£, TO  fo, (©F)
H3MEpUMa OTHOCHTEJNBHO S&s.

[BuiTexkaer 13 paBeHcTBa

f;,l (B)y={0y: fo, (0,) € B}={0,: f (0,, ©,) & B}=
={0y: (0,, ) Ef' (B)}=(f"(B)a,

u yrBepxaenus 10.31.]

10.33.* 3axgaya. [lycts (R, &, u) — npoH3BeJeHHE H3IMEPHMBIX
npoctpaHcTB (Qi, &£i, W) C BEPOATHOCTHHIMK MepaMH p;, i=1, 2.
Beenem kaacc A& MHOXecTB A=(), aA1d KOTOPHIX GYHKUHA H, (Ao,
$4;-M3IMEpHMa U CpaBeJJIMBO PABEHCTBO

A= 1, (A0, 1y (doy).

TlokasaTb, 4TO .4 HABJAETCA MOHOTOHHHWIM KJacCOM M CONEPXKHT al-
re6py KolleyHHX OO6beAHMHEHHH npsaMoyronbHukoB A, XA; AEs,,
i=1, 2, a cneposarennHo, coaepxut S (cM. 6.36). PacnpocTtpaHuThb
YTBEpXK/JEHHE Ha O-KOHEYHLIE MEpHl p;, i=1, 2.
lEcniu A=A, XA, Aiest;, i=1, 2, To PyHKuuS

My (Au,) =H, (4)) 14, ()

— mnpoctas Ha (i, ;). HHrerpan oT Hee no Mepe Wz paBeH
wi(A)) - p2(A2) =u(A), tak yto A=A, . e. kaacc A CORAEPKHUT MO-
Ayanre6py npaMoyroabHukoB A;XAg, A8, i=1, 2 (cm. 6.24).
Ecin npamoyroabuukn AN=A,NXA,), j=1,..., n, nonapxo He
IepecexaloTcH, A=UA“’, TO, NOJb3YACh JOKA3aHHHEIM, NOJyYaem
i
BA=X (A" (A= Y, (A5 1,00 (03) pa ()

{i} {j}
Tak xak A.=|]AY, NpHYEM MHOXKECTBA AP j=1,..., n, TO-

i
NapHO HE NepeceKarTCs, TO

):) My (AN T ) (@) =y(Aa) L a, (@2)
{i 2

H, clefoBaTenbHo, A, T. e. A cofepKHuT aare6py KOHEYHHIX OG-
enqMHeHn# npaMoyroJabHHKoB (cM. 6.1).
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Ilycts Tenepy ANMNCAR, ..., AMed, n=1, 2, ... . Ilepexoasn
K NpEejely NpH f—»00 B pPaBEHCTBAX

p(A™)={ 0, (AT pe (dog), =1, 2, ...,

K nonn3dysck 10.15 ¥ cBO#CTBOM HeEnpepLIBHOCTH MEpHl |1;, MOJy4aeM,

4TQ UA‘"’ =oil. Hcnonssys 10.20 smecto 10.15, aakaouaem Tou-
{n}

HO TakK Xe, 4To kJacc .4 3aMKHYT OTHOCHTENLHO NepeceyeHHH yOul-
BaOLKX INOCJEA0BATENLHOCTEH (MOXHO TakXe BOCINOJNb30BaThCH pa-
BeHcTBOM W (AM)=1—u(A®)). B cnryuae o-KOHEUHBIX Mep JAOCTATO4-
HO pa3GHTb NPOCTPAHCTBO B cueTHOe o6heiHHEeHHE NMPAMOYrolbLHHKOB
C KOHEUHHIMH MEeDaMHK CTOPOH.]

10.34.* 3anaua. B ycnoBux 10.33: (1) nycTs uuHTerpan oT yHK-
uuH f(w)=f(w,, w2) cyuwecTByeT, noxasarh, YTO

fr@n@a)="\ (\ fu, @), @) p, (doy);

(I1) muTerpan cnesa cyuiecrByer, ecnu

j (S [For (@)1 By (dml)) H; (dw,) << oo.

[(1) Oas f(w)=I1(w), A=s#, ytBepxaense cBoautcs x 10.33, npu
3TOM

§ Fon (@) 1, (doo) =, (Au)

ABaseTcH Sfy-KaMepuMoi GyHkuued. [Tockoabky Ansm Ja06biX QYHK-
UMK f, @ ¥ NOCTOAHHEIX @, b ¥MeeM, OYEBHHO,

(af + bg)w,=af w, + bgus

TO YTBEpXJEHHE COXpaHAETCH H ANf NPOCTHX DYHKIHH — NMHEAHHIX
KOMOMHAaNU#A MWHAKKATOpPoB. Oas 10604 HEOTPHUATENILHOR K3MEpPHMOR
byukuu¥ f(w) paccMOTpuM HeyGhIBaOIYIO NMOCTEI0BATENLHOCTh CXO-
ASIMXCA K Hel HEOTPHUATeNbHHX npocTHX OQyHkuui M (w), n=
=1, 2, ..., ¥ 3anxMeM AJA HHX YXe YCTAaHOBJEHHbE PAaBEHCTBA

{7 @ (doy=[ (] £ (@0 (dwy)) by (),

rle BHYTPEHHHM# MHTerpan cnpaBa — u3MepuMas OQyHxuus Ha (S,
s;). Tak kak nocnefoBarenshocts [ (w), n=1, 2, ..., He yOn-

BAaeET, TO HE y61.mae'r NOCJ1€A0BATEJLHOCTD

[ 1o @y (doy), =1, 2, ...

INepexoas B HamucaHHOM Bhille PABEHCTBE K MpefeNy INpH n—»oco H
noNbL3ysich ONpejeneHueM KHTerpana ot f(w) 4 TeopeMo# O MOHOTOH-
Ho# cxoaumocTtd 10,15, nonyyaem TpeGyemoe yTBEpXKAeHHE ANH Cay-

194



wasg HeoTpuuatensHo#t f(w). IIpm atom, ecim umurerpan ot f(w) xo-
HeyeH, TO (PyHKUHSA

§ Fou (@) 1, (dy)

KOHEYHA NOYTH BCIOAY OTHOCHTEJLHO Jig.
B obwem cnyvae u3 paanoxenns [(w)=f*+(w)—f (o) umeem

§ @ (do)={ f+@ndw)— [ F (©) p (do)=
= [ (75, ) 1, (do) pdo) —§ ([ o (@) 1y (d))) by (doy),

H OCTaeTCs y5EZIHTbCH, YTO BhIDAaXKEHHE

[ 1 @), (do) —§ o), (o)

ofpamaercss B HeONpeJe/NeHHOCTs co—oo He GoJjiee YeM Ha HEKOTOPOM
MHOXECTBE |p-MEDH HYyJh. JTO, OJHAKO, BHITEKAET H3 TOro, YTO XOTH
6nl 0AMH M3 HHTErpasos oT f+(w) uiu [~ (w) KoHeueH.

(IT) BBuay npeacraBnenust f=f+—f-, |f|=f++f- mocratouno pac-
CMOTpETh HeoTpHuaTeasHyl [(w). Ho B 3TOM cnyuae yTBepxpenue
HelocpeACTBEHHO cienyeT H3 (I), Tak Kak HHTErpas OT HEOTPHUATENh-
HOH H3MepHMOH QYHKUHH BCEraa CyLIECTBYET.]

Hurterpan Jle6era ot ¢yukuux f(w)=f(w;, ws) Ha npoHiaBeJeHHH
npoctpadctB (8, S, W), (=1, 2, 3anucuBaloT B (hopMe aBOHHOrO
uHTerpana, a yrBepxaeHne 10.34, HasniBaemoe Teopemod Pybunu,
BHIDAXKAETCsl PaBEHCTBOM JBOHHOIO M NOBTOPHOTO HHTETpaJoB:

SS f(w,, v)p, (dw,)p, (dmz)=S Mg (dwy) S f (@, @g) u (doy).

10.35.* 3agaua. Cn. B. X(w) ¥ Y(w) HelaBHCHMH, T. e. AJA
JIO6KIX POMEXYTKOB [o 5, [c.¢ BHIOJHAETCS PaBEHCTBO

Pxy(la.sX1c.a)=Px(los)Py(Ic.a).

ITokaaats: (I) uto mMepa Py y(B)=P(w:(X(w), Y(w))=B) onpexe-
JeHa 3THM DaBEHCTBOM Ha kJjacce %2 GopeleBCKHX MHOMXECTB Ha
nnockoctd; (I1) uro npoctpadctBo (R?, #2, Px.y) — npouaseneHue
npoctpaHctB (R, %, Px) u (R, &, Py).

[(I) O6Goanauum %’ knacc Bcex TakKuXx MHoxecTB B’&R?, uto MHO-
xecTBo {w: (X(w), Y(w))=B’} — uaMepumoe. OueBHAHO, YTO AJH JIO-
6nix B,, Bo=# umeem B, XB,=#'. Ecnu B'e®, 10

{o: (X (w), Y(0))eB)={w: (X (v), Y(v))=B"}
u B'e4%. Auanoruuno, ecnu B/e®, i=1,2,..., 70 \JBi= B’'. Cnre-
]

{h
nAosatensHo, #'=%2 u mepa Pyy onpepenena ua 2. (II) Knace
MHOXECTB Bj, TakuX, 4TO NIpH 3ajaHHOM NpOMEXYTKe / BepHO pa-
BEHCTBO

PX.Y(31X1) =Px(Bl)Py(1),
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ABNAETCH, OYE€BHAHO, 0-anre6poOH H COAEpPKHT BCE NPOMEXYTKH, a cle-
J0BATeJIbHO, H Knacc GopeneBCKHX MHOXECTB. PPHKCHpPYH NpPOH3BOJb-
Hoe B4, npoBoAHM TaKoe e pacCyXAEHHE AJH KNacca MHOXECTB
By, ans KoTOpHX

Px.y(B1X B2)=Px(B\) Py (B,),

H Nonyuaem, YTO paBeHCTBO BepHo npH Bcex B, B,e=4.]

1036. 3agaua, Cn B. X, X; He3aBHCHMEI, a HX MaTeMaTHuye-
CKHEe OXHAAHHA KoHeuHu. [loka3atb, yto MX X;=MX,-MX,.
[Buitekaer 13 10.34, 10.35.]

10.37. 3agaua, Cxa, B. X, Y HesasucuMH. Iloka3aTs, uTO AJH
nwboro GopeneBckoro mHoXecTBa B

Px+y(B)=[Px(B—y) Py(dy) =[Py (B—x) Py (dx),

rae B—a={x—a:x<B}.
[[Tpumenan 10.34, umeem

Px+y(B)={{la(x+y) Px(dx)Py(dy)=
=[Py (dy) [In(x+y) Px(dx)=fPx(B~y)Py(dy) ]

10.38. 3anaua, Ilycts cn. B, X;, X; HMEIOT COBMECTHYIO IIOT-
HOCThb (X, X3), T. €,

P (w: (X, (0), X2(0))EB)={§af (x1, x2)dx,dxs

ana mwoboro AByMepHoro GopeneBckoro MHoxectBa B, [lokasarts, 4TO
X,(X;) nmeeT mIOTHOCTh

Fxobe)=\ F O ) dxy (Fx, 0= (5, ) dx,).

O6061mnTe yTBEpXKAEHHE HA M0G0l Habop X (w), ..., Xa(w) cayuai-
HEIX BeJHUHH,
[Ans B=B,XR, rae B, — nuHeiioe GopeleBCKOe MHOXECTBO, NOJY-

yaeM, npuMensnn 10.34,
P(o: X, (0)€ B))=P(0: (X, (), X;(0)) = B)=

=100 2 (0 x) oy dg= [ 15, (x) dx, [ [ (0 2) dta=

o Ir () dx, fa, ()= F (e, x2)

OTmeTHM, 4TO NJOTHOCTH pacHpejesieHHs BepOATHOCTEA ONpeaeneHa
C TOYHOCTBIO A0 €e H3MEHEHHH Ha IPOM3BOJLHOM MHOMXECTBE MEpH
JleGera Hyab, H, B YACTHOCTH, MOXHO CUHTATh, UTO IJNOTHOCThL 33afa-
Ha u-TIOYTH BCIOAY.]

10.39. 3anaua. [lycts mepa p B (R", #") 3anaercs nJOTHOCTbIO
f(x)=>0:

pB=\imd, B=s"

B
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Toraa ans aw6oit u3mepuMoR QYHKIHMH A (x)

Vrmpy=\nwiwd

B NpPEANOJOMEHMH, YTO OJAMH H3 HHTErpajoB CYLIECTBYeT.
[dna h(x)=Ig(x) paBeHCTBO CBOAMTCA K onpejaejeHuio Mepn u. OT-
Cl0fa CJeayeT, YTO OHO CNpaBeJd4BO MAJf NPOCTHX QyHKuMi. Jas
HEOTPHUATEJNbHBIX QYHKUKH OHO NOJYyuaercd IepexofoM K INpeleay
no Heyb6niBalouled NOCAE€J0BATEJBHOCTH IPOCTHIX HEOTPHUATENbHBLIX
GyHkuul, cxoaswmxca K h(x). O6wmit cayua# nosyuaercs H3 pas-
JIOXeHuss h=h+—h"]

10.40. 3agaua, Ca B. X(w), Y(w) He3aBHCHMH K HMEWOT IJIOT-
Hoctd. Toraa ca. B. X(w), Y(w) HMeOT CcOBMECTHYIO IJOTHOCTh
fxx(x, y)=Fx(*)[v(y), 2 ca. . X+ Y umeer NJIOTHOCTD

Fxoy W= Fx a—1) fy () d.

[ [Tpumenss 10.34, 10.39, umeem aas mo6oro Be=#?

Py (B)= Py (dy) § 15 (x, 4)Px(dx)=

=S h @y § 1500 ) ixdx= IBS Fx () Fy (9) dx dy,

YTQ ycT2aHaBJMBaeT nepBoe K3 yTeepxiaenu#t 10.40. Bropoe ycranas-
JIKBAETCH aHAJIOTHUHO, |

1041. [Tpumep (mMapkoBckue mnpoueccu). B 4.27 na 3BpucTHue-
CKOM YyDOBHe BBOAMJCH npouecc 6poyHoBcKoro ABMxeHusa W,= W (f),
t>0, kak cemeilcTBO ca. B.,, AAA KOTOPHX npH Jwbnx 0<t < ... <,
n=1, 2,..., coBMecTHas MNJOTHOCTL cJa. B. W(4),..., W({,) umeer
BHJ

Frueoaty (i oy x)=T1pltios, i, tiy %), te=2%,=0,

i=1
pes, x t, )=V i—s)e((y—x)Vi—s), 0<s<t,

rae @(x) —craHaapTHas HopMaabhas nJotHocTe. Crporas TeopHs
TpebyeT nocTpoeHHs BEPOATHOCTHOro NPOCTPAHCTBA, HA KOTOPOM Ta-
Koe ceMmeitcTBo MorJio 6ul GHITh 33afaHO, TO NOCTPOEHHE Ile 3AaBHCHT
OT YacTHOro BuAa QyHKuMu p(S, x, {, y) NpH YCJAOBHN, YTO OHa HB-
JIAeTCH NJIOTHOCTBIO paclpejeseHus BepOATHOCTeH no y, H2-u3meprMma
o nape nepeMeHHHX (X, y) ¥ yAoBJaeTBopseT ypasrenuasm Koamoeo-
posa—Yenmena:

S p(s, x, t, Y)p(t, y, u, 2)dy=p(s, x, 4, 2), s<t<<u.
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3aMeTHM, YTO B YaCTHOM cJyuae GDOYHOBCKOrO ABHXKEHHA JeBan
4acThb

:f (Wi=s)ally—xVit—s)(1/Vu—t)g(—yVu—t)dy

npeactasaner coboit cBepTKY ABYX HOPMaJbHBLIX NJOTHOCTEH ¢ napa-
metpaMu x, Vi—s u 0, Vu —1! a notoMy HABJAETCA HOPMAaJbHOM
NJIOTHOCTBIO € NapaMeTpamy X, Yu—s, T.e. paBHa (1/Vu—s)q>((z—-

—x)/V u—s), ¥, crei0BaTeIBHO, ypaBHeHus KonmoropoBa—UYenvena
YZOBJIETBOPAIOTCH.

Beenem MHOxecTBo Q={w=x(!), {>0} neficTBuTeAbHbIX DYHKUH]
Ha [0, oo) u kaacc U yuaundputeckux NOAMHOXKECTB

Bt"""tn ={(1) : (x(ll), vy X(ln)) EB(H)}'

rae 0<t, <... <tn, n=1, 2, ..., B" e 8", #8"—o-anrebpa n-mep-
HhIx Gopenesckux MHOxecTB. OGo3HauMs Py,,....r. (B™), B & %", mepy
C MJIOTHOCTBIO ft“,,,,tn (x,, ..., x,), Onpefennm Ha 9/ dyuxuMio P, noaaras

P(Bu.....)=Pr,....t, (B™),

Kaacec 44 —anrebpa wmHoxectB. M3 ypasHenn#t KosmoropoBa—
UenMaHna Jerko cjaeayer, yTO BHINOJHAIOTCA TaK Ha3nBaeMble YCA0BUR
coenacosannoctu (cp. 6.29):

P’h----'n (Bll seny Bi.—ll RI Bi-rh sy Bn):

=pf|....,t .fn (Bll rey Bi—-ll Bi-:—ll ey Bn)

irfia
npu mobux 0<H <. .. <t,, B.€%, i=1,...,n, 6n1arogapa yemy QyHK-
uusa P ua 94 onpejenena koppektHo. OueBuano, P — koneuHo-agnu-
THBHas BepPOATHOCTHas Mepa Ha %{. Jloka3aTeJbCTBO HENpEPLIBHOCTH
Mepw P B {J npoBoaMTcx no yXKe Hcnoabs3oBaHHOR B 6.27, 6.29 cxeme.
Tem cameiM Mepa P nponomxaercs Ha o(%).

Ha BeposTHocTHOM npoctpanctBe (R, o(%), P) mMoxHO 3aznaTh
HenocpeacTBeHHO ceMeitctBo ca. B. X (w), {>0, nonaras npu Kakaom
tpukcupoBanHoM ' >0 X, (0)=x(f’), rae w=x(f), (=0 (Xo(a)=
=0). Cn B Xt,..., X,n, 0<i; << ... <t, HMET COBMECTHYIO
NJOTHOCTb pacnpefesNeHus fy,..., a YCJAOBHas IIOTHOCTDb

Fxeixcn ... Xty ) EalXp ooy Xno1)=p (a1, Xno1y tny %)

He 3aBHCHT OT fy, X;, i<<n—1, Ilpouecc ¢ TakHM CBOHCTBOM Ha3hlBaeT-
ca maproscxum, yHkuMa p(s, x, {, y) —ero nepexoOrod naoT-
HocTeio, Eciu nepexoaHam NJIOTHOCTb 3aBHCHT OT S, ! uepe3 pa3dHOCTb,
TO Npolecc HA3WBAEGTCA OOHOPOOHbLIM,



TFarasa 111

HEKOTOPBLIE MOJEJIU
1 METO/1bl TEOPHMH BEPOSITHOCTEN

§ 11.

NMPOCTOE CUMMETPUYHOE
BJ/IY)KJAHHE

ITpocToe cuMMmeTpHyHOe O6syXKAaaHHe KOHeYHOHR IJIH-
TeJILHOCTH OnlIo BBefeHo B § 1, rie NpAMBIMH KOMOHHATODHRIMHM BhI-
YHCMEHUAMH ORIJIM HalifeHW BepPOATHOCTH pAJa COOLITHH, ONHCWBAIO-
KX NoBefeHHe OayXjawulei YacTHuhL. BO3MOXHOCTb MOJyYaTb TOY-
Hule GOopMyJH fenaer MoJeab NMpOCTOro 6JYXAAHHA Ype3BhYaRHO IO-
JIE3HOH [JM HCCNeJOBaHHH 3aKOHOMEDHOCTEH, KOTOphHe, KaK OKashl-
BaeTcs, clnpaBefJHBH M B 3HayHTenlbHo Gosee.obuie# cHTyauud. STH
33KOHOMEDHOCTH HMEIOT (OpMYy TaK Ha3WBaeMhiX NpejefbHhIX TEOpeM.
C HEKOTODWMH YaCTHHMH CJYYasMH Mhl [IO3HAKOMHJHch B § 3
(cM. 3.16, 3.19). Mogzens HeorpaHMYeHHOr0o BO BpeMeHH OJayAaHHA,
nocrpoexHas B § 6, noasosser paccMaTpHBaThL BONPOCH, CBA3aHHHE C
nosefieHHeM Bcedl 6eCKOHEUHOH TPAEKTOPHHM [BHIKEHHS, H, KpPOME 10-
ro, [eJlaeT TEODHIO NpeleJbHOro NOBeJEHHS paclpeje/eHHH, CBA3aH-
HHX C KOHeYHRIMH OTpe3kaMu OayxpaHus, 6ojee Ipo3payHoOM,
Otcunstan 3a noxpobHocTsMu K § 6, cuMTaeM 3ajaHHKM BEpOST-
HOCTHOe npoctpaHcTBo (9, &£, P), Ha xoTopoM onpegeneHa Gecko-
HeyHas I[OCJefOBaTe/bHOCTh He3aBHCHMHX ¢, B, X;=X;(w), i=1,

2,..., IPDHHHMAKOUIHX [Ba 3HayeHHAd | H —] C pDaBHKIMH BepOSTHO-
ctaMH, Heorpanuyennoe cayyaiHoe OJayXjaHHe ONpeflelM KaK IO-
CJIeSOBaTeNbHOCTE €. B. S,@=a+X;+ ...+ X,, n=1, 2,...,5@ =

=g, 910 6MyxKjJaHHe HauvHaeTcs H3 (ueJok) Touku a. ITonoxum
Sn®=8,. as nanbHellero CymecTBeHHO, 4TO aare6pa coOuhTHE ¢
3aMKHYTa OTHOCHTEJbHO 06pa3oBaHHA CYETHHX OObegHHEeHHH H nepe-
ceyeHu# (mBAseTcHA o-aarebpoi), a BepoATHOCTHas Mepa P cueTHo-
agAMTHBHA:

P(UA)=YP) e d AA=0. i+]

i=1
HenocpeacTBeHHHIM C/I€ACTBHEM CYETHOW aAJMTHBHOCTH Mepnl P sB-

JISETCH CBOMCTBO Menpepoi8HocTu mepnl (cM. 6.7): aas mwo6oit Boapac-
raomei (ybuiBaouled) noOCaeNOBaTeNLHOCTH coOuiTHR A=A, ...
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~

=(A2A4;=...) #H A=_U1Ai (i‘l:ir_]l Ai) HMeEeeT MeCTO COOTHolIe-
HHe

lim P(A,)=P (A).
n—-»m
1.1, 3apgaua, Ilyers T)=T;(w) — MOMEHT NepBOro AOCTHKEHUS
6ayxnaonedt yacTuueH, BHIXOAAIIEH U3 HyJs, notoxenus 1: T ()=
=kES)(0),..., 51 (0)<0, Sk(e)=1, k=1, 2,..., u T)(0)=o00,
ecan Sp (w)<CO npu Bcex k. lcnoasays dopmyay (cm. 1.15)

Po:S,(@<0, ..., S;(0)<<0)=Ch_ 27!
nokaiats, uto P(w: 7T (w) =00) =0.
[TTo cBoicTBY HenpepnLIBHOCTH BEPOSTHOCTHON MEph
P(w:T,(0)=o0)=Ilim P(0: 8, (0) <O, ..., S, (0) <0)=0,

n—+x

TaK Kak (cM. 3.19)
12~ (an) T, > 00.]

11.2, 3apgayva, Ilycts Ny=N,(w) — MOMeHT nepBOro Bo3Bpalle-
HUs 6ayXjaowed yacTHUH B HauaasHoe coctosiine, N (w) = oo, ecan
Sx (0) #0 npu Bcex k. [Toxasats, uto P (0 : N;(w) = 00) =0.

[P(o: N, (0)>2n)=2P(0: S (@)>0, k=1, 2, ..., 20)=2C5,_12"*"
(cm. 1.14) u nanee avanormyuo 11.1]

Ca. 8. T, Ny B 11,1, 11.2 —vyacTHmiji cayuail Tak Ha3nBaeMhIX MO-
MenTog ocTanosxu. [IpeactaBum cebe, uTo BepeTcs HabalofelHe 3a
HEKOTOPO! NoCJeN0BaTeNbHOCThIO ca. B, Z), Z,, ... . Ilpeanonoxum,
uyTo HabJalojeHus BeAyTCH A0 HEKOTOPOro CJy4adHOrO MOMeHTa BpeMme-
HH N<Too, mpHuyeM pellenue o6 OCTAaHOBKE [eJacTCH Ha OCIIOBaHHH
yXe npoBefeHHbX Habmioogenuit. PopMaibHO Takoe MPABMJIO MOXKHO
ONHCcaTh MOCJAENOBaTeNbHOCThIO OopeseBCKHX NMOAMHOXKecTB B,=Rnm,
TaKHX, 4YTO

N(©) =& (Z,(0), ... Zn(0))EBm n=1,2,....

Taxk, onpenenesHass ca. B. N(w) Ha3blBAETCH MOMEHTOM OCTAHOBKU
0aa nocaedosareabnocTu Zi, i=1, 2,... .

113. 3angayga, Iyers Z;, i=1, 2,...,— noclef0BaTeJLHOCTL He-
3aBHCHMBIX OAMHAKOBO DPACNpEAENEHHhIX AHCKPETHBIX CJyuYadHHHIX Be-
anyud, N — MomeHT ocraHoBKkH, P(w: N (0) <oo)=1. [TokasaTn, uto

nociefoBaTeNsHOCTh Yp=Zy,p, k=1, 2,..., pacnpegeseHa TakK Xe,

KakK HCXOJHas IHocJJefoBaTteasHocTs Z;, i=1, 2,..., ¥ He 3aBHCHT OT

(M, Z,,....2Zy).

[Plo: N(@)=n, Z;(w)=z, (=1, ..., n, Yi(0)=y, k=1, ..., m)=

=P(w:N()=n, Z,(0)=2z, (=1, ..., n, Zpx(0)=y, k=1, ..., m)=
=P(w: Nw)y=n, Z;(0)=z;, i=1, ..., n)-P(0:Z, 1 (@)=Y
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k=1, ..., m)=P(0:N(0)=n, Z;(@)=z;, (=1, ..., n)-P(o:Z;(0)=
=y, k=1, ..., m).
CymMHupys no BceM BO3MOXKHEM Habopam (n, 2,...,2,), NoJydaeMm
Plo:Yy(o)=yw k=1,...,m)=P(0:Z,(0) =y k=1,...,m),

YTO ¥ 3aKaHYHBAET JOKA3aTEJhCTBO.]

114. 3axaua. B ycaosuu 11.3 nonoxum N,(w)=N (w), onpezne-
auM Ni(w) no nocnegoBatensHocTH Zy,.x k=1, 2, ..., TOYHO Tak
xe, kak N(w) ompeaeneHo mno mocsaeaoBaTeAbHOCTH Z;, i=1, 2,...,
aHaJorHyHo onpelennm Nj(w) Mo MOCAeA0BATENLHOCTH Zn, | Ntk R=
=1,2,...,u 1. & INoxaaats, yro otpe3ku (Nit1, Zy+1, - - -, zN:*”m—‘)
i=0, 1, 2,..., Np=0, He3aBUCHMH H OJMHAKOBO paCIpEREJEHLI.

Ons nepBuix JByX OTpe3KOB BRIKJMAAKH aHaslorHudn 11.3, nanee
MOXHO HCIOJIb30BaTh HHAYKUHIO.]

11.,5. 3axnaua. [Tycts To=7T,(1v) — MOMEHT NEePBOr0 ROCTHXKEHHUS
6ayxaalomeil yacTHueH, BLIXOASIIEH H3 Hyas, mogoxeHus a. [Toxa-
3ath, yto: (l) mocnegoBartenbHOCTD Sra.u.-, k=0, 1, 2, ..., npeacras-
aser coboit npoctoe cHMMeTpHuHOe OJyXAalde, HayMHAKWIIEeCH H3
TOYKH a M He 3aBHcamee oT S,, AKT,: (II) orpeaku (Sy—a, T.<<hC

<Tayy), a=0, 1, 2,...,Ty=0, He3aBHCHMH ¥ OJMHZKOBO pacnpeje-
JEHHl. .

[ (I) Beupy cummerpun G/MyARaHHA 10CTAaTGHHO paccMoTpers a>0.
[Tockoasky coi. B. Xy,..., X, ¥ Sy,..., S, BupaxawTcs CRHO3HAYHO
Apyr uepe3 Apyra, TO Ti(w) — MOMEHT OCTaHOBKH KaK OTHOCHTEJBLHO
nocneZOBaTENBLHOCTH Sy, i=1, 2,..., TdK ¥ OTHOcHTeAnHO X;, =1,
2,....Toraa (cM. 11.3) nocnegoBaTe bHOCTh Xram k=1, 2, ...,
pacnpejeneHa Tax e, xak X;, i=1, 2,..., 4 ne 3asucut ot X;, i<T,.
Ho Srywx=1+Xr1+ ... +Xr4w k=1, 2, ..., uTO ycTaHaBiHBaET

yrBepxaerie (I) npu a=1. O6GwHM#A ciyyai BHIBOAHMTCA MO HHAYKLMH.
YrBepxaeuue (I11) nerko cnenyer u3 (I).]
11.6. 3axaua. [TokazaTs, 4TO ¢ BEPOATHOCTLIO |

lim S, (0)=o0, liM§, (W)= — 0.

n—»mo n—-»oo
[Herpyaso Bugets (cm. 11.5), uto npu awbom a+0 ca. 8. T, npex-
CTaBHMa KakK CyMMa |a| He3aBHCHMBIX CAYYaidHHIX BEJHYHH, pacnpe-
AeNeHHBIX Tak xe, Kak Iy. B yactHoctH, P(w: T (w) <oo) =1, a cne-
JOBaTEJLHO,

P(n:fi {0:T,(0) < oo})=1,

T. e. C BEPOATHOCTBIO 1 TpaeKTopus GJYyXAaHHA ROCTHraer Jwoboro co-
CTOSIHHA, YTO H AaeT HYXKHEIH pe3aysbTart.]

11.7. [Tpumep (npenenpHas TeopeMa Aas BPEMEH NOCTHIKEHHS).
Psajp npefenbHEIX COOTHOINEHHH ANA CHMMETPHYHOro O6JyXAaHuA, no-
JAydyeHHex B § 3, UMeeT caeaywoowyo dopmy. Hava cn. B. Z, — PyHK-
IMs OT OTpedKa TpaekTopHu Si,...,S,. Ee pacnpeaenenne seposTHo-
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credt Pz (B)= ?: pln(k) TAKOBO, 4TO pz, (k)—0 npu n—>oo0 u Ji0-
{kE B}

Gom ¢ukcupoBannom k. IlopGupaercs macwraGHoe npeo6pa3oBaHue

npAMOH ¢ KO3(hdHUKEHTOM A,—>00 NpPH n—»00, TAK 4TO AJH JWGOro

npomexyrka /[, , HMEET MecTO NpejesIbHOe COOTHOLIEHHE

Pz, (A do)=Pz n (la5) >P(lap), n—> o0,

nn

rae P(B) — HexoTOpas RepOATIOCTHAN Mepa Ha NPAMOM.

Tak, 6uy0 ycTanvsaeno, 4uTo pacnpejesedue ca. B. S,/yn cxo-
JHUTCH K CTAHZAPTHOMY HOPMAJbHOMY:

b
P(0:Sn(@)Vn & Lop) \q:(x)dx o (x)=(2n)" 22,

Hdan ca. B. M, (w) =max{Se(w), £<n} ua 1.17, 3.19 Jerko BHiBecTH
CJIeyOlYi0 NPeAe/dbHYI0 TeopeMy:

Plo: M @Vreld x])>2{e@dt, n>ow.
0

W3 3THX COOTHOWIEHHH MOMHO 3aKJIOYHTh, YTO 32 Bpems n Gayxaaio-

Ulas yaCTHUa ycnesaeT NoOWBaTh HA PACCTOAHMHM NOPAAKA Y7 OT Ha-
YaJbHOro MOJIOXKEHHHA.

3afafMMcA BONPOCOM, CKOJbLKO BpeMeHH TpeOGyeTCcs vacTHue AJA
JocTHXeHHn YypoBHA o> 1. Ilpeaniayuine paccyXaeHHs Jesai0T npaBjo-
nofo6HHM BHBOJA, YTO NPH a—-co 3TO BpeMs HmeeT nopsafok a?. Toy-
Has dopMmy/da JAJA pacnpejelieHHs BepoATHOCTe# ca. B. T, BuiTeKaer
u3 1.13—1.16. Ilpu a yeTHOM HMeeM

+h—1 ko n—2 kR mikg—2m
P(m :T,k(m)=2m)=(C'2" —1 —C;lm:1)2 m=762m 2 f
0Py a HeyeTHOM BBIYHC/ICHHA aHaJIOrHUHHL:

P(@: Ty (@)=2m+1)= 2"111 C’z"n;i Flg—am—1

Hepaoe npeacrasjeHne O pacnpefesyeHHH BepOHTHOCTHOﬁ MaccChl
MOXHO NnOJIy4YHTh, paCCMaTpHBAN OTHOLUEHHE

P(0: Typ (0)=2m)/P (0 : Ty (@)=2(m + 1))—=
_ k(m+1)2m)(m+Ek+ 1) (m—k+ 1) -
mk(m + k) (m— k) (2m + 2)!
_ma Dbkt Dkt 1) pa_ (L Um) (1 —R/(m+ DY)
m(2m+ 2) (2m - 1) 1—1/(2m + 2)

Ilpu m/k—-oo, npeHeGperas OCTATOYUHLIMU UYJIEHAMH, 3anuweM ero B
Bx—uxe 1+3/(2m)—k?/m?. 3to BulpakeHue obpawmaercs B 1 npu m=
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= (2/3) k%, Tak yTO pacnpejeseHHe BEPOATHOCTEA HMeET MAKCHMYM
B6au3n Toukn m=[(2/3)%2]. B cTOpOHH OT TOYKH MaKCHMyMa pacnpe-
aeneHue y6nBaer.

Bocnoas3osaBumilcs 3.19, 3anHuwieM cAeIyOMIYI0 aCHMITOTHKY AN
pacnpejeneHus BEPOATHOCTEH CJI. B. Top:

(kim) Com ¥27™ ~ (k/m) (um) " * exp (— k¥m)
paBHOMEDHO N0 TaKHM m, yTo mk—*/3—co. B wacTHOCTH,

P(w: Ty (w)/(2k)2=x) ~ (2/n)/2x3/2%exp (—1/(2x)) - (2k) 2

PaBHOMEPHO 1O X=Xm, x=2m/(2k)?, nexamem B nA060M HHTEpBane
I..b, 0<a<b<oo, v koo, CyMMHDYS 3TH COOTHOIUEHHH 1O Xpm hE
€/, 5 ¥ YUHTHBAs, 4YTO CyMMy CIpaBa MOXHO 3aNHcaTk KaK HHTe-
rpajfeHyl0 Aas (PYHKUHH fx)=(1/V/2n)x—3/2exp(—1/(2¥)) no orpes-
Ky [a, b] c wmarom pa3buenus 2(2k)—? (uckjaiouas KpaHHHe OTPE3KH
pa3bHeHHs), HAXOAHM

b

1 x=32-1/120) dy.

V2

P(w: T, (0)/(2k): e I..4) >

Cosepiias B HHTerpaJe cnpasa 3aMeHy nepeMeHHoro x={"2, npHuse-
A€M ero K BHAY

1. ¥a

—1,Va
1 9 e—3 2 . .
— Pe—t122%7 " dl= = e ™2d(
V 2n S l/ ] 3 : '
)

1/¥b 1,

rak uto dynkums f(x)=(1/V2n)x2%exp(—1/(2x)), x>0, F(x)=0,
x<{0, — NJIOTHOCTb BEPOATHOCTHOrO pacnpejeneHiis, DJeMeHTapHas
BHIKJ1a/1Ka NoKa3uBaer (cM. 3.15), uto

[

P (@ Ty (0)/(20) & Lop) > \ [ (x) dx

ans nobux a, b, JI1A BpeMeH JOCTHXEHHS HEUETHOr0 YDOBHS HMeEET
MECTO TOYHO TAKOe e NpeAeNbHOE COOTHOIIEHHE.

[Toneaso BcnoMHHTE, uTO ca. B. T,, n>0, npeacTasasercs Kak
CyMMa n He32aBHCHMBIX CAy4YaHHBIX BEJHUHH, pacrnpelie/IeHHLX TaK e,
Kak T :Tp=T+ (To;—T\)+...+ (Ta—Tp_1). Tlonaras ty=T;—T;,,
i=1,...,n, To=0, 3anuwem noayyeHHHH BHIlle PE3yALTAT B BHAE

b
Pl:(t(0)+...+1,()n* = Ia,b)»j f(x)dx.

Tot thakr, uTo cyMMa He3aBHCHMHX OJHH2aKOBO pacnpeaefeHHuX
CNy4yaHHBIX BEJHYHH DAaCTeT NDPHUMEPHO KaK KBaJApaT YHCAA caarae-
MBIX, 3acayXHBaeT ocoboro BHMMaHH#, 3akon Goablinx yHcea B ¢op-
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Me UebnweBa (cM. 8.8) yTBepxaaer: Korfa He3aBHCHMhIe CAyuaiHhle
BeJHUMHK KHMEIOT KOHEeyHhle M TOJIOMKHTeJbHbE MaTeMaTHYecKoe OXH-
NaHHe M JQHCIIEPCHIO, MX CyMMa pacTeT NpHUMepHO JHHeitHo. B pac-
cmaTtpuBaemom cayuyae (cm. 11.1)

P(w:T)(w)>2n) ~ (nn)~'/2, n—oo,

Tak yTo MaTeMaTHueckoe cxuiaaHue T, He cymectByer (cm. 7.3). To-
BODAT TakXe, 4To M7, =00,

HeauHelinnii poct cyMm Ti+ ... +7Ta, n=1, 2,..., 03Hauaer, Y10
BKJajJ B CyMMYy pa3jHuliblX cjlaraeMalXx He paBHOLeHeH. BaBengem npe-
ZesbHOe pacnpejelieHHe MaKCHMAJbHOrO CJaraemMoro Tp)=max {1,
k< n}. 3anuwem npu x>0 u oo

P (@ : T () /13<x) =P (01 Ty (@) Sn?) m
~ (1= (rxn?/2) "2 nvexp (— (2/m) V2x117),

T. . cl. B. T(n)/n? ¥MeeT npefenbHoe pacnpegenedre c¢ ¢. p. F(x) =
=exp(—(2/n)2x17?), x>0, F(x) =0, x<<0. CrenosaresbHO, MaKCH-
Ma/bHHIHA YyJleH CyMMhl MMeeT NMOPAJAOK Bceit cyMMul. MoXHO noOKasarts,
YTO CPaBHHUTEJbLHO HebOJbIIOE YHC-
710 CTAapUIKX MOPAAKOBRIX CTATHCTHK

*\’ Tn—k) Tin—k4ip--->»Tmy, 1N, . k—oo,
Ny ——+ onpefesnficT BCIO CYMMy, TaK 4TO
=17 7 2n-]  pxnaj OCTaJNbHHX CJAaraeMex mpe-

nebpeXxHMO MaJ.
11.8. ITpumep (npenennuas
TEOpCMa 117 BpeMeH BO3BpAIIeHH ).
Puc. 28 Ilyctes Ny, N,,...—nochegoBaTedb-
Hhle MOMEHTH! BO3IBpameHHs BJyx-
Aapouled YacTHIA B HayaJbHOe cocTofHHe. VI3 npeawaymero BHTe-
kaer (cM. 11.3, 11.4), uto en. B. Ny, Ng—N,, N3—N;, ... He3aBHCHMH
H ONMHaKOBO pacnpeleteHbl. Pacnpenenenue cJa. B. N, Jlerko Haxo-
AMTCA M3 NPHHUHMNA OoTpaxeHHs 1.13, oaHako emie npome 3aMeTHTH,
yto Jiobok nyts anMHOM 2n—1, Tako#, uTo B MOMeHT 2n—1 npoHcxo-
IUT nepBoe AocTHXKeHHe notoxedus 1 (T,=2n—1), mMoxHo npeobpa-
30BaTh B NyTh AJHHOK 2n, fo6aBNAA K HeMy 3BeHO, cOeJHHAOLIee TOY-
Ky (0, 0) ¢ (—1, 1) (puc. 28). Otciona caenyer, uto

2"P(w: N, (w) =2n) =2-22%1P (0 : T, () =2n—1), n=1, 2,. ..,

HHaye roBOpA, pacnpeieseHde ca. B. N; coBnagaer ¢ pacnpejeieHHeM
ca. B. T)+1. Ho toraa pacnpenenenve cymMmu N+ (N—N)+ ...+
+ (Nn—Nn_) =N, coBnajgaer c pacnpejeleHueM cyMMH 1,41+
+(T—T+1D)+.. +(Tp—Tpy+1)=Tp+n, 1. e. cn. B. Ny 0 T, +n
OXHHAKOBO pacnpeje/eHxl.

U3 11.7 noayuaem

limP(w: Ny (@)n® < x)=1im P(0: T, (0)/n* < x—1/n?).

n—»x
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Ilepexons B HepaBeHCTBAX
From(x—e) << Fr im(x—1Un ) Fr m(x), 1in* <,

K Tpejesny cHayajla IO n—»oo, a 3aTeM mo g—0 M ucnons3ys Hemnpe-
pHIBHOCTE . P. F(x)=,1,1.12 Fr m(x), nonyuaem

lim Fr_im(x—1/n")=F (x),

CJ1e{OBaTe L HO,
Him Fu_:na (x)=F (x).

n—ou

U3 npenennHOR TeopeMu AJMA BpeMeH Bo3BpauleHHs N, BHIBOAKT-
Csl Npefe/bHas TeoOpeMa AJs YKCJa2 BO3BPAUIEHHH v, OJyXKAaaoued ya-
CTHUL! B Haya/JbHOe COCTOSIHHE B TEUeHHe NeDBHX N LIAros:

vo(w)=m&SNp(e)<n, Npn(e)>n, n,m=1,2....

CooTHollIeHHe, CBA3LBAIOUlee NMOCAEAOBATENBHOCTH Vn,, N=1, 2,..., ¥
Na,n=1,2,..., ynobHee 3anucaTh AJA 3THX Uesei B BH]E

ve(w)>2m&SNp(e)<n, n,m=1,2,....
Ilonaras n/m?=x,, ,,, HaAXOAKM OTCIOAA
P(o: N, (0)/m? < xnm)=P (0 v, ()} 1= x02).

[lycTe n—+oo u BubepeM m=m, TaK, YTOGH X, m—>X, Iie x — Joboe
duxcupoBaiHoe. B Takom cayuae

HmP (o v, (@) VA= % W?) =F (x),

HJIH _
lim Fvn,, v (*nm)y=1—F (x~2).

n—»x

3anucas 3TO COOTHOUIEHHE JJf TOYEK X+g ¥ YIHTHBA® MOHOTOH-
HOCTb QYHKUKH pacnpeneseHHs, Nojdydyaem

1—F(x— )<UmF, ()< ImF, 20 <T—F (x+¢)7).

n—-»x

BBuay npoussoasHocTH e>0 M HenpepnBHOCTH F(X) OKOHuaTeNbHO
noJyuaem

Jlim F"n-" ya()=1—Fx?).

n—+»omo

Tak kak (cm, 11.7)

F(b)y—F (@)= ‘/%— ”§; e~ 2 dt,

nr
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TO

1 —F(x~2)= “/—:—Se--“ﬂ df,
0

T. e. NpeflesbHOE pacnpeieneHue Las vn/)/n ecTs pacnpeneseHue
MOAYJA CTAHAAPTHOH HOPMAJbHOH BEJHUMHBL.

Cnenyer obpaTHTh BHHMaHME Ha TO, YTO YHCJIO BO3BpalleHH# 3a
BpeMs n pacTeT NpPUMEPHO KaK V/'n, a BOBce He NPONOPUHOHAJNBLHO I,
Kak Moxuo Obuo 6 aymarth. VI3 npeaniayiuero ficHo, 4TO 3TO CBfA3a-
HO c TeM, 4TO OTHOCHTEJbHO HeGOJbLIOE YHMCJAO OuYE€Hb MJHHHEIX (no-
pALKa n) BpeMeH BO3BpalleHus OyaeT CcOCTAaBJAATL NOAABJSAIOILYIO
uacTh BpeMeHn 6ayxnanus n. OTMeTHM, KcTaTH, uto Bpema n—N,
OT nocJegHero nepes n MOMENTa BO3BpAallleHHs N0 n HMeeT TNOPAAOK
n, Tak Kak (cM. 3.16 u nanee)

Fyppm(®)—2n—larsinVx, 0<x<l (N(v)=N,).

11.9. [Ipumep (merBsamuics npouecc). PaccMoTpuM o0Tpe3ox

cayuaiioro 6ayxgauua Sp, n=1, 2,...,80=0, Bnjaots A0 MoOMeHTa
T_, nepBoro agoctuxenus Toukd —1. C oTpe3kom S,, n< T_,, cBaxeM
nocaenoBaTeNbHOCTh ¢, B. Zy, k=0, 1, 2,..., nonaras Z, paBHbM

YHCAy nepexonoB 6yxaamolled uacTHIbi H3 NOJOXKEHHS R B k—1:

Zy (0)= E N:s,,_ (@) k.5 () k1) ().
n<T ()}

ITokaxewm, uto nocaegoBatensHocTs Zy=1, Z;, Z,,... obpa3yeT BeTBs-
wuilcs npouecc 'aabrona—BatcoHa (cum. 9.24).

ITposenem cHauana nedopmansHoe paccyxaexue. Ilycts N;(w),
i=1, 2,...,— nocjenoBaTe/bHble MOMEHTHl BO3BpAlIEHHR B Haualb-
Hoe cocTosHMe. [lononnum Tpaektopuw Oayxkaanusm S, 0<n<T_,
elle ONHUM 3BeHOM, coefMHswomuM Touky (0, 0) ¢ Touko#r (—1, —1).
Ha3oBem HaualbHOM «yacTHueH» B NnpoLecce Pa3MHOMEHHS OTPE3OK C
konuamu (—I1, —1), (T-;, —1) (puc. 29). HenocpeacTBeHHLIMH noO-
TOKaMu HayaJbHOM YACTHUR HAa30BeM OTPe3KH Ha ocu abcuicc ¢ KOH-
uamu N;_{w), Ni(w), i=1, 2,...,Z, (Np(w) =0). Utobu onpenenuts
HeNoCpeACTBEHHLIX NOTOMKOB (-} YAaCTHUB, NEpPEMECTHM HauaJjo Koop-
nuHat B Touky (Ni,+1, 1) u paccMoTpHM oTpe3ok OJayXKAaHHA OT
Ni_i (w) o N;(w). U3 cpaBuenus puc. 29 1 30 BuAHO, uTO Ha piuc. 30
NOBTOpAETCA HauanabHas cuTyauus. HasoBeM HenocpeACTBEHHHIMH NoO-

Puc. 29 Puc. 30
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TOMRAaMH [-# YacTHIK COOTBETCTBYIOLIHE OTPE3KH Ha HOoBOH ocH abc-
uuce. ITpogoskas 3ToT mpouecc, MOCTPOHM CHCTEMY TOPH3OHTAJBHAEIX
OTPE3KOB, HAXOAALIHXCH BO B3aHMHO OJHO3HAYUHOM COOTBETCTBHH C Ile-
pexoaaMu 6Jayxnaaiolledl HaCTHUH H3 KAaKOro-1H60 MoJoXeHHs & B
k—1. CymMmmapHoe 4HCJ0 OTPE3KOB, JeXaUIHX Ha TODH3OHTaIH y=k—1,
coBnanaer ¢ Zy, £=0, 1, 2,... . Tenepsr 3aMeTHM, 4TO OTPe3KH OJyX-
aanus S;(w), Vi (0)<<j<<N;(w), (=1, 2,..., HE3aBHCHMKH H OJHHa-
KOBo pacnpegenedn (cm. 11.3, 11.4). IloaroMy Bce mpouecck pa3MHO-
XMEeHHA KaXJ0# M3 Z) 4acTHI NepBOro MOKOJEHHA He 32BHCAT APYTr OT

Apyra, a2 3aKOH pa3MHOXEHHA OT IIOKOJEHHf K IIOKOJIEHHIO Heé Me-
HAETCH.

HEpr,IHO TMOHATH, UTO

Plo:Z,(w)=m)=2""1 m=0,1,2,....
B camom gede,

P(o: Z,(0)=0)=P(0:S, (@)=—1)=2"", P(o: Z,(0)=1)=
=P(w:S,(0)=1, Sy, (w)=—1)=2"% P(0:Z,(0)=2)=
=P(w:S, (@=1, Sy,+i(@=1, Sy, (@=—1)=272 ....

HaxoHen, 3amMeTHM, 4TO NnepexoAHHEe BEPOATHOCTH MAPKOBCKOH Le-
nu Zy, Zy, Z,, ... DPaBHH

Pryz (i1)=Clj 277, j=0,1,2 ..., i>0

TaK KaK CyMMa [ He3aBHCHMhIX FEOMETPHUYECKH paclpefieseHHHX cJy-
YaHHHX BEJHUYHH HMEET OTPHLUATeJbHOe GHHOMHAJLHOE pacnpejede-
HHe (cM. 4.6).

®opMaaH3anMA NPOBEJEHHLIX BhILIE DACCYXAEHHH TOBOJBHO TIpoO-
MO3[Ka, 3HAaYyHTEeJhHO NDOILE BHLITJASAHT HENOCPEACTBEHHHWH moacuer
yucaa nyted AMHHE n=2(i;+i+...+ ) + 1, yIOBJeTBOPHAIOIIHX YC-
JIOBHIO Zo=i1, Zz———iz,...,zh:l'u, Zh.H:O, i1>0, l.2>0,...,l'h>0. 06-
paTHMcs K mocTpoeHHi0 Ha pHc. 29, 30, rae orpe3ky nytH S,, n<{T_,,
COMNOCTABJIEHA CHCTEMa TOPH3OHTAJBHHX OTPE3KOB Ha KOOPAHHATHOH
IJ10cKOCTH. HeTpydHO NMOHATBL, 4TO MO 3TOH CHCTEMe NyTh BOCCTaHaB-
JHBaeTcs OAHO3HayHo. BoJee Toro, AJs 0AHO3H2YHOrO BOCCTAHOBJE-
HHS NYTH 3HaHHe abcuMcc KoHUoB (a, i), (b, {) mwoboro H3 OTPE3IKOB
CHCTeMHl He oOsf3atesbHO. J{ocTaTO4HO, uTOOB! AJAS KaXAOro TaKOro
oTpe3ka OblLIO yKa3aHO KoJHuecTBo otpe3koB [ (¢, i+1), (d, i+1)],
Jlexalux HemocpeACTBEHHO Haj HHUM: assc<d<Cb. B TepMunax omnu-
C2HHOro BHIIle NMPOLECC2 Pa3MHOMEHHH «4YaCTHIU» 3TO 03Ha4YaeT, uTO
A8 Ka»AOH HACTHUL! JOJXKHO OhITh YK23aHO WYHCJO ee Helmocpen-
CTBEHHBIX TIOTOMKOB,

Jna nopcuera nmyted ¢ 3agauHbIMKM 3HauenusMu Z;>0, i=1,...,k,
Z,+1=0 npuMeHHMa KOMOGHHATODHAas CXeMa pa3/OXKEeHHN Hepa3JHuH-
MbIX WApOoB Mo fIMHKaM. Ha nmepBoM mare noacyera oObABHM <¢SIIH-
KaMd» Z,=i; OTPE3KOB, Jexalux Ha ocd abcuucc, a «uwapamu» —
Z;=i; OTPe3KOB, JeXaIHX Ha rOpH3oHTaAbHOM npamoi y=1, Yueao
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PA3JMUHLIX DA3JIOXEHHH (T. e. pacnojioXXeHHH Z, OTPE3KOB BTOPOro
fipyca Tak, 4TO KaX(AHi M3 HMX NPOEGKTHPYETCS HAa HEKOTOPHH u3 Z;

OTpe3xoB NepBOro spyca), pasHo (cm. 1.26) Ci'yi—1. TouHO Tak e

nonyyaem Cilii, 1 PacnofoxeHu#t Zz=i; OTPe3KOB TpeThero spyca
Hap Z,=i, OTpe3KkaMu BTOPOro 4 T. A. B pe3ysabraTe HaXOAHM YHCJIO
nyTe#:
i i iy
Citit—1Cirpip=t -+ Ciy i1,
CooTBeTcTByIOIa" BEpOATHOCTh MOJyYaeTcH JOMHOXEHHEM Ha 277,
n=2(i++...+ i)+ 1. 3anuuem ee B BHJE

P(w:Z;, (@)=i>0, ..., Z(0)=i,>0, Z,.(0)=0=
=p(, 1) pUaldy) - .. plinlien) p(O]in), p(jli)=Cl-j—, 27"

UTob6m yOeauThCs, 4TO NOCJAEA0BATENBHOCT cd, B, Zg, Zy, Zy,...
obpa3syeT MapKOBCKYIO Liellb, OCTAETCH NPOBEPHTh, YTO

p((.l) . 21 ((.D) =i1>0, cey Zk (m) =lh>0) =‘—p(ll l 1) .. p(lhllk—l)
Tak xak ca. B. T_; (w) XoHe4Ha c BeEDOSATHOCTBIO 1, TO C BEpPOSITHOCTHIO

1 nocneposatenasHocTs Zy(w), £=0, 1, 2,..., HAuKWHAaA C HEKOTOPOro
HoMepa (CBOero AJf KaXZIoro w), obpaulaeTcs B HyJh, T. €.

1=Y ¥ Pe:z@=i,. .. ZLio)=i Zu(@=0=

k=0 (i >0, ..., i, >0)

-]

=Y Y s@IDeGIlh) ... plalie)pOli)=

k=0 “‘>0""'ik>0)

=N+ ErGIDY X plali) ... pOl6).

fi=1 k=1{i3>0,....i,>0}

INockoasky

p(OI+ X oI D=1, piI)>0, i=1, 2, ...,
i)

BLIBOAMM OTCIOA2, YTO NpH JuoGoM £, >0
Y, Y Gl .. plicyp@i)=1
E=1{i,>0...., i,>0)

[Tostomy, pasbusas coburue {o:Z (©)=i,, ..., Zy(0)=1I,} Ha uacTu
{w:Z (0)=i, Z (@)=l ..., Zij1(@)=ips1>0, Zpssp1(0)=0},

208



noJayyaem
P(0:Z,(@)=i, ..., Zy@=i>0)=p(]1)... plislir—)x

x¥ X plali) ... plitlingio) pOlixs)=

l:o(ikﬂ>0 ..... ‘.k+t>°}

Hrak, nocnenosarensHocts ci. B. Zo=1, Z;, Z,, ... obpasyer map-
KOBCKYIO €Nl ¢ NeDeXOAHRIMA BEPOATHOCTAMH
p(il=Ct i 277, i>0, j=0, 1, 2, ..., p(0]0)=L.

[TockoabKy oTpHuaTesnHoe OuHOMHanbHOE pacnpegedenne p(jli),
i>1,— pacnpeaeieHde CyMMKl { He3aBHCHMBIX, pacHpejeJeHHLX [0
reoMeTpHYecKOMy 3akoHy p(j|1), cAyuyalHbIX BeJHYHH, TO YCJOBHOE
pacnpeaenende Z,,, npu ycaosun Zy,=i coBnagaetr C pacnpejee-
HHEM CYMMB! { HE3ABHCHMKIX CJYYaHHHX BeJHYHH, pacnpeaeseHlbX
Takke, kak Z;. TeM caMunM ycTaHOBJeHO, uTo Z, £=0, 1, 2,...,—
BETBAIIMACH npouecc.

Betsaumwmiics npounece Zp=1, Z), Z,, ... — ssuiposcoarowuiica: c Bae-
POSTHOCTBLIO |, HAYHHAH C HEKOTOPOro CJAyYaHHOro MOMEHT2 BpEeMEHH,
Bce Z,=0. [TosToMy c BepoATHOCTbIO | KoHeuHa ca. B. U=Zo+Z,+
+Zy+ ...— CyMMapHOe YHCJAO KOraa-Jubo >XKMBLIMX uacTHU. YHTepec
K ¢1. B. U cBA3aH ¢ HEKOTODWIMH (H3HYeCKHMH H OHOJOrHYecKMMH
IPOLECCAMH, B KOTODBIX «Pa3iMHOXAIOLIMecH» YaCTHUL HAapHAY C He-
MIOCPEACTBEHHHMH OTOMK2aMH — Y3CTHIAMH TAKOrO Xe€ BHAA — NDOH3-
BOAAT OJAHY TaK HA3LIBAEMYKO (PUHAAbHYIO YACTHLY, KOTODAs B J1alb-
HeHllleM ocTaeTcH HEM3MEHHOH H lie pa3MHoXaercda. B TakoMm ciyuae
U npeacraBnser coboil cyMMapHOe KOJHYECTBO «BELIECTBA», ABJAIO-
L1erocs NPOAYKTOM BETBSLIErocH Ipouecca.

Pacnpenenenne seposTHOcTed ca. B. U HaxoauTcs H3 paBeHcTBa
2U—1=T_,. IlpepactaBum cebe, yTO BeTBAIIMACH NpOLECC HAYAJCH C
Zy=n yacTHL, K2XAa% H3 KOTOPHIX paiMHoXaeTcs He3aBHcHMO. Cym-
mapHoe yHcgo U™ Bcex XHBLIMX YACTHIL B 3TOM Ipouecce paBHO
Unm=U,+Us+...+ U, rae U; i=1, 2,...,n, He3aBucHMBl M pac-
npegeseHn tak e, kak U, CnepoBatensHo, U™ pacnpejeneHa xaxk
{(Th+n)/2, rne T, — BpeMA JOCTHXEHHA CHMMETDHYHHIM IPOCTHIM
6ayxaanuem So=0, S;, Sz, ... nonoxenus n. Takam obpa3om, ©3
11.8 moayuyaem

P(w: UM /n2<x)—>F (2x), n—»>oo,

rae ¢. p. F(x) uMeeT NJOTHOCTL f)=(1V 2n) x—3%¢—1/20 x> 0.
O6pamancs ¥ Mojend npouecca ¢ ¢GHHAJNLHHIMH YACTHLAMH, NPHXO-
LHM K HHTEDECHOMY 3aKJIOYEHHIO: KOJHYECTBO KOHEUHOTrOo «NpOAYKTa»
IIpHMEPHO NPONOPLHOHANLHO KBAAPATY HAayaJbHOro KOJHYECTBA Belle-
cTBa,

11.10. [TpuMep (ycnoBHoe chayvyaiiHoe Oayxnande u OGpoyHOB-
ckuit Moct). [Tycts (S, 8¢, P) — BepoATHOCTHOE NPOCTPAHCTBO, HA KO-
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TUPOM OnpejesJeHO NpocToe cCHMMeTpHyHoe OJyxnanne Si, k=0, 1,
2,.... PaccMoTpuM kakoe-1ub0 cobutHe A,, CBA3aHHOE C OTPE3KOM
6ayxnauus Sy, k<n, ¥ obpa3yem BepOATHOCTHOe NpocTpPaHcTBO (A,
ANA, Pa), rhe A, ecTb knace coburuit Buga  ANA,, Ae
& A, Pa_ — yc.10BH2s BEPOATHOCTHAA MDA NP YCIOBHHM COOBITHA An.
ITocanenoBateasHocTs Sy (w), k£<Cn, paccmaTpHBaeMyld KaK NoOCJefo-
BaTeJbLHOCTh CAyYaiHux BeduuuH Ha (An, AN A, Pa), Hasumbawor
ycaosnoim cAaywalineim Gayxoanuem TPH yCJOBHM cobumTHE A, H obo-
3HavaiT (Sk|An) (w), k<.

Hccnenyem ycnoBHoe cayyafiHoe G6aykiaHue npH  YCJAOBHH A,=
={w:Sn(w) =0}, npeanonaras n yeruwmm. [lonaras aas KpaTKocTH
Yo=(Sk|A,), 3anumem npu m<<n, |ipg—in| =1, k<m, i=i=0:

Py.. .y (e (i)=P(0:S, (@)=, k<<m, S,(@=0)x

XP(w: S, (0)=0)"=P(w: S, (0)=i, k<mP(@:S,(w)—S, (@)=
= —i,)P(@: Sa(@)=0)"=2""Np_m,i,- 2" Npo2'=
=—Np_m.i /NHO Nn k=cr(|n“)/2

OTKYJAAa noJydaeM
Py, ViV (fmsrliy ooy im=Pl@:Yy(@)=1i), k<m+1)X
XP(@: Yy (@) =iy k<M '=Nnm 1., /Nam.i,.

Takum obpasoM, nocnenoBaTeNbHOCTh CJ. B Y,, k<n, obpaayer
MapKOBCKYIO liellb ¢ NepexoAHHMH BEpOATHOCTAMH

Py, v (£ 1D =pali 11,

3aBHCAIIMMH OT HOMepa miara m, Takue MapKOBCKHE LieNd Ha3kBa-
I0TCH He00HOPOOHeIMU. JIerko NOACYHTATh, YTO

pm(ix1}i) =2-1(1Fi/(n—m)), |i|<<min(m, n—m).

B obanacte |{| >min(m, n—m) uyacTHua Ha m-M Liare He NOMNajfaer.
UHTepecHo npocieguTh, Kak ycjaoBHe S,=0 cKa3uBaeTcs Ha JBHIKe-
HuM OBayxpawmouei yactuunl, Ecan B cayyaiiHoM OJyXRaHHH YacTHLA
C PaBHLIMHM BePOSTHOCTAMHM NepeMellaeTCH M3 NOJOXeHHA [ B i+1, To
Tenepb BEPOATHOCTH INepeMEelleHHH 3aBHUCHAT OT IOJOMXKEHHR [ H Mo-
MeHTa BpeMeHu (lwara 6ayxaauus) m. [Ipu (>0 pn (i—1|i) >pm(i+
+1|i), a npu i<0 pm(i+ 1|i) >pm(i—1}i), T. e. yacTHUA KaK Ol Npu-
TATHBAGTCA K HAayaJbHOMY MOJIOXEHHIO, IpDHYEM CTeneHb INPHTHXKe-
HHS — aCHMMeTDHA BepOATHOCTeH cABHra — BO3pacTaeT C YBeJHue-
HHEM OTKJIOHEHHs |[| npu KaHHOM m.

210



Co cayyaiitium Gayxpauvem Sy, k=0, 1, 2,..., B paageaax 3.19,
4.27 6nJa cBg3aHa MNOCJEA0BATENbHOCTb CJyyaHHBIX IIPOIECCOB C He-
NpepbLiBHHIM BpPEMEHEM

Wi =Spa/Vn, 10,
rae [a] oboanayaer ueaymo uacTh yHcla a. BuJo noxa3saHo, 4TO
P: Wi @) <X, i=1, ..., B> Fr . 0,(6, ... %), n—> oo,

npu Mobux 0<,< ... <ty Xyy..00 X, R=1,2,..., rae &. p. Fu....1,
HMeeT IJIOTHOCTh
k

froog, (X5 o 0ey x,-;)=ﬂ (I/Vfi—ti—l)(P ((xi'—xi—l)/vti—ti—l)-

i=1
xg=1,=0,

@ (X) —cTaHpapTHas HopmaJesHas mJoTHocTe, CayuaidiHmit nponecc
W, t=0, KOHeyHOMepHHE pacnpeAe]eHHA KOTOPOro 3aJawTcA ILJIOT-
HOCTAMH f,,....1,, Ha3mBaercs crandapTHbim 6poynoackum daudce-
Huem (MOKa3aTeNbCTBO CYUIECTBOBAHMA TAaKOro Ipounecca NpoBeJeHO B
10.41), T'oBopAT, yTO nocaegoBaTeasHOCTb npouneccos Wiin!, 1220, cxo-
durca no pacnpedesenuro g nponeccy W, £>0.

PaccMOTpHM 10 aHAJIOTHH NIpolece

(Wi [A)=(Stne/V 1| Ay).

Xotesocs 6nl  3aKJIOYHTB, UTO IOCJEA0BATEJbHOCTh  INPOLECCOB
(Win)|AL), 0<I<], cxoauTcs 1O pacnpejeneHuio Xk npoueccy W,
0< <], noauunenHomy ycaorup W;=0. YcaosHuit npouecc W,0=
= (W.|{W,=0}), Mbl onpesenum xax npouecc, KOHEYHOMEpHLIE MJIOT-
HOCTH KOTOPOro ABJSIOTCA YCJOBHLRIMHM IJIOTHOCTAMM npouecca Bpoy-
HOBCXOr0 ABH)KEHHSA:

foscty...oweey (g ooy X)=Frtn (X o Xy, 0)-Y 2=,

o<h<... < <1

[TokaxceM, uTO AEACTBHTENBHO TaKad CXOAHMOCTb MMeeT MecTo,
[Tyets no=0<m<na<... <np<n=nmu41. JleicTBys ananoruyHo npe-
ABIAYLIEMY, 3aNHILEM

Po:Yn (=m;, i<hH=P@:S, (©=m, i<k S,(0)=0x

k1
XP(0: 8y (@)=0)"'=[1Non  m—m_Nas, my=myui;=0,

i=1]

MNockoasky (cM. 3.19)
‘V[u.‘].[x‘r nl 2—[’"] -~ (2/Vﬂ_t.) P (X/Vt_). n— oo,
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TO npH 1, =[nt;], m,-=[x,-V;1]. i=1,.., 4 t=0<t,<... <t <

< l=tys11, w mMOOHX X, ..., X, Noaydaem (nojaras x,;i1=~0):
ki1
. . Xi— X%
Pl: ¥ =m, i<h~] i ® (Gom)

i=1
X (2/(nn))” _(2/1/5)"' _____ {1 (X3s - -1 Xn O-V2_n.

CranpapTHaie paccyXAeHHs NPHBOAAT K MHTErpajnHOM NpeleanHOH
TeopeMme

Pla:Yn @IV E b, i <k) > Pyuyry. . o Tanis - -+ Taby)-

CrpyxkTypa npegeanHoro npouecca W0(t), 0<¢<l, craHoButcs Go-
Jiee TNOHATHOH MNOCJe HeKOTOPOro NpeoGpa3oBaHMN ero KOHeYHOMep-
HHIX NJOTHOCTeH. PaccMOTPHM YCJOBHYK NJIOTHOCTh

Fwsct,, piwecty. . owegty (st [ X1, -0 Xg)=

=ft,.....tku.1(x1. cooy Xegts O)Fey ot (g oy X 0)=

1 Xpig — Xk )( 1 — 1, )1.2.lp(—xk+1/}/1——lk_l_1)

- (8 py —ty)}2 ¢ (_(_;I:-H —_ik)l"2 V=t @ (—xu /Y T —1y)

Tax Kax OHa He 3aBUCHT OT Xi, ..., Xy, TO NIOCJAEJ0OBATEILHOCTh CJ. B.
Wo(t), Wo(t3),... npu mwbux 0<t;<t< ... o6pa3yeT MapKOBCKYIO
uens. Ee nepexofHas njoTHOCTh paBHa

—5n) st ()

rae 0<s<f<l ¥ MH BOCNOJL30OBAJHCh HYETHOCTbIO (YHKUHH @(x).
O603Hayum npaBylo yacTb po(s, X, ¢, y). Tak Kak

Fon iy (X)=f1.1 (%, 0)=(1/V?) (0 (x/]/t—) (1/}/1_—_!) (0] (—x/VTj):

1 1 x? x2?
“amgu—ne P (_7 (T— 1 —t ))=
=1V 20t (T—1)) @ (xVI{T—0) =(1/ V 2n)p, (0, 0, ¢, x),

TO KOHEYHOMEPHYI0 NMJOTHOCTE npoumecca WO(f) MoxHO 3anucaTh B
BHJE

fwetyjwogs) (ylx)=( T

k—1

rae t,=0<t, <...<th<<l, x=0.
HenocTaomuM 3BeHOM B NPOBEJEHHHX BHIUIE pACCYXXAEHHAX HB-
JIseTcs BOMpoC O cyuecTBoBaHHM npouecca WOo(f) (cm. 10.41). B cae-
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Aylowleit 3ajnave Gyner nokasaxo, yto WP(f) moxer 6uiTh NPOCTO BHI-
paxen uepes W(f). B npenenax nawHoro npumepa Heo6XoAMMO NOA-
UEPKHYT, 4TO QopMyaa AAf fws(t,)....,we(s,) B CAMOM JeJe 3anaet k-
MepHOe BEPOSATHOCTHOE pacrnpeje/ieHHe, T. e. HHTerpaa ot [ no Rk pa-
BeH eJMHHUe. IDTO HENOCPEACTBEHHO CJejayeT M3 TOrO, YTO (QYHKLHS
Po(S, x, t, y) — onHOMeEpHas NMJIOTHOCTB NO Y-

(outs, 2ty dy=VT"s¢ (x¥T—s)"'x

—3

X_S (VE=s) o(y—xVi=s) (W T=1) @ (yV 1—1) dy=1,

Tak Kak HHTerpaj npexcrasiaser coboit cBepTKY HABYX HOPMaJbHBIX
nJaoTHocTell.

Ilponece W,°, 0<{t<l, nasmpaerca 6poyHosckum mocTors. CBOH-
CTBO HE3aBHCHMOCTH YCJOBHBIX IJIOTHOCTEH

Fwacty, piwect ... owoiry (er (X, 0 x)
OT NEPEMEHHBIX Xi,...,Xp—; NpH JbHX 0<H< ... <hyi<]1, k=1,
2,..., HaspBaercs MapKodckum cgoudctgom npouecca W0, 0<I<I, a

Jwboit npouecc, 06ManaWMi 3THM CBOHCTBOM, HAa3WBAETCH MAPKOS-
£xum. DyHKuHs

Py (s, x, t, Y)="Fwotywosy (y[x)

Ha3HBAETCH nepexo0HOi NAOTHOCTHI0O MapKoBckoro npouecca W0,
0<t< 1. ®opmyna a1 KOHEYHOMEpPHHIX MJIOTHOCTEil

k—1
fomity....owoeey (21, - -0 ) =Fwore,) (%)) [Too(tis % tiyie xisn)

clenyeT M3 MapKOBCKOro CBOACTBA INPOLECC2, KOTOPOe B CBOK  ove-
peln BHITEKaeT H3 3TOH GOpMYJIHL.

BpoyHOBCKOe ABHXKEHHe TaKXKe, OUEBHAHO, fBJIAETCH MapKOBCKHM
npouneccom. Ero nepexoHas nJioTHoCTh

p(s, x t, )=(UVi=s)e(y—n/Vi—s). 0<s<t,

3aBHCHT OT f H § yepe3 HX PasHOCTb {—S — 3TO OOHOPOOHbLIL MAPKOS-
cxuti npoyecc. Tor Qakr, yto p(s, x, f, y) 3aBHCHT OT X ¥ Yy yepe3 HX
pa3HOCTh Y—X, €CTh CBOHCTBO HE3aBHCHMOCTH NPHPAIIEHHH npouecca
W (t).
(11.11.* 3apnaya, [lycte W(f) —crangapTHoe 6pOyHOBCKOE [BH-
xeune, WO(¢), 0<t<1, — 6poyHoBcku#i mocT. [lokasats, uto W(tf)—
—tw (1), 0<I<! m WO(f), 0<\I<CI, uMel0T OAMHAKOBEIE KOHEYHOMED-
Huhe pacnpejeleHHs, T. ., KaK roBOPSAT, c08nadar no pacnpedene-
. HUID;
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[TMyets 0< < ... <1y <] ¥ DOJ0XKHM
Yi=W(t)—tW (1), i=1,...,k Yiu=W(1).

[To dopmyne 3.26 npeoGpa3oBaHHs MJOTHOCTH NDH JHHeHHOM npeob-
Pa30BAHUM CAYUAHHKIX BEJHYHH HMEEM

fri.... Yk“(yp s ) =Fwi.wewo (B Xen)s

rle NepeMeHHBe Yy,...,Yk4+1 H X1,...,Xp41 CBH3AHH JHHeHHHM npeob-
pa30oBaHHeM C eJHHHUHKIM JeTEPMHHAHTOM!:

yi:xi'_‘tixh+h izll' "lkl Yny1 =Xn41,
HJH _
Xi=Yi+ligrsr, 1=1,..., R Xps1=Yps1.

Tem caMwM AAf OJIOTHOCTH fy,,..., v,,, 7OJyuaeM Bhpaxenue

ﬁ 1 ¢ Yi— Y+ — 4 )y %
M= Vi

= “’(yk*lyx—ftkzl—yk )= (

k
Xexp [_;_ (E (th_ti—l yk‘H +(yi_yi_1)/Vt—|'_ti—l )2 +
i=1

1
n(t—tl_1)> V2n(1—tk)x

X

T :v

"IL'(Vl_tkthl-yk/‘/l_th)z)}-
rae Mel noaaraem fo=yo=0. [Ipeobpasyem cyMMy nmoa 3HaKOM 3IKcCIMO-

HEHTHl K BHAY

k k k
, (yi'—‘yi_l)z
YVt—tg, 2 Yo b=y )+ Yt
i-=1 i=1

i--1

2
Yy o (4 —Y;_y) Yu
0=t = ta T =¥t Y T, T T

IlnoTHOCT:  fy,,..y, TOJYuHM, HHTETPHDPYR  fv,..v,, Yy - s
Y,.,) 10 nepemeHHoMy ynt1. C yuerom nposeseHHOro npeobpa3oBa-
HHS NIPHXOJMM K CIERYIOWEMY BHDAXEHHIO A8 fy,....v, (Y1, - -1 Yu)

ﬁ 1 _-<k1(y;—1. )t N A )]
(___1V2n(t‘-—t‘-_1)) 1—tk { - h—ty l—1t '
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KOTOpO€, OueBHIHO, COBIIaaeT C

V2 fwiy....owiap ooy (5 - 0 O=Fwogrg,.wo (8 oy X2)-]

11,12, 3apgaua. Ilonoxum M, =max{S,, k<n}, A, ={o:
S, (w)=0}. BuBectr ua 1,17 npeaeasHyio Teopemy aas (Mn|A,)=
=max {(Sk|An), k<n}, n — ueTHoe.

[P(o:My(0)>r Sn(0)=0)/P(0:Sn(0)=0) =Ny 2/N,0
INonaras r= [xVTz]), nonyyaem c yyerom 3.19
P(0:n12(M,[An) (@) < %) 1 —e~2¥, x>0.]

11.13.* 3anaua, Ilyere 1, (w) — HaHMEHBUIMH MOMEHT BPEMEHH,
TakKoM, 4TO S,n (0)=381,;a(0)=0. Tlokaaats, uto OTpe3ok Sh <
<k<{t,+n, cayuailHoro O6.y»/JAaHMS HMeET TaKOe e pacnpegesneHue
BEpOATHOCTEH, KAK YCJOBHOE cayuaiHoe Gayxpaanue (Su|An), k<n,
An={0:8,(0) =0} (n—ueTHO).

[3amerum npexae Bcero, uto P(w:t,{w)<oo)=1. B camom ne-

Je, nyete Ty, k=1, 2,.,.,— nocJefoBaTe/sHEE MOMEHTH BO3BpaLle-
HUs cayuaiHoro Gayxpauus Sy, k=0, 1, 2,..., B Hyas, To=38,=0.
Torna ca. 8. Ay=Tr—Tr_;, k=1, 2,..., He3aBHCHMH H OJHHAKOBO

pacnpejeneshl, npuueM P(w:A|(w)=n)=p,>0 npx mobom ueTHOM
n>0. TTostomy

P(© : T, (0) < 00)=P ( Gl(m LA @ £ | <h By (@)=n})=

=Z (1 _pn)k_1 Pn== 1.
k=

1

Myets |jy—jra]|=1, 0<<k<n, j,=j,=0. Paanoxus cobuiTne
{o: St 1r (@)=, 0 < k<<n} no nonHoit rpynne cobuTHit {0 : T,(0) =
=T,()}, i=1, 2, ... (moc cobuThe T, ()= oo, MMewLIee Mepy HYJb),

noayyaeMm JAJf €ro BEpPOATHOCTH BbIpAXKEHHE

¥ Po: Syiule)—ip 0<EA, T@)=Ti(0)=
]

P(o: Sr k(@)= 0 k<n, Aj(@)5£n, [ <1),

M 8

vae Mu nosaraem Ay (0) =0, Tax uTo {0 :Ac(w)5~n}=Q, n>0. Ca. B.
Ay, ..., Ai_, cBE3aaHH ¢ NMOBefeHHeM cayyaiHoro O6JyXAaHMA [0 MO-
Menta T; W NOTOMY HE3aBHCHMHEI OT St ir, k=0, 1, 2,... (em. 11.5),

k Tomy xe Sy £=0, 1, 2, ..., npeacraBaser coBo#t npocToe CHM-
MeTpHuyHOe OJy»AaHHE, TAK UTO
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P(o: Sean(@)=jn 0SESM=P(0: =], 0<k<n) X

XY P(e:A (@) ##n)=P(0:5(0) =ju 0Skn)P(0:A (0) = n).
i=0

OTtMeTHM, 4TO CJ. B. T,(w) He ABJASETCH MOMEHTOM OCT2HOBKH.]
11.14. 3anaya. Ilonoxum A, -={w:Sn(w)=r} npy n u r oxnu-

HAKOBO# ueTHOCTH, |r|<n. IlpoBeputh, uTO YycJOBHoe GayxpaHue

Y= (Sk|An,:), k<<n,— MapKOBcKas LeNb, BHIMHCATh NepeXOAHLIE Be-

PORTHOCTH H COBMeCTHOe pacnpejejeHde B Toukax 0<m<...<m<<
<n
<n.

[Pl@:Y,(0)=i, k<m=P(:S,(0)=i, k<m, Sp(w)=r)X
X P(@: 8n(@=r)"=Na-mip—r-Nar Nap=Ci'™"%
rae m<<n, |len—iy|=1, k<m, {,=0, i{,=r. Orciona nonyuaem
Py

man| Vi Y Gmet |y ooy ) =Nnm—14, —r/Nn-m,—r

IlepexoaHnle BepOSTHOCTH MapKOBCKON uenH Y, R<{n, paBHH
Py, v (i 110 =27 (1 F (i—r)i(n —m))

npu min(m, n—m-+r)>i_>max(—m, —n-+m-r). Aranoruuso
k1
- . 1
P@:Y, (@=my i<H=[1Nnn_ m-m_,-Nar,
i=1
rae ny=0<n, < ... <n,<<n=nNpy1, My=0, Mpy1=r.]
11.15. 3anaya. B ycnoBuu 11.14 HaliTH npejenbHoe pacrnpejese-
HHMe A/ KOHeYHOMEDHHX pacrnpejeseHHil npouecca

(S[nflen.r)/V;l—, n-— oo, Y/VYT —a.

[U3a 11.14 BuiBogum npu n;=|nt;], mi=[xi1/n_], i=1, ..., &k, t,=
=0<t,<... <l <l=tp}1 ¥ MOORIX Xy, ..., Xp, (Xx41==0):
P(o: Ve (@=m, i<K)~(2V1)f gt ..., % 2)9@) 7",
TRe fi,...1, ecTb MJIOTHOCTb KOHEYHOMEPHOro pacnpeje/ieHus Npo-

unecca 6poyHoBckoro aBuxeruss W (f) (cp. 11.10). CraugapTenii ne-
PeXoJ K HHTErpaJibHOH TeopeMe naeT:

P:Yn@/WVn el i=1,...,kH—>
b
—»S Sf,, ,,,,, 1 (1 -y Xy @)@ (a)! dxy, L, dXy
a, a,
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Ocraerca 3aMeTHTb, YTO MNOAHWHTErpaJabHas QYHKUHUA COBNAZAET C yC-
JIOBHO# MIOTHOCTBIO  fw(ty..... witp [ wy (X, -+, Xi|a).]
11.16. 3angava. IloxasaTs, uTO Ipefe]bHas KOHEYHOMEpHas
nJaoTHoeTh B 11.15 npexcraBuMa B BUAE
k—1
(AR AR C ST a)e(@)'=[]raltss % tij1, 1) O<ty<...

i=0

<t <], ty=x,=0,

1—s )”2 e{(y —at)/V1—%) %
(t—s)(1—1) P((x—as)/yY1—s)

xo(4=tmtim)

[Mcnonbays ¢opMyay koHeyHoMepHOH INIOTHOCTM GPOYHOBCKOIrO ABH-
wxeHun (cm. 11.10), 3anuuem

Pu(s, x, t, y)=(

ff, ..... 'k.l(xlv vy Xpy a)/f‘, ..... lk—l'l(xl' ey Xp—y a)=

( 1 —tpy )"’ Ql(a—x)/VT— ) (xk—x,._l)
(L —trg) (1 — 1) Q@ —xp)/V1—thy) te—tyy

Pa3genun nosnyyeHHoe BHpaeHHe HA P, (fu—1, Xn—1, fn, Xa), MOKaXKEM,
uTo yacTHoe paBHO 1. Ilomomxum ans KpaTKocTH fp.1=S, =1, Xp1=

=X, X, =Y. JlorapupmMupys ykazauHoe OTHOLIeHHe U OTOGpacwBas MHO-
xuteab 1/2, aanumem

(@a—y)*—(at— (1 —t)—((a—x)* —(as—x))(1 —s) +
+ ((y— % —(y—at—(x—as))*)/(t —s)=a’ (1 +-t)— 2ay—
—(a® (1+ s)—2ax)-+ (2ay—2ax —a? (t—s)) =0,

yto ¥ TpeboBanoch yCTaHOBHTb.
OTMeTHM, UTO NOCKOJLKY

Pa(s. x, t, Y)=po(s, x—as, t, y—at),

rae  po(s, x, ¢, y) —nepexoaHas NJOTHOCTb OGPOYHOBCKOro MOCTa
(em. 11.10), 1o pa(s, %, t, y) sBASieTCH NEpexXOXHOH MJIOTHOCThlo. Map-
koBckuit nmpouece W,(#), 0<i<1, c¢ nepexofHOit NJOTHOCTBIO pa(S,
x, t, y) coBnagaet mo pacnpegenenuio ¢ Wo(f) +at (cp. 11.11).]

11.17. 3angaua. IToas3yscs ¢opmyaoit Crupauura (cm. § 3), no-
Ka3aTh, YTO PaBHOMEDHO MO R, TaKHUM, uTO R, n—k—»00, UMEET MECTO
COOTHOLLIEHHE

Ck ~ (27n (k/n) (1 —k/n)) " exp (nH (k/n)),
Hx)=—xlnx—(1—x)In(l—x), 0<x<1.
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ct— n! — V 2ntn e "n"
[ R (n—R) Vonke *" Van(n —k)e * 8 (n — k)"
= () (5]
Vork(n—k) n n '
11.18* 3aangaya. B ycaosun
11.14 nycts r=[n®] mu6o r=[n®] +
+1, 0<a<], Tak, 4T06H r GOm0

OfHOM YeTHOCcTH ¢ n. IlokaaarTs,
YTO NpH n—-00 YCJIOBHHR npouecc

((sﬂnﬂ_ t')/V"_lAu.r)-
UES LN
CXOAMTCH IO pacnpefeleHuio K
6poyHoBckomy mocTy (puc. 31).

[dnsn Y= (Sx|An,) #u3 11.14 3anmweM ycl0BHyi0 BEpOSITHOCTb
(monaras n(iy=n;, i=1, 2):

Puc. 31

—1
Py gy 1 Ynqy (my |m1)=Nn.--—n,.m.—m, “Nn—n,.r— m * Nn—n,.r—m,-

TNonoxum  n;=[nt}], m,-=[rt,-+x,-'1/n ], i=1, 2, O<t, <t 1, 1,
BOCNOJIB30BABIWKCL 11.17, 3anuumieM acHMNTOTHYECKH 3KBHBAJIEHTHOE
NpH n—-oc BHIpAXEHHE AJs 3TOH BEPOATHOCTH:

(n—ny| My—m,) /2~ (A—n5 -7 —my) /2 (n—n,+r—-my)/2y—1
Cm—m C’l'—n: (C"'_"l ' ' ) ~

~ (2 an (ty— 1)) exp (n (ta—1t) H (2—‘ (1 + pa—1 +’::—:—’:n"‘ 2))) x
X (27 n (1 —1;)) "2 exp (n(l—t,) H(z—‘( 1 +n““1——‘—)‘:72n_1"2))) X
X (2 (1 —tl))w exp (—n(l—tl)H(2_1 (1 +n“—‘—-%tl—n"”2)) .

CK.Ha,llbIBaﬂ NOKAa3aTeJH 3KCIIOIEeHT H HCIIOJb3YA pPa3J0XxeHiie
H@ (1 +no-1 4 An—V2)) =H (27 (1 + ne— )+ H' (27 (1 +n=—1)) x
x 27 An—12 4 9 B (27 (1 4 ne )27 A%t + H7(27 (1 4 no— -0An—172))

mpu A=(x;—x,)/(ts—1,), A=—x/(1—1;), A=—x,/(1—1,)) n 0<<B <
<< 1, noayyuMm O718 X CYMMBI BLIPAXKEHHE

n(ta—t,+1—t,— 14+t )HQ ' (1 + 2= +Vn(x,— x, — x, + x,) X
X 27 H (27 (1 ne 1)+ 27 {(xe— X))/t — 1) + X3/(1 — ty)—
— (1 —1)} H" (271 (1 4+ n==1)) -0 (1).
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Ilockoarky koagduuuertn npu H u H’ ob6pamawTtcs B Hyas, a
H' @ (14+n ) > H (2 )=—4, n—> o,
TO MOJy4YaeM [AJN YCJOBHOH BEDOSTHOCTH 3KBHBAJIEHTHOE BhIPaMKEHHE

2 ( 1—1 )“’ (p(x,/yfl—tz)!p( xz—xl)
VA \ et (—t) | gu/yT—6) \Vh—h/

4TO A3€T AJ15 BeposATHOCTel
P(w: Y, (@)=m;, i<<k), m=[nt], m=[rt;+xVn]

TAKYy10 € aCHMIOTOTHKY, UTO H AJAH COOTBETCTBYIOIHX BEPOATHOCTEH B
11.10, otkyna Tpe6GyeMulii peayanTaT noJayyaeTcs CTAHAAPTHBIM Mepe-
XO/IOM K HHTEerpaJbHO# TeopeMe.

Cnenyer o6paTuTh BHHMaHHe Ha TO, 4TO /. B. (Sin11|An,r) B mpe-
AenbHOil TeOpeMe He TOJBKO HOPMHDOBaHa (MHOXHTEJIEM 1'Vn), no
H yentpuposana BuuuTaruem tr=t[n*]. Tlpua<<1/2 tr/Y/n —0
H LUEHTDHPOBaHHE 3JeCh KCINOJL30BAHO JHIIEL A eauHoobpa3us, npH
a=1/2 oHO CBOAHMTCH K NMOCTONHHOMY CABHTY, ORH2KO NpH a>1/2 oHo
cyllecTBeHHo. B nocieaHem cayuae pacnpejenerne ca. B. (Sni|An,r)
He TOJbKO €PaCMOJ3aeTCs» NPONOPUMOHAAbHO 1/, HO H «CABHraer-
ca» Ha in®.] :

11.19. [Tpumep (rayccoBckde npouecchl). KoHeduHOMepHbIE IJIOT-
HOCTH 6POYHOBCKOTrO ABHXEHHS U GpOyHOBCKOro MoCTa

k

1 1 (g —x)

e, X)= exp [ —— T2

fh.....fk (%, Xx) lI:ll }/2”_____(&_“_1) p ( D) it )
ft’)l"""t (s -o -y xh)=},2—n:fr,,___,tk,1 (% - «- 4 X 0)

ABJNIOTCH MHOrOMEPHEIMH HOPMaAbHBIMH 1JOTHOcTsMH (cM. 9.18).
CayuajiHpie NPOLECCH T2KOTO POAA HA3hIBAIOTCH HOPMAAbHLIMU HJIH
2ayCCOBCKUMY B 4ECTh 3HAMEHHTOro HeMeukoro Marematiuka K. Ia-
cca.

Y HopMansHas NJIOTHOCTE OAHO3HAYHO OMDEAEIHETCH MaTPHUEH KO-
BapHaLMH ¥ BEKTOpOM cpejHero. Utobnl 3ajaTh rayccoBcKM#l nmpouecc
X(t), teT=R, uapo 3agatk ero cpeaHee a(f) =MX () u xosapuayu-
oHnyo Gynkyuro ro(s, t) =M(X(s)—a(s)) (X(t)—a(t)), 1ubo xoppe-
Aayuornyo gynxyuro r(s, {)=MX(s) X (t). BpoyHoBckoe ABHKEHHE H
GpOyHOBCKHH MOCT HMEIOT HyJeBoe CcpeJgHee, rayccoBCKHil mpouecc
We(t) ua 11.16 umeer cpegree at. Vcnoas3ys He3aBHCHMOCTb NpHpa-
mweHKit npouecca GpoynoBckoro Asuxerus W (f) (cm. 4.27 u 11.20),
HaXOAHM €ro KOPpPEJALHOHHYI0 PYHKLHIO

MW (5) W (1)—MW () (W ()— W (5)+ W ()=
=MW (s)(W () —W (s)) + MW (s)*=0-+s=s

219



npu s<t, a npu JA106ux s, {>0 umeem r(s, {) =min(s, ¢). Koppensuu-
OHHas (yHKuMs GPOYHOBCKOrO MOCT2 HAaXOAMTCS M3 TNPEACTABJIEHHSA
11.11;

MW (s) WO (1)=M (W (s)—sW (1)) (W (£)—tW (1))=min (s, {)—st.

KoHeyHo, 3TH pe3ynnTaTh HETPYAHO MNOJYYHTh HENOCPEACTBEHNO MH-
TerpMpoBaHHeEM

S S xyfs..(x, y)dxdy.

11.20. 3a gaya. Bupaautb COBMECTHYIO ILIOTHOCTD npupameﬂuu W(t,)=
=W(t)—W(), W(t,)-W(,) . W(tk)-w(tk—l) << <l
npouecca 6GpOYHOBCKOro }IBH)KEHHH (cp
[Monoxum Y, =W (t;)—W (i), i=1, , k, t,=0 uno dopmyne
3.26 zanumem

Py W o) =fwn..wie (oo %),

rie nepeMeHHble 4y, ...,4y ¥ Xi,..., Xy CBA3AHH JHHEHHKIMH COOTHO-
LWIEHUSAMH C JHHHYHHM JeTePMHUHAHTOM

Yi=Xi—Xi, = 1, cey k, XOZO.
Orciona uaxoaum (cm. 11.19)
K
fr...... Yk(!h. cee sy YR)= ﬂ (I/V'-'t—ti—l )(P(!/ifvtt—ti—l )
i=1

T. e. npouecc W (f) uMeer He3aBHCHMMHIE M CTAYUOHAPHbLIE WIH OOHO-
pOoOHble no 8pemenu npupaueHus.|
11.21.* 3anava. B ycnosuu 11.18 3amenuts n* Ha 6n, 2 0<6<1,

M NOKa3aTh, uTO NpPeeabHuil npounecc ects WO(f)- V1—0,
[MeiticTByst ananoruuso 11.18, nonyuaem pns Yk=(Sh|An_,), n;=

=n()=[nt;], my=rt; +x;Vn ], i=1, 2, 0<t, <ty <1
yr \t—h)(1—t) Vo

x exp{n(t,—1,) H((1 +8)27 +27'n71 (ty—x )(t,— 1,)) X
X n(l—t) H((1 +0)27 —27'n 2, )(1 —ty)) X
X (—na(l—t)H((1+08) 27 ' —27'n 7 2x (1 — 1))}
Ucnonnays pasnoxenve no gopmyne Teittopa
H((1+0)27 4270’ A)=H(1+0)27)—H"((1 +8)27") x
x 27 A 9T Y (14 0)27) 2 T A o (),

PY,2) 1 Yn(ny (mg[m,) ~ X
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fepenydiueM BhIpaXKEeHHEe MOJX 3HAKOM 3KCIIOHEHThI B BU/E
H((1+8) 27 ) (ta—t)+(1—ta)—(1 =) n+
+H (1 4+-0)27) (27 (ty— %) — 25— 27 %) Vi F-0(1)+
+ 27 H (1 +0) 271 272 (s, — x,)2/(ta— t,) + x3/(1 — £5)— xT(1 — 1))

Yuurnieas, ato Muoxuresu npu H((14+-0)27") u H'((1+6) 27" pasum
uymo, a H"((1 +0) 2-1)=—22(1—0’)“1, nosiyuaeM /s YCJOBHOH Bepo-
ATHOCTH ACHMIITOTHYECKM 5KBUBAJCHTHOE BbIDAXKEHHE

172 2y—1/2 . gyl o
2“ ( 1—4 ) (1—6_) exp(—(l eyl (x, xl)ﬂ)x
Vr (te— ) (1 — ta) Y 2n 2 th— 1t
=t [ x % j_
xexP(_ 2 (l—tz_lftl,_
_ 2- Y (1 =) (1 —0%) (p( P )x
Vo V t—t)(1—8) YV (1—6)(1 —8) Y i— o) (1 —69)

xcp( at j/cp( = \
Y 0—t)(1—89 | Vo=t — /

Ilepexoa x uHTerpasabHOIl Teopeme AJH KOHEUHOMEPHHIX paclpejeJe-
HWl NOKA3BIBAET, YTO NMpeAeabHbil mpouece cete WO(F) V' 1—0% ]

11.22* 3angaua, [loroxum A ={w: Sz(w)>0, 0<k<n,
S.(w) =0} npu uernom n. [Tokasats, 4TO ycJOBHOe cayuaidHoe OJyx-
aanue Yp= (Sp|Ant), 0<<R<Cn, — MapkoBckas LeNb, BuINUCATh ee Ie-
PexXofiHnle BepOATHOCTH M COBMECTHOe pacnpejeseHHe BePOATHOCTEA B
Toukax 0<m < ... <n,<n, [lonayuuTs npejenbHyl TeopeMy IO 06-
pa3uy 11.10.

[O603naunm Nns, k>0, uucno nyrtedt, sexymux u3 touku (0, 0) B
TOYKy (n, k) ¥ ;mexamux LeJHKOM Bhile ocH abcuuce, He CYMTAs HA-
yanbHOil ¥ KOHeuHOM Touek. [TocKONMbKY HMeeTcs CTONLKO e nyTeit
AJMHBL 1, AOCTUralOUlMX B MOMEHT n TOuKy k BnepBme (cM. 1.16), TO
(cm. 11.7)

Nia=(kin)C P2 =(kin) Ny, k>0, Npg=Ni,

npu k<<n, k oaucit werHoctu ¢ n. Orciofa npu m<Cn |hp1—iy| =1,
k<m, (>0, 0<k<n, ij=i, =0, nonyuaem

Pw: Y, (0)=i, kgm)=N,f—m.:m/Nf.o.
pymuly‘ _____ Y (im-{»-llill vy lm) =N;J|;m—l.im+1/N:—m.i"l.
Py v (€ £ 1)=2T"(1 £i7) (1 Fil(n—m)), O0<i<<min(m, n—m).
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Yucao nonoxuTenbHuX nyreil, Beaywux u3 toukd (0, a), a>0, B Tou-
Ky (n, b), b>0, paBro (cM. 1.14) N, s-a—Ny. b41a OTKyR2 npn 0<
<m<L...<m<n, m>0, i=1,...,k, uMeeM AJNf COBMECTHOTO pac-
npeneseHds BhIpaXeHde

P(w: Y (@=m;, i <A=(Nio)" NaimNilngm, X
k
n N~y Ay—my _N"i—'"i—l 'mi+’"i—1)'

Noncrasass n,=[nt;], m; = ]x,- V;t_}, o<t <. <ty<], x,>0,
{=1, ..., k, nonyyaem, Kak 1 B 11,10, acCHMOTOTHYECKH 3KBHBAJeHTHOE
BEIDZ)KEHHE JAJI COBMECTHOrO pacrpeje/ieHHs

an x‘ n—i:2 ( ) L 2 %
V"tx Vi 1 1k Vel —14)

ke

Xp \ 2 1
X‘P( M =
Vit /  ,Vn Vii—ti,

X ( ( Xi —Xi1 ) ( xi + X1 >)
Viti—tiy Yit—to /)

CraHpapTHule pacCyxAeHWs NPHBOAAT K HHTerpanbHoid Teopeme. Ko-
HEYHOMEepHKIe MJOTHOCTH NpeReJbHOr0 NpoLecca paBHH

Frety U -+ o =V Bt 0 () (1=t (=) x

e n (I/th-—t,-_.l ) ((p ((X,-—Xi—-l)/vtt_ti——l ))—

i="

— o (4 X))V E—ti 1)),
ITpouecc ¢ KOHEUHOMEDHWIMH MJIOTHOCTAMH fi,,....s, Ha3bBaeTCH 6po-
yHo8CKOL 3KcKypcued u oboanawaercs Wy (f), 0<i<l. Kak BujHO,

W () — mapkoBckuil, ero mepexofHas MIOTHOCTh pasHa npu 0<
<s<t<l1, x>0, y>0:

y( 09y ¥VT=1) 1
(1 —s) 2 (x/ V1T —3) Vi—s

*(o(vr) e (=) |

Py (s, x £ y)=




§ 12.

CXEMA BEPHYJIJIU
U TTPOCTOE BJIV)XIAHUE

12,1. [1pnmep (6uHOMianwHOEe pacnpeaenenue). Mc-
cJefoBanue OGMHOMHAJBLHOrO pacnpejeseHus

pn(k: p)= C:pk(l_p)n_kl k=0, 1! s

MOXHO HauaTh C NOBeAEHHH Dn(k; p) Kak ¢yHkuux ot k. OTtHo-
uleHue

_ pllp) w1 —p)" D (n k)
Pn(k—1; p) Rl (n—kR)! n! p*71 (1 — p)nht!
_(n—k-t1) ., (ntl)p—k
k(l—p) k(1 -p)

Gosbuie eAMHHun npu k< (n+1)p ¥ MeHbule eAMHHUW NpH k>
> (n+1)p. Takum ob6pasom, BepOATHOCTH Pn(R; p) BO3pacTaiT IpH
uameHeHun k ot 0 go [(n+1)p] u y6uBsator ans k ot [(n+1)p] +1
Zo n. MakcumanbHOe 3HayeHHe AOCTHraeTrcH B Touke k= [(n+1)p],
ecind yucao (n+1)p Heumesoe, B NPOTHBHOM cJayuyae Haubosnlliee 3HA-
yeHHEe NPHHUMAETCH JABaXAH: B Toukax (n+1)p—1 u (n+1)p. Xa-
paxkTep HaMeHeHHA BepOATHocTe# pn(k, p) npu n—»oco ynobHO H3yuarb
¢ nomomeio popmyan (cm. 11.17

C% ~ (2nn (kin) (1 — kin)) ' ? exp (nH (k/n)),
Hx)=—xInx—(1—x)In(l—x), 0<x<1,
npu kR, n—k—oo, O603Hayus
H(x; p)=—xInp—(1—x)In(l—p)=
=x(—Inp+In(l—p)—In(l—p), O<p<],

3anuuieM acHMINTOTHYECKOe BHIpaXeHHe NI OHHOMHAJIbLHHX BEpPONT-
HocTe#t npH k, n—Kk—>»00 B BHJE

it ({1 2)) om (2271 (]}

Tak kak
H'(x)=—Inx+In(1—x), H(p; p)=H (p), H' (x; p)|x—=H'(p),

to H(x; p) npeacraBaser coboit KacatenbHyl K rpaguky [ (x)
B Toyke x=p (puc. 32). [Ipu k, AR KOTOpHIX OTHOUIEHHe k/n oTnhe-
JIEHQO OT p, NOPAAOK YORBaHUA BepoATHOCTEH pn(k; p) ¢ pocToM n —
JKCNOHEHUHAJbHEN C NOKa3aTeJieM B 3KCIOHeHTe TeM OOJbIIHM, YeM
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Rajble pacnofoxeHo k/n ot p. Has k/n—p Bocnonsayemcs pasJo-
xeHueM ¢yHxkunH H (x) B pax Tehnopa

H (xy=H (p)+ H' (p) (x—p)+ H" (p) (x—p)*/2! - . . .
¥ 3anuiuem

—— (o) -

—%H”’ (r) (—:——p)a—. o

ITpu n(k/n—p)3—>0, T.e. k—np=0(n?/?),
BTOPEIM 4YJIGHOM 3TOTO PAa3JOXeHHHA
MOXHO npeHe6peyb K, NPHHEMAas BO
BHHMaHKe, uyto H” (x) =—(x(1—x)),
3amHcaTh COOTHOLIEHHE

Pn(k; p)~(2nnp(1—p))~ exp ( — _("_ﬂ)
2 np(l—p)

pPaBHOMEPHO N0 R, TakuM, uto k—np=o0(n*3). DTo TaK Ha3nBaemas
aoxarvsas reopema Myaspa—Jlanaaca. Tlpun k/n—p=o(nim—1/m) n
J:060M HaTypaJbHOM m_>>3 JOCTATOYHO AJA MNOJYUYEHHS ACKMITOTHKH
BepoATHOCTEeH pn(k; p) B3ATH B HANHCAHHOM BHIUE DPa3JOXKEHHH uJe-
HH Q0 m-i NPOH3BORHON BKJAOYHTENbHO. OTMETHM, uTo AJA p=1/2
H" (1/2) =0, » notoMmy JoKajnbHas TeopeMa JeRcTByeT B 06JacTH
k—np=o0(n¥*) (cp. 3.18).

CyMMupyst BeposTHOCTH p, (k; p) no (k—np)V np(1—p) < [a, b)],
— 00 < a<b< o0, 1 BROAA NOCJEA0BaTeJbHOCTL BEPOSTHOCTHHIX Mep

Pr(las) = Y pu (&; p),
{tk—np)/ Vngli—p) €iq 5}

3anueM UNTEZpaAbHyo Teopemy Myaspa—Jlanaaca
b
Prllas) > @(0dx, @)= (1V ) e,

ITpocteie paccyxaenus (cp. 3.15) no3BoaAOT pacnpocTPAHUTL CXOLH-
MOCTh Ha J060H NpoMeXyTok /a5, —ooLa< b oo,

B o6nactu k—np=0 (Y n ) GuHoMuanbHble BepOSTHOCTH pPn(k;p)
KMEIOT OJKHAKOBHI TNOPHAAOK MAaJOCTH NPH n-»oo. 3a npejeaMu
orpeska |np—A,Vn, np-+A,¥Yn| pacnonoxena 6HHOMHRAJLHAR
macca <e NPH JOCTaTO4YHO GoJblioM A, ¥ BCex n, HAYKHHASA C HEKO-
toporo. O6nacts k—np=0(Y'n) HaswBaloT obnacThio HOPMALbL-
Kbix ykaonenud (3HayeHuit OGHHOMHAJBHON CJayYanHOil BEJHUYHHH OT
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cBoero cpeaHero). 3HaueHus k, Takue, yto |k—np|/V/n — oo, Ha3H-
BAIOT 6ONbULUMU YKAOHEHUAMU,
ITockoaBKY acHMNTOTHKa

Pa(k; p)~(np(1—p)) " @ ((k—p)/V np(1—p) )

neftcTByeT pasHoMepHO B o6aactk (R—np)/V np(l—p) =o(n!/6), 10, Kax
JIerkKO BHAETh, NpH b,—a,=>e>0

by

P (I 5,) ~ (1/V/2m) S e—*"/2dx

an

npy J6uX an, ba=o0(n'/8), n—»oo. Ecin @p—>—o0, bp—>o0, TO HH-
TerpaJ cnpaBa CTPeMHTCH K | ¥ cooTHouleHHe He NpubaBJIARET HHYErO
HoBoro. OHAKO ecau a., b, cTpeMATcA K GeCKOHEUHOCTH OJHOro 3Ha-
K3, TO 3TO COOTHOLIEHHE INPHBOAMT K COAEPIKATEJLHEIM BLIBOAAM.
Beuay oueBMAHOH CHMMETPHMH 3aJaud OrpaHHYKM PacCMOTPEHHe CJy-
yaeM IIOJIOKMTENLHKWX @n, bn IIpu A—>o0 B m06GoM &>0 (cM. HHXe
12.2)

) Ate

j‘ e dx — § erRdx~ )\ le N,

i i

3To o03aHayaeT, YTO NpPH YCJOBHH bp—an=e>0 acumMntoTHka GHHOMH-

aJLHOM MEphl OTpe3Ka - [np-{—a,,V np(1—p) , np+b,V np(1—p) ]
oT bn He 32BHCHT K

P: (a, ba]) ~ [ 909 dx~a7'9(a,)

[Tokaxem, uTo npu a,=o(n'/6), a,>0, uMeeT MeCTO COOTHOLIEHHE

Pi (@, o)~ | 9(x4dx, n-»oo.

en

3anuiuem
Pn([a, o0))=Pn([a,, a,+n"")+Pa([a,+n"7, o)),

rje nepsoe cjaraemoe B NpaBOH YacTH 3IKBHBAJEHTHO IIPH 71-»00
—1 u
dn, ¢(a.), a BTOpOE OLEHHBAETCH CBEPXY BeJHUHHOK

P.([a,+n!77, oo))= b Pa(k P)<<
{k=np+(a,+nt/7) Vap(1=p) }
<(n—np) pa ([np+ (@, + V") Y np(l—p)); p)~(n(1—p)ip)'"* X
X (2n) /" exp (— 27" (an+ 22,07 +n27) < (n (1—p)ip) " @ (an) e=7/3
Gosiee BLICOKOTO NOPRAKA MAJOCTH, YeM Gy @ (an).
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B o6nacty GOJNbUIMX YKJIOHEHMR XB0CTsl pacnpedenenull 8eposT-
nocted Pp([X, o)), Pn((—o0, —X,]), X,—> 00, NpeACTaBARIOT HaH-
6onbwnit HHTEpec. Ilpu xo=o0(n'/f), xak Mbl BHAMM, OHH CAeOYHOT 3a
XBOCTAMH HOpMaibHOro pacnpezneneHns. B Gonee nanekort o6.1acta npu
p+#1/2 acHMOTOTHKA y XBOCTOB paclipejeseHHs P, yxe uHas, [
oueHb GOMbUIMX YKJIOHeHHd (X, mopsaka Y/n , T. e. k—np nopsnxa
n) acHMnToTHueckas ¢opMyna nojyyeHa B 12.4. B npomexyTke Meik-
ay n'/8 y n'/2? coorBeTcTBYIOMHE HOpMYan 6oJee rpOMO3JKH.

Jns wanocTpanuu OLEHOYHOro 3WaueHHst NpHOGIHMXKEHHH, naBae-
MHX J0KaJbHOfi M HHTerpaisHoli TeopeMamH Myaspa—Jlanaaca,
B Tabn. 1| npuBeseHs 3HaueHH  GHHOMHAJLHHIX BEPORTHOCTEM

Ta6auuga 1

k Py (ki 1/2) @/ vVr)exy Prl—wm, 5]) | & +1/1¥7)
8 0,0054 0,0055 0,0080 0,0088
9 0,0133 0,0132 0,0214 0,0223
10 0,0279 0,0275 0,0493 0,0501
11 0,0508 0,0502 0,1002 0,1005
12 0,0805 0,0800 0,1808 0,1807
13 0,1115 0,1115 0,2923 0,2920
14 0,1354 0,1362 0,4277 0,4276
15 0,1444 0,1456 0,5722 0,5724

pn(k; p), Pa'(—0, Xi]), x,—(k—np)/V np(1—p), u ux HOpMalbHue

npubmuxenus (1/Vnp(1—p)) @ (x), ©(x,+1/(2 Vnp(1—p))), rAe ©
ecTh QYHKUMS pacnpejieeHHs CTAHAAPTHOrO HOPMAaJbHOrO 3aKOHA
(monmpaBka Ha AHCKPETHOCTh 1/(2 Vn.p(l—p)) yJayyuiaeT TOYHOCTh
NpuOIMMKEHHN NPH YMEPEeHHHX 3Hauenusx n), p=1/2, n=30,

Has ucnons3oBanus Teopemn MyaBpa—Jlannaca AA® KOHEYHHIX
n HeoOXOAMMO 3aMETHTh, YTO MOIPEIIHOCTb Ha CaMOM JeJe onpene-
Jasercst 3aHauenueM np(l—p) aucnepcun pacnpenenenns. OcraTouHuH
YJeH B 3KCIOHeHTe JOKalbHOH TeopeMh MyaBpa—Jlannaca

— = tH” (8) (kln— PP =—— (1—2p) (k—np)/(np (1 — )’

33aBHCHT OT n yepe3 3HaueHHe np(l—p) 4 oTkJIOHeHHe k—np, OTKyaa
crenyer, uto GOpMyna HOpMAaJbHOro nNpubBIHMKEHHS A OMHOMHAb-
HHIX BepOSITHOCTEH p,(k; p) ocTaeTcs cnpaBelaHBOR ¥ OpH p=p,—+0
HIH p=pn,—], ecan Toasko np(l—p)—oo, a k—np=o(np(l—p))?3.
[pubamxkenne Py ((— oo, xh])%(l)(x,—*— 1/(2 Vnp(l—p))) 0Ka3LBaeTCs
REeIJIOXMM JaXe I[pH BechMa yMmepeHHnX 3Hauenusx np(l—p), B
Tab6a. 2 B3uTH n=30, p=0,2, Tak uto np=6, np(l—p) =4,8.
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Taauna 2

k 2 4 6 8 10
P, ({(—oo0, xg]) 0,0441 | 0,2552 | 0,6069 | 0,8713 | 0,9748
O (x+1/(0,8Vn)) 0,0551 | 0,2468 | 0,5902 | 0,8730 | 0,9800

Hakonen, ecntd p=p,—0 npu n—oo, HO np,(l—ps)—>A>0, TO 6H-
HOMHAJbHOE pacnpejeneHHe NPUOJHIKAETCHA INyacCOHOBCKHM  (CM.
3.11):

pa(k; p)—(AY/kl)er=p(k; A), k=0, 1, 2, ...
(1 aHasmoruyHas copMmysaa Aas BeposTHocTeR pn(n—k; p) npu p=

=pn—>1, npa(l—pa)—>A). B Taba. 3 cpaBHHBAIOTCH BEPOATHOCTH
pn(k; p) n p(k; M) ras n=30, p=0,1, A=np=3.

Ta6aunga 3
k l 0 ‘ 2 4 6 8
pnik P) 0,0424 0,2276 0,1770 0,0473 0,0057
Pn (k; A) 0,0498 0,2240 0,1680 0,0504 0,0081
BuHoMHasnbHOE pacnpesnefeHHe — pacnpejeseHHe BeposTHOCTeR
e B. Sp=X+...+ X, e X;, i=1, ..., n, — He3aBHCHMHE cJayyali-

HHIE BEJHYHMHL, NpHHHMalomHe 3HaveHHs | u O c BepOATHOCTAMH p
u 1—p coorBercTBenHo. HMiHTerpanbHyio Teopemy Myaspa—Jlanaaca
MOXHO 33anHcaTh B BHAE

P(w : (S, (0)—MS,)/ VDS, <x)—+®(x), n— .

3aMeuaTeJbHOE IOJOMXEHHE TEODHH BEPOSTHOCTEH COCTOMT B TOM, 4TO
3TO COOTHOUIEHHE COXpaHsercs M Toraa, xoraa X, ..., X, — npous-
BOJIbHEIE He3aBHCHMHE CJAyYaiHble BEJHYHHH C OJMHAKOBHM pacnpe-
AeneHHeM M KOHEYHOH AMcnepcHed (a Takye M B 3HayuTeJabHO GoJee
obweR cutyauuu). C HEKOTOPHIMM YACTHRIMH CJyuyasiMH 3STOR LeHT-
panbHOR npeaesbHOR TeopeMHBl BCTPETHMcS HHXe, 2 B oblieM Buje
oHa bGyaeT ycTaHoBJeHa B § 13,
12.2. 3apaua. ITokasaTs, 4TO

& (A)= j e=*2dx ~\"'e M2 A o0,
A
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YCTdHOBKB C NOMOINbIO 3aMEHL! NepeMeHHOro x=—A+f{, uTo:

() & W <A ez (1) 07(k)—e7(k+e)>e—€'/2—*'/2fe—udt.
0

[ &) = emde={ emnsitmg ewn fonatmneb.
; :

0

Ate £
JgA)—(hte)= X{ e—*"2dx — ‘ e—M-M—072 dF >

6

e
>e - j e Mdt=—g—22-22(] _g2)3"! 2>0.

3ameuasn, uto o (A) = o&f (A)— &/ (A} €), monyuaem us (II):
lim & (YA~ e4) > e,

A—»co
Yerpemasa e kK 0, umeem
lim & AV 4) > 1.

A—>00

[Tpunumas Bo BHuMaHue (I), monyuaem TpeGyeMH¥ pe3yanTar.]
123. 3agaua. BnBecTH OHEHKH XBOCTOB OHHOMHAJBHOrQ pac-

npefeseHns:

Yot p<palmi p)-C"EHE, m<(nt 1),
—-—0

(n+1)p—
S __(m+1)(1—p)
k; p)<p,(m: , n+1)p.
Eﬂpn( PISPmi p) o MNP
[Ameem npu & <m
m—1
kpm_ tritt__ k41 k+2  _ m 2 ~
cher=[Jcucirt =2+l Ax2_. . n—m+l<(fl—m+l) :
=k
an(k p) < pa(m; p)an(k P)Pn (m; p)<
k=0
1—p \m*
< n ' » .
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3aMeHRR KOHEYHYIO FeOMETPHUHECKYIO NporpeccHo GecKOHeYHOH M yym-
ThBaf, yTo npu m< (n+1)p

1 — m . 1"‘P=(n—“m+l)P >0
n—m+41 p (n+1)p—m !

nonyyaeM nepBoe H3 TpeGyeMhx HepaBeHCTB. BTopoe HepaBeHCTBO
BHITEK2eT K3 NEPBOTO nocje 3aMeHn p Ha | — p BBMAY paBeHCTBA

Pn(k; 1—p)=p,(n—Fk; p).]

124. 3agava. BuBecTH acHMNTOTHKY XBOCTa paclnpegeseHUs
GHMHOMMAJILHON CJyualHOH BEeJHUYUHKI:

P(0: S, (@)=>[n6])~ p,([n8]; P)O(1— p)I(B—p) P<BI.

[M3 HepaBencTs 12.3 noayuaem

lim py ([8); A7 Y palks p)<<O(1—p)(B—p).

{k=n8)

C npyroiél cTOpPOHH, MCNOJb3YR B paccyjieHHAX 12.3 BMecTo OLEHKH
CBEpXY aHAJOTHYHYIO OLEHKY CHU3Y IIpU R>m

Cka= n—k+1 . n—k+2 n—m (n—k+l )k—m
w/Ca k k—1 m+ 1 = k '
aanumeM npu 0 <<r < n(1—0)
[nB]-+r L k—[ng]
2 Pa(k: P) = pa([nB]; P) 2 ( "‘k+l - li ) =
{k=2nB} k=[npj g
ey n-—nbd + 1 —[ng]
0]; T P -
>p(l0): ) ¥ (P =)
k=:[ng]

rae yuTeHo, 4To oTHouleHue (n—k+ 1)/k y6umBaer mo k. Ilepexoas
K npegeny np¥ QUKCHPOBAHHOM 7, NOJyYaeM

r
: -1 "1—8 k
lim po ([0 A~ Y Ptk A=Y (52 )"
[ —P
{k=np} k==0
Ycrpemass r—»oco, HaxoAUM, YTO HHXKHRS OUEHKA COBNAJaeT C BEpX-
Hel. | '
125. 3anaua. [lokasath, 4TO NOCIEAOBATEJBHOCTh IyacCOHOB-
CKHX pachpefeJEeHHR BEPOATHOCTEH ¢ mapaMeTpoMm n=1, 2, ..,

p(k; n)=(n*/kl)en, k=0, 1,2, ...,
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nocje HajJleXallero UeHTPHDOBAHHA M HODMHPOBAHHA CXOLHTCH
K HOpMa/LHOMY 33KOHY, T. €. AJs HEeKOTOPHX Ba>0, an

Palle)= Y plkin)
{ (k_an)/anelﬂ-b)
¥Meer MeCTO COOTHOIIeHHe

b
P; (Ja.p) = S e(x)dx, n—o0.

a
[OTHOweHHe MyaccoHOBCKMX BepoSATHOCTER
p(k; n)/p (k—1; n)=n/k
JAOCTHTaeT EZHHHIK B TOYKE Z=n, TaK 4YTO MaKCHMa/JLHOE 3HaYeHHe

[IpDAHAMAETCA ABaXAbhl H DAaBHO

p(n; n)=(n",‘nl)e""~(2nn)—”2, n— oo,

rie npumeHeHa ¢opmyna Crupanrra. Hccneayem  BepOSTHOCTR
p(k; n) B okpecTHOCTH MakcuMyMa k—n=o(n). [Ipu k>n

h—n

) k—n .. o =1
(N

p(n; n)
=1 =1

anpu k<n
n—k—1

p(k; m)ip(n; my= [1 (1—in).

1==0

Pa3naras norapudm no gopmyne Tedsopa 40 BTOPOro 4JeHa, NoJy-
yaeMm

tk—n)| [k—n; [k—n)

In [1 (1 xim)= Z In(1 4 i/n) = 2 (& i/n+0(1) (i/n)®),

1=1 1==1 =1

rae muoxutens O(l) pasHoMmepHO orpaHuueH B obaactH k—n=o(n),
Ilpunuman BoO BHHMaHHe, 4YTO

14+24... +m=m(m+1)2, 124224 ... +m*=0(m9),
HdaXOJIHM
p(k; n) ~(2nn) ' exp (— (k— n)3/(2n) + O ((k—n)3/n%)).

B o6nactu (k—n)?=o0(n?), 1. e. k—n=o0(n%?), nonyvaem paBHOMEp-
HO mo k

p(k; n)~ (2nn)"""? exp (—(k—n)%/(2n)).
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CTaupapTublii nepexod XK HHTerpanbHoit Teopeme AJA P, c a,=n,
B,=Vn 3akanuupaeT LOKa3aTENbCTBO.

OtmeTdM, uTo ci. B. S,=X;+...+ X, roe X;, i=1, 2, ..., — He-
3aBHCHMBIe OQMHAKOBO pachpefeleHHnle no [IyaccoHy ¢ nmapaMerpoM
eIMHHLA, HMeeT [IyaCCOHOBCKOE paclnpejieleHHe ¢ NapaMeTpoM n
(em. 4.7), MX,=DX;=1 (cm. 7.2, 8.7), Tak uto P,* — pacnpezeue-
HHe BeposMTHOCTEH craxdaprusosautoi ca. B. (S,—MS,)/VDS,. Ilo-
Jy4YeHHBIH pe3ynbTaT — 4acTHWIH cAyuait LeHTpaldbHOH npefelbHOR
TeopeMsl, 0 KOTOpOH ynomuHanock B 12.1.

ITpn annpokcumanuu GHHOMMANLHOIO DacnpefelNeHHs MyacCOHOB-
ckuM (npu HeGomblumx np(l—p)) ¥ HopMmanbHBIM (0OpM GOJLIIKX)
B CBSI3U C YCTAHOBJCHHEIM Pe3yJbTaTOM 3aKJKOuaeM, YTO AJHA IIpOMe-
JKYTOUHLIX 3HaueHHH np(l—p) MBl He NONYyYMM NPOTHBOPEUHS, EC]IH
6yneM N0OJab30BATLCH JIOOBM H3 3THX ABYX npubamKeHrui.]

126. 3agaua. OGo3HauuM T, YHCIO Heyaad, NpeAlIeCTBYIOIUHX
r-My ycnexy B IOCJeJ0BaTeNLHOCTH ucnuTaHui Bepryann. Ycrano-
BHTb, YTO NOCJ]E HAAJeXallero UeHTPHPOBAHHA H HOPMHDOBAaHHA pac-
npejelleHHs BEPOATHOCTEH cJ. B. T, CXOAATCH K HOPMAJbLHOMY IIpH
r—oo: (I) monb3ysicb Tem, 4TO T, HMEET OTpHLaTeNLHOE OHHOMHAJNb-
Hoe pacnpepeneHue (cM. 2.17)

ps (B)=Cirr(1—p)'e’, £k=0, 1, 2, ...,

H 4TO p.,’(k)=p-p,.|_,k_1(k; 1—p), rae p,(k; p) obosnauaer GHHOMHM-
anbHOe pacnpegeneHHe ¢ napamerpamu n, p; (II) ucnoapdys coorno-
meHHe 1,>k Sy <7, rae S, — YHCJIO yCIEexoB B 7 HCNHTAaHUAX Bep-
HYJIIH,

({I) U3 12.1 noayuaem

k)~ p (2 B ol — oV exp [ —_L (E=(r+8) (1 —p))?
Px, (k) ~ p (2 (r+ k) p(1 — p)) e"p( 2 (,+k)p(1_p))

mpu (r+k) p(1—p) > o0, k—(r+ k) (1—p)=0((r+k) p(1—p)I*". Tlpe-
00pa3oBaB 3KCNOHEHTY B TNPaBOH 9YacTH K BHAY

exp (_%(k—r(l—p)/p)' (r+£) (1 —p)/p)“).

paccCMOTDHUM kK, TaKHe, 4TO k—r(1—p)/p=0(}Jr), r—-oo, npeanona-
ras, 4YTO BepOATHOCTb ycnexa 0<p<1 ¢dukcupoBana. B Takom cayqae

k~r(1—p)p, k+r~rip, (r+k)p(l—p)~r(1—p)
(r+k)(1—p)ip~r(1—p)lp®, r— oo,

OTKyJA2 NoJyuaeM pPaBHOMEpHO no k

v p2y— /2 _ 1 (k=r(1—p)/p)*
P, (&) ~ (2nr (1—p)p") ™" exp (—— Lot =P
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Tlonaras

T =(r,—r (1—p)Ip) (r (1 —p)Ip ",

CT2HAAPTHBIMH DACCYXAEHHAMH NOJyyaeM HHTErpajbHYIO NpeAesbHYIO
Teopemy

b
Pele) >\ 0(0)dx, @(0)=(1/V2R) e,

(I) P(o: T, (0) > k)=P (0 : Spy,(0) < r)=
—Pp (m: Serr(w)—(k+r)p r—(k+r)p )—P(D(X)
((k+r)p(1—p)'/? ((k+r)p(1—p))'/2 '
ecnu k+r—» oo, (r(1—p)—kp)((k+r)p(1—p)) > > x, —o0 <x< o0,

@ (x) — ¢yHKUMS pacnpejeNeHHS CTaHZAPTHOIO HOPMAJBLHOrO 3aK0-
Ha. [TocnenHee, OYeBHAHO, BO3MOXKHO, JHIUIb KOrAa B H r OQHOro IO-

psiika, a chaenoBaTennHo, r(l—p)—kp=0(Y%k). B uacTHoOCTH,
r(1—p) ~kp, k+r~r/p n

(r(1—p)p—R)(r 1—p)/ P /2 > x.
Taxum obpaaom,

—1; . Ta(@) —r(1—p)/p
C=lmP (m' (r(1—p)/p*)/2 >—x)'

HJIH
PT; ((—oo, x)=1 —P,‘; ((x, 00))>1—@(—x)=D(x).

IMopuepkue™, uto Mt,=r(1—p)/p, Drr=r(1—p)/p? (cMm. 7.7, 8.7) ®
YTO T, NPEACTaBJAETCH K2aK CyMMa 7 He3aBHCHMHX OJAHHAKOBO reo-
MeTpHYEeCKH pacrnpejieJleHHuX CJayYaRHHX BeJHuHH (cM. 4.6),

T, =(1,— Mz,)/V/Dr, ]

12,7 3aaaya. [lokasath, YyTO NOcJeA0BATEJBHOCTL paclpejedie-
HHH, 3aaBaeMbX raMMa-IJIOTHOCTAMH

fn (X)=(x"/nN)e*x, x>0, f,(x)=0, x<<0, n=1, 2,...,
nocje HaAJexallero LUEHTPHPOBAHHA K HODMHPOB2HHA CXORMTCH
K HOpDM2JLHOMY 32KOHY.

[Tak kak (d/dx)Inf.(x) =n/x—1, TOo fa(X) mOcTHraer mMakcHmMyma
B TOuke X=n, yOnBas B cTopoHnl oT Hee. 1o dopmysne Crupauura

fu(n) ~@2n) 2, n—»> oo,

Bubupas a,=n B KayecTBe NEHTPHPYWOINEH NOCJeJ0BATEJNBLHOCTH H
OCTaBJAA HOPMHDYIOUIYIO [IOCJENOBATEJNbHOCTh f,—»>00 IIOK2 HE OInpe-
AeJIEHHOH, 3anHiuem
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In (fn (n+xpn)/fn (ﬂ.))=ﬂ. ln(l +Xﬂn/fl)—Xpn=
= — x2B2/(2n) + O (t*B3/n?).
Otciona /erko NOHATh, 4TO P.? JOMKHO GHITH TOTO e NOPAAKA, YTO
n. Ionaras B,=¥'n, o6uapyxuBaem, uTO npefe] — CTaHAapTHOE
HOpMaJhnlioe pacnpejaeseHue.

OTmeTuM, 4TO C/. B. Tn C IJIOTHOCTBIO f.(X) DpeAcTaBMMa Kak
CyMMa 7 He3aBHCHMHIX OJXMHAKOBO 3KCIOHEHUMAJLHO paclpejeseH-
HhIX clyyaiHux BeanyHH (cM. 4.19), Mt,=Dt.=n (cMm. 7.27, 8.13) u
-r,',:(rn——Mr,,)/V[)Tn HMeeT InpejefbHOE CTaHAapTHOEB HOpMaJbHOE
pacnpeaenende. Hakonenm, 3ameTHM, UuYTO ramMa-pacnpeje/eHue
€ IJOTHOCTHIO fn(X) — npejaensHoe AJS OTPHUATENLHHIX GHHOMHAMDL-
HHIX ¢ napametrpaMu n—oo, py,—0, np,—1 (cm. 3.14). IlonyvenHmit
BhIlIE DE3y/]bTaT CBSA3LIBAeT npejesabHhie Teopemu 3.14 u 12.6 B ToMm
Xe caMOM OTHOULIEHHH, B KAKOM HAXOMHUTCA yTBepxJaeHde 12.5 ans
6MHOMHANBHOrO paclpejeseHus. |

128. [Ipumep (aMnupuyeckas QYHKUUA paclOpejgesieHHst H IO-
paakoBuie cratHcTHKH). IlycTts X, Xa, ..., X, — He3daBHCHMHE OAMHA-
KOBO pacrnpejefeHHble CAyYafdHhle BeJHYHHL C HENpephIBHOH yHK-
uued pacnpenenenus F(x). B maremaTHueckoll cTaTHCTHKe paccMmart-
puBaeTcs Bonpoc o6 ONEHHBaHMM HeH3aBecTHOH ¢. p. F(x) nmo peayus-
raraMm Habmogeruit 3a ci1. B. Xi, Xp, ..., Xa OHKCHDYH X, CBSIKEM
co ¢l B. X;, i=1, ..., n, cxemy DepHyanH, npuHuMmas 3a «ycnex»
B [-M HCNIHITAHHH ocyllecTBjeHHe cobmTusa X;(w)<<x. Yacrory ycne-
XOB B n HCIKITAHHAX 3/ech NPHHATO 0603HAayaTh

Fo(X)=Fp(x; X, Xy ..., Xp),°

ONycKasi 3aBHCHMOCTb OT c¢/1. B. X;, i=1, ..., n. Tlo 3akoHy GoJbuIHX
yuces A8 cxeMmul BepHyanu ans mioboro g>0

P(w: [F,(x)—F(x)|>&)—>0, n— oo.

Bosee TouHme rpaHuun Aas oTKIOHeHHs Fn(x) oT F(x) maer Teo«
pema Myaspa—Jlannaca

P(0: [Fa(x)—F(x)|>¢(F (x)(1—F (x))*n—12) > 2(1— @ (1),

rae @ (f) — ¢ysxuns pacnpegenenust CT2HA2PTHOrO HOPMAJLHOTO 3a-
KOHZ. DTH COOTHOLIEHHS TIO3BOJSAIOT CYHTATbL Fn(X), no kpaineit mepe
2CHMIITOTHYECKH, Pa3yMHOil oueHkoit a1a F(x). OTcioga ectecTBendo
npeloXiTh Fn(X) Kak (yHKIHIO ¥ B KauecTBe OUGHKH A ¢. P.
F(x), —oo<x<oo; Fp(x) Kak (yHKUMIO NepeMEHHOro X, 3aBHCAILLYIO
OT cayyaltHux napamerpoB Xy, ..., X, Ha3wBaOT IMAUPUMCCKOL
¢pynxyueid pacnpedesenusn (3. ¢. p.). Ilpeactapun Fn(x) B BHAC

| n
Fn (X) =T E I(m P X (o) ((.l)),

=]
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aaMeyaeM, 4TO Fn(x) — KyCOUHO-MocTORHHAA HeyOwmBawoouas ¢yHk-
IMA X CO CKAYKAMH BEJMUMHH l/n B cayuaiHmix Toukax X;, i=1, 2,,..
..., n (ne60 KpaTHRMH BeJHuYHHe 1/n, KOrAa HEKOTOphIE K3 CJ. B.
Xi i=1, ..., n, IpHHAAK OAHHaKOBHe 3HaueHus). Ha puc. 33 peann-
3auus 3. §. p. Fa(x) noctpoeHa mo BhIGOPKe M3 paBHOMEPHOro pac-
npeneneHus Ha orpeske [0, 1].

HemasnopaxHHH HHTEpEC B MaTEMaTHYECKOH CTAaTHCTHKE IIOMHMO
ouenku ¢. p. F(x) umeer oueHka dyuxuui, obpatHoit x F(x). Ilono-
XHM AJ8 NPOCTOTHl, uTO F(Xx) cTporo MOHOTOHHa (B o6sacTH, rae

0<F(x)<1) u oGo3anayum aas Jaw60ro
1 0<p<1 uepes xp 3HaueHHe, NPH KOTO-
poM F(xp)=p; Xp Ha3WBaIOT p-KOGH-
TuAabio pacnpenenerus F. JInf OLEHKH
Xp 6bL10 Gbl €CTECTBEHHO IPENJOXHTh
pelleHHe AHAJOTHYHOr0 ypaBHEHHA JIJf
3. ¢. p. Fa(x)=p. OnqHAKO NOCKOJBKY
Fn(x) — crynexuaras, To pelleHue 3TO-
ro ypaBHEHHS He CYLIECTBYeT NIpH P, He
KpaTHux 1/n. IloatoMy B KauecTBe 3a-
MeHH 6epyT HaHMeHbilee X, YAOBJIETBO-
psioniee HepaBeHCTBY Fa(x)=p. Ilycts
1 Xin<Xo<...<Xnn — nopaaKoOBHE CTa-
Puc. 33 THCTHKM, 00pa3oBaHHHE N0 HaGopy ci.
B. X, Xy, ..., Xn(Xpn () npu 3axaHHOM
®w ecTb k-e B NODAJKE BO3PACTAHUA K3
uucen Xi(w), i=1, ..., n). Jlerko BuaeTb, 4TO yKa3aHHOE pEIIEHHE
HepaBeHcTBa Fn(xX)Z>>p ectdb X[np),n — NODPAAKOBAH CTATHCTHKA C
HOMEpPOM, PaBHBIM LEJOR 4acTH np.

PaccmoTpuM wacTHuIE cayuait paBHomepHoro Ha ortpedke [0, 1]
pacnpenenenusi: F(x) =x, 0<Kx<l, H ycTaHOBHM NpeJe/bHYI0 TEOpEMY
Ans pacnpeneneHuit ci. B. X(ap), a, n—o00, 0<p<I1, tukcHpoBaro (B
obmem cayyae cM. 13.11).

Jas noxa3aTenbcTBa NPEAJIONKMM HECKOJbKO BapHaHTOB. MoXio
HCXOAMTh K3 dopmyan 3.4 anaa ¢. p. 1. B. Xp, n:

7

Falt)-t

Y

~—_——

Fxy, (=Y Clxi(1— 0™, 02,

j=k

Au6o u3 GoJlee KOMNAKTHON 3aMUCH B TEPMHHAX CAYyYalHBIX BEJKUYKH
{cp. 3.4)

P(o: Xen(0)<<X)=P(0:nF,(x)=k),
NPHUMEHAN K BHIDAXEHHAM CIpaBa NpejenbHyl0 TeopeMy MyaBpa—

Jlannaca. Ilo-BuaumoMy, Gosee HAaramjeH NPAMON METOJ MCcJaeA0Ba-
Hus maoTtHocTH (cM. 3.10)

[x4n (x):nc’kljxk—l (1 —x)"—k=x—1kp" (&; x).
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Tlockonbky
Pa (ks )~ (nx(1—x) "2 @ ((k—nx) Vax(I—2)

npu k—nx=0(nx(1—x))”2, TO, BuIOMpas x npu k=[np] paBHEIM X =
= p+1(p(1— p)/n)'’*, umeem

Fxn ()~ (p(L—p)in) P o (—1), k=][np],
OoTKyAa BuAHO, uTO cJa. B. Xpa= Vn/(p(1—p))(Xer.,—p) uEMeOT B

npejese CTaHAAPTHOE HOpPMaJbHOE pacnpeieseHHe.

129.* 3agaya. Ilycts Fa(f)=Fa(f; X1, ..., Xa) — smnupuuec-
Kasg (QYHKUMS paclpejefeHHs AJA IocJejoBaTeldbHOCTH Xy, ..., X
HEe3aBHCHMHIX CJyYaHdHHRIX BEeJHYHH C DAaBHOMEPHHM paclpejeseHHEM
Ha ortpe3ke [0, 1]. BuuncauTb coBMecTHOe pacnpejeseHHe BEDOHAT-
HocTe#t ca. B. Fa(t), i=1, ..., &k, 0<,<... <t <. Tloka3zath, uTO
KOHewHOMepHHE pacnpefenenus nponecca X, (f)=VYn (F,(t)—1),
0<t<<1 (puc. 33), cxomsTcs k pacnpejeseHHsM OGpOYHOBCKOI'O MOCTa
(cm. 11.10),

(Myete 0<<nyi<Kne<<. . .<<np<Kn — INIPOM3BOJBHEIE LEJHE THCAA.
Ecau ucKIIOUMTh COGLITHE BEPOATHOCTH HYJh, YTO XOTH OHl OJMH CKa-
yOK cayuadHoro nponecca Fn(f), 0<{<1, npumeacs Ha xakyio-ad6o

H3 Touek Iy, i=1, ..., k, TO coburuHe {nF.(t;)=n; i=1, ..., k} npo-
HCXOAHMT TOrfla ¥ TOJABKO TOrja, Koraa B HHTepBaaw (f;—, f;) nomajio
POBHO n;—n;_; 3HaueHH# u3 paga ca. B. Xy, ..., Xa, =1, ..., &k
(20=0, ng=0). IToaTomy (cm. 1.25).
P(w:nF,(t;)=n, i=1, ..., B)="
=nl(n!(ng—n)! ... (m—m_)! (n—n)) "' x

X (tg— ()" ™ o (G tet) W (1 — 1) " %,

OTKyJa HaxoauM

Pt inF ptey ety [P - oo 1) =
() (h— ) (1 — 1)
T (e ) (n— )l (1 —t, )" " =Pt P, s ).
Taxum o6pa3oM, DOCAEAOBATENLHOCTh €. B, nFa (), ..., nFa(fx) oO-

pasyeT MapKOBCKYIO LeNnb NpH JMIOOHX &, £1<...<f,, a caM npouecc
nFp(t) BBHAY 3TOro HAa3HBAETCH MAPKOBCKUM € NepexoOHold (yHKYu-
ed p(t, m, s, 1), t<s.

[Tonoxuwm xi=VE(n,/n—t,), i=1, 2, 0<t,<t3<1. 3ameTHs, 91O
p(ty, Ry fay nR)=Pnn, (na—ny; (G—1)(1—1)), £ <ty

rae cnpaBa cTOMT OHHOMHaJbHOE pacnpejeseHHe, ©MeeM IO TeopeMe
Myaspa—Jlannaaca
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v la—t 1 —t \—1/2
Pxnu,xxnun(x=|xﬂ"'(2“("__"‘L 1—t, 11—t ) X

Y pp tn—ny il \? PR Tt U Yol TR R
XEXP( p (”':4 ny,—(n—n,) - )/((’1 ny) 1—t 14 ))
1 —4 )”"’ex ( I (xa—x (1 =8}/ —11))')

- Py — ]

2 (—4) (1 —4L)/(1—4)

\—1/2
~ (2nn) ((:,_:,) (1—5)

CpaBuuBas nmoJydYeHHOe BHIDAXKEHHME ¢ ACHMITOTHKOH AJA NepexoJHhIX
BEepPOATHOCTER yCJOBHOro cayuyaiHoro 6myxjaanus B 11.10 u 3ameuas,
4TO

q’—(”—”/—’_:_—')w((y—x)/lft:)=exx>(—%(‘”’”W v = ))=

9 (x/yVT—3) t—s l—t 1—s

—exp (— - (= x (L= =8t —9) (1—1)/(1—3)).

nolyyaem TtpeGyeMbli pe3yabTaT CTAHAAPTHHIM INePeXOA0M K HHTer-
pajbHOR TeopeMe.]

12.10. [Tpumep (craructuku Koamoroposa—Cwmuprora).Oasa ua
MOCTAHOBOK 3234 MaATEMaTHYECKOH CTATHCTHKHM COCTOHMT B CJEAYIO-
mem. [Ipeanonaratot, yto HA6JIOAEHHA X1, X3, ..., X, NOJYYAKOTCH KAK
peaau3auus nocaefoBateabHOCTH Xi, Xz ..., X, HE3aBHCHMHKX OJH-
HaKOBO pacrnpejiesIeHHbIX CAy4YaHHBIX BeJMYHMH C HEKOTOPOIl HenpephB-
HOH ¢yHKUMeH pacnpegeJjeHus. BbicKaanBaercs zunore3a, 4TO 3Ta
¢. p. ectb 3ananuas F(x). TpeGyerca NpOBEpPHTh, COrJacyloTcs .JIH
peayabraTh HabJawojeHHA ¢ 3TOH runortedod. [lpeacraBasercsa ectecrt-
BeHHHIM paccMOTPeTb JJA 3TOr0 Kakylo-J1u00 Mepy OTKJIOHEHHS
3. 0. p. Fa(x) or 3aganHo#t ¢. p. F(x), —oo<x<oo. Hauboaee npoc-
THMH MepaMH MOXHO CYHTaThb cTaTHCTHKH KoJamoropoBa Dn=
=SUPx, | Fa(¥)—F(x)| u CwmuproBa Dnt=supu, (Fa(x)—F(x)),

n=int., (Fa(x)—F (x)). Cratucruka D, Gosee yuuBepca/bHa, CTa-
tacTuke Dot u D,~ ynorpebasitoTcs, Korja ecTh OCHOBAHMS INpeamno-
JaraTh, 4TO NpPH HapylUEHHH THMIOTe3n OTKJOHEHHe HCTHHHOH ¢. p.
6yneT NMPOHCXOAHTb B CTOPOHY 6OJBUIMX H COOTBETCTBEHHO MEHBLIUMX
ee 3HaueHHMil. 3aMeyaresbHO, 4TO pacnpefeseHHs BepoATHocTed D,
D,*, D, ue 3aBucAT oT F(x), 4TO A2eT BO3MOMKHOCTb PAaCCYHTATh HX
ANA Kako#-To HauboJiee ynoOHOR ans BHYHcaeHHi ¢. p. IIpoBepum
cAeJlaHHOE yTBEDXKJEHHe.

3aMeTHM mNpexje BCEro, YTo eca¥ cJa. B. X HMeeT HenpephBHYIO
o. ;[>6F(]x), To ca. B. Y=F(X) paBnoMepHO pacnpejeneHa Ha oTpe3-
ke {0, 1j:

Plo:Y(e)<y)=P(o: X(0)F1(y))=F(F'(y)) =y
0<y<]1, F~'(y) =sup{x: F(x) =y}

TakuMm obpasom, ca. B. Yi=F(X;), i=1, ..., n, HeaaBHCHMH ¥ paB-
HoMepHO pacnpefenenn Ha otpeake [0, 1]. Hanee wumeem 1npu
0<y<l1
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1 n
Folys Yoo ooy Yn)=721(m:vi(m)<y) (w)=

i=1

I —1¢ .
=Tzl(mrxt(m)<F“(yn(‘°)=F"(F @) Xy .o os Xa),
i=l
T. e. npouecc Fnp(x; Xi,..., Xn), —oo<x<oo, noayyaercas H3 Ipo-
uecca Fa(y; Yy, ..., Yr), 0<y<l, MOHOTOHHHM npeo6pa3oBaHHeM na-

pamerpa y=F(x). Tak Kak 3THM e npeo6pa3doBaHHeM CBH3AHLI
. p. c1. B. X u Y, a cratuctuke D, D,*, Do~ ¥3MepAIOT pacCTOAHHE
[0 BePTHKAJIH, TO HX Dacnpefe/ieHHs He 3aBHCAT OT npeobpaioBaHHA
ocH abcurce. HanpuMmep,

sup  |Fa(x Xy, ..., Xp)—F(x)|=

{x:0<<F(x)<1}

= sup |Fu(F () Xy oo Xo)—F(F ' ()] =
rb<y<l)
= sup | Fa(ys Yoo ooy Ya)—yl,
{ro<<y<Cl)
H OCTaeTCH 3aMeTHTb, YTO Ha MHOXecTBe Tex X, rae F(x)=0 wuam
F(x) =1, c BepositHocThiO 1 Fp(x; X), ..., Xa) =F (x).
Ilycts teneps X;, i=1, ..., n, pacnpeielleHn paBHOMEpPHO Ha

[0, 1]. B 12.9 nokaaaHo, ut0 npouecc X, ({)=V n (F,()—1), 0<t<],
CXOAMTCA NO PACNpeAeNeHHI0 K GPOYHOBCKOMY MOCTY M TO XE HMeeT
MecTo aas npouecca (Spag|AR)Vn (cm. 11.10). Ho (cm. 11.12)

P (@: max(Spa | An) VA <x) > 1 —e 2, n—> oo,
T{n

Ects ocHoBaHun HaJE€ATbCH, YTO TAKXE

Plo:maxX,(f)Lx)—>1—e 2", n—oo.
i

JoxaaaTeancTBO 3TOro (bakTa BHIXOAHMT 332 DAMKH NAHHOH KHHIH, OX-
HAKO AEHCTBHTEJBLHO AJMA (YHKUHOHAJOB, HENPEPhIBHO 32aBHCAIUMX OT
TpaekTopH# x(f) cayualHOoro npouecca B DAaBHOMEpPHOK MeTpDHKe
sup(¢,|x(t)—y(t)| T2KOrO POJi2 YTBEPXJEHHS CpaBejJHBHI.

2.11. [Ipumep (ycHJeHHHH 32KOH OOJLIIHX YHces, JeMMa Bo-
peJm—KaHTe.u.m) OMOHpHYyecKHi 3aKOH yCTOAYHBOCTH YaCTOT YT-
BEpPXTAET, YTO B HEOrPaHHYEeHHO NPOJOJIKAIOUIEHCH NOCJaeZ0BATENR-
HOCTH NOBTOPHHIX HCNHITAHHA 4acTOT2 NOABJEHHA ONpEJeJeHHOro CO-
ORITHA CTPEMHTCH K HEKOTODOMY Ipefesy. BeposiTHocTHas MOJENb
NOABJEHHH 3aJaHHOr0 COOLITHA NpPH NOBTODHEIX HabJIONEHHAX ecThb
HCNHTAaHHA BepHyasH, a COOTBeTCTBYIOINAM 3SMIHPHYECKOH 3aKOHO-
MEDHOCTH MAaTEeMaTHueckKas TeopeMa MorJa Obl COCTOSTb B YTBEpXKje-
Hug, yto n'S;(w)—p npu n-»oc, rae S,(w) — YHCJIO YycnexoB
B NEPBRIX N KCNATAHHAX. BeposTHoCTHA® Mojeab NOC/eL0BaTelbHOC-
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TH NOBTOPHWX HCIOWTaHHA JomyckaeT Jio6yw mnocsJef0BaTeNbHOCTb
u3 0 ¥ 1 B KkayecTee BO3MOXHHIX HCXOAOB HcnumTaHuil DBepHynan,
NPOJOJKAIOUIMXCA HEOrpaHHYEHHO, HO 32 HCKJIOYEHHEM HEKOTOpOIo
MHOXECTB2 BEPOATHOCTH HyJb, JefcTautesbHo n'S,(w)—p; 1ph
3TOM TOBODHAT, YTO ¢ BEPOATHOCTHIO 1 INOCJeJ0BATENILHOCTL CJ. B.
n='S8n(w) CXOAMTCH K p, 2 CAMO YTBEDXAEHHE HA3WBAETCH YCUALH-
Hoim 3axoHom 60abwux yucen (Y3BY) ans cxemum Bepryann. oka-
JKEM ero,

IloamHOXecTBO A Tex wER, ANA KOTOPHX MOCJAeAOBATEILHOCTH
dyHruud n—'S,(w) cxoAUTCA K P, MOXKHO NPEJCTABHTL B BHAE

A=NmUw Ninsmy{o :Iﬂ_lsn (m)’—PI <2k},

B camom gene, ecqu npu w=wg n'Ss(we)—>p npu n—»oo, TO AANA JdMO-
G6oro e=2-*% k — HaTypanbHoe, HaWReTca Homep N=N,, Takoi, uro
npu Bcex n>N, HMeeT MecTo HepaBeHCTBO |n~'Snp(wg)—p|<<2-*, 3to
M 03HayaeT wo=A. ToyHo Tak XKe M3 wEA caeayer n 'S,(w)->p,
n—oo,

HoxkaxeMm, yto P(A)=0 u nonoXuM JA8 KpPAaTKOCTH Aa =
={w:n!|S,(w)—p|<2-*}. Toraa

=UN U A
@ (V) (>N

H P(A) =0 Toraa ¥ TOJMBKO TOrAa, Korja npu JwoboM k

P((l U 4us)=0.
(N) (nSN)

[B oany cropoHy mnocnennee yTBepxKAeHHe OYeBHAHO, B APYIryl0 OHO
ABJISIETCH CJEJCTBHEM CBORCTBA noAyadduTuBHOCTU  BeDOSTHOCTHOIR
MepHhI:

U A< Z P(4)

ang mobex cobutui Aj (=1, 2, ..., 2 OHO B CBOIO Ouepelb BHITEKA-
eT U3 CBOMCTB2 HENMPEepHBHOCTH BEPOATHOCTHOH Mepu (cM. § 6). Mimen-
n

no, monaras B,= |J A,, nomyuaem
=1

lim P (B,)=P (Q, A,).

B TO BDEMA Kak
n

P@)PU& <X P A

Ila.nee 3aMeTyM, UTO II0CJeR0BaATEJbHOCTDb cOBHTHH

U Ankl _1' 2""'

{n>N)
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— y6uBalowas, ¥ MO CBOHCTBY HeNDEepPHBHOCTH BEPOATHOCTHOH Mephl

p(N U A,.k)_hmP( U A,.,.)

{N) (n>N} N0 {(n>N

PaBeHcTBO HynMI0 Npejena crnpasa InoJydaeM, BOCIOJb30BABUIKCh
OlLleHKOH

P(U A< Y P

(>N} {n>N)
¥ 3aMmeTun, uT0 paA u3 P(An .) CXOQMTCH, TAK KAK BEDOATHOCTH
P(An ) =P(0:Sn(0)=n(p+2*))+P(0: Sq(o0)n(p—27%))

3KCIIOHEHUHAJbHO YORIBAIOT C POCTOM n NpH Jio6oMm k (cMm. 12.4). Tem
camum ¥Y3BY ycranosnen. BuigesHm H3 ero L4OKa3aTenbcTBa OJAHO
YaCTO HCNOJb3yeMOEe YTBEDXKAEHHE.
JlemMmma Bopeas—KanTteanan: ecau nocaedosareabHoCTs CO-
L -]

Guitui A, n=1, 2, ..., Taxkosa, 410 2P(A,,)<oo, TO ¢ BEpPOAT-
n=1
HOCTBIO | OCYWEecTBARETCA AUlub KOHExHOe HUCAO cOoBbiTuldl u3 3rold
nocaedo8areasHOCTU.
CobuiTHe, H2 KOTOPOM OCYIIecTBJARETCH GecKOHeYHO MHOro cobH-
THH, MOXXHO 3aNHCATh B BHJE

Am

(N} (n=>N)

a OHO, KK MH BHAeNH B caydae An=An r, HMEET BEPOSTHOCTb HYJb.
12,12, 3apaua. Iloavayscs nemMoit Bopeas—KaHnTennad, noka-
3aTh, YTO C BEPOATHOCTbIO | NMPOHCXORHT JHUIL KOHEUHOE YHCJIO COOH-
THH nocaefoBateJbHOCTH An={w: |Sa(w)—np|> ((2+e)np(1—p) X
Xlnn)'/2 n=1, 2, ..., rae S, — YHCJO ycNeXoB B n HCHLITAHHAX
Bepﬂy.n.rm, a>0.
* [Mcrnoam3ys onenky GoJbuwiMx yxkJoHeHHH H3 12.1, noayuaem

P(A) <(2n(2+¢e)lnn)-1/2n—1—22

OTKYyA2 De3yJbTaT CJeAyeT NpHMeHeHHeM JeMMu Bopeas—KaHnTeaan.
Orciona BuaHo, uto n'Sa(w)—p=0(1) (Inn/n)'/2, npasga O(1)
ecTb QYHKIHA OT ©.]

12.13. 3angaua. [okasate gropyio semmy bLopearn—Kanrerau:
ecad coGuTHs A, Az ... B3aHMHO HE32aBHCHMH H DHJ, COCTABJEHHLI
K3 BeposTHocTell P (Aa), pacXoauTcH, TO € BEPOATHOCTbIO eRHHHUA
ocyiecTBaseTcs O6eckoHedHO MHOro COORITHH nOCJeJ0BaTeJbHOCTH
An, ﬂ=1, 2, ...

[CobuTHe, cocTosmiee B OCYLIECTBJEHHH KOHEYHOTO 4Hcaa coOLI-
TH# nocienoBaTtedbHOCTH A, n=1, 2, ..., NpeAcTaBHMO B BHJeE

H) (nDN) An-
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OHo nmeer BEPOATHOCTb HYJb TOrZa ¥ TOJBKO TOrjxa, Korna

P( n /Tn)=0

{n>N}

(HEOGXOH,HMOCTB OYeBHJAHA, AOCTATOYHOCTb BhHITEKAET H3 NOJAYyaAldH-

THBHOCTH BeposTHOCcTHOR MepH). [locsenoBaTesbHOCTE COGHITHH
Ntk

n Ay, k=1, 2, ..., Boapacraet, a NOTOMY
= N+i
— Ntk
P( n An)=1imp( n An)=
{n>N} ko n=N-+1
N+k _ x
=lim [ pA)= 1 (—P(A4,).
kvoop Ny n=N-+1

Ho npoxaseserse oGpainaetcs B HyJb TOrZa H TOJABKO TOrRa, KOria
pacxoautca pax U3 P(A,).]
12.14. 3anaua. Ilycts mnocienoBaTenabHOCTh ¢l B. Xa(w) cxo-
AXTCA c BeposTHOCThIO 1 X ¢1. B. X () : P(o:lim X, (0)=X (0))=1.
n-»o

IlokasaTth, uto aasa Jaiwboro >0
P(w: |Xn(0)—X(0)|>e)—>0, n->oo.

[{MuoxectBo cxoaHMocTH A nociejoBaTesbHOCTH ci. B, Xp{®@) X Ko-
HeuHoMy npejeny X (w) MOXHO NpeicTaBHTh B BHAE

A =ﬂ{k1Uw;ﬂ{n>m{m . |Xn ((D) —X ((D) | <2_k}.

Paccyxpenns no cxeMe fokasaTedncTsa ¥Y3BU B 12.11 noxasmBalor,
uto H3 P (A) =0 caenyer npn nobowm k

limyawP (Uinsa{o : [ Xn(0)—X (0) | =>2-4)) =0,
d cJjJejoBaTeJbHO, H
lima P ((l.) . |Xn ((l.)) —X((l.)) I>2—k) =0]

Jlanee MH paccmMaTpHBaeM npocToe cayyaiiHoe Gayxiande S,=
=Xi+...+Xn, n=1, 2, ..., $=0, rae X;, i=1, 2, ..., — He3asBucH-
Mble cayvadHHE BeJHYHHE, NPUHHMalomHe 3Haverns | ¥ —1 c Bepo-
ATHOCTAMH p M l—p cootBerctBenHo. [lockoasky ca. B. Y=
=(Xi+1)/2, i=1, 2, ..., 06pa3yoT nocJex0BaTeJbHOCTbh HCHBITAHHI
Bepryanu, To noayyeHHHe Bhille pe3yJabTaTH Aasf cxeMh bBeprydin
NO3BOJIAIOT 32KJKOYATh, HAPUMEp, YTO

Ortciona, kcTaTh, caefyeT, YTO C BepOATHOCTbIO 1 mocnefoBaTeNbHEOCTD
Sn(w), n=1, 2, ..., cTpeMuTcs K oo np¥ p>1/2 u K —o© 1npH
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p<1/2 (apyroe noxka3arteanctBo cM. 12.15). HMa teopemm Myaspa—
Jlannaca umeeM

P(w: (Sn()—n(2p—1))/Vinp (I—p) <x) D (x), n—>oo.

OtmeTtuM, uto MS,=n(2p—1), DS.=4np(1—p).

12.15.* 3apava. O6o3HaueM Tpm=Tn(w) MOMEHT mepBOro AoC-
THXEHHHA cJayuyaHHhM OayxpaaHHeM S,(w), n=1, 2, ..., NOJOXeHHR
m, cuHTaf Tm(w)=o00 AMA Tex ®, NPH KOTOPHX S,(w)¥m HH npn
kakom m. Busectn ®3 2.20, uto npr p=>1/2 ¥ m>0 P(0:Th(e) <
<oo)=1.

[CobuTre A={w:Tn(w)<oc}, m>1, npeacTaBEM B Briae OOGBEaH-
HEHHA

A=

e

: {0:Th(0)<T-_y(0)}

BO3pacTawiuei rnocaefoBaTeJbHOCTH  COOMTHE Ayxy={0:Tm(0)<
<T..y(w)}, N=1, 2, .... Ilo cBOiiCTBY HENpepPHBHOCTH BEPOATHOCTH

P (A)= lim P (Ay).
Nox
OznHako no QopmyJe BepOATHOCTH pa3opeHHs wurpoka 2.20 (npm
b=N+m, a=N) umeem

— xN AN#;—I . xN-Qm—l
PAv)= 11x+++;.7:'+m—l . A=U=p)ip,

YTO, OYEBHAHO, CTPEMHTCH K Hymi0 npH N—oo H QHKCHPOBaHHOM m
B NPEANOJONKeHHH p=>1/2, 1. e. A= (1—p)/p<1.]

12.16. 3anayva. [loxa3aTh, 4TO KOHEYHOMEDHLIE paclpefre/eHH
NoCAel0BATETbHOCTH NPOLECCOB

Xa()=(Stny—1tn(2p—1))/Vanp(l—p), 0L, n=1, 2, ...,
rne Si, k=1, 2, ..., — npoctoe cayuailHoe GJayXaaHHe, CXOAATCH
K pacrnpefeJeHHAM ODOYHOBCKOIO JBHIKEHHS.

[ITpoBepsieTcss aHA/JOTIYHO CHMMETPHUHOMY cJayuamo p=1/2 (cm.
§ 11).]

12.17. [Ipumep (MaxkcHMyM OAyKAaHHS M BPeMeHa JOCTHXKe-
HHs). Herpyaso BeAeTh, uTO cl. B. T, — MOMEHT NIEPBOr0 AOCTHXKE-
HHA IPOCTHIM CJAY4YaHHRIM OJyXA2HHEM IOJOMXEHHH M, KK U B CHM-
METPHYHOM CJyyae, SBJAAETCH MOMeHTOM ocTaHoBKH. OAHako 3jech
Tm(w) MOXET NPHHHMAaTh GECKOHEUHOE 3JHAUEHHE C [0JOXKHTEILHOM
BEPOATHOCTLIO, NOCKOJALKY NpH p71/2 6ayxkAaanHe c BeposTHOCTbIO 1
yX0a4T B OECKOHEUHOCTh TOrO )K€ 3HaKa, 4TO H uyHcao 2p—I1. [Iycts
aqas  onpeaeaenHoctH  p>1/2. Torma P(o:Ti(w)<oo)=1, k=
=1, 2, ... . Pacnpenenesue BeposTHOCTEH CJ. B. T, JIerko BHBECTH
H3 KOMOHHATODHHIX GOpPMYyJa AJAA CHMMeTpHuHOro 6ayxpaaHusa. Bee ny-
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TH JJIKHBL 1, s KOTOPHIX T, (w) =n, HMEIOT paBHEE BEPOATHOCTH
p\ntki2. (1—p)(n=k)¥2 tax uto K3 11.7 noayuaem

Plw:T, (m)=n)=(k/n) C$|H+k)/2p("+")/2 (1 _p)(n—k)/'z

HPEJIEJIHIOE pacrnpeneaesne AJA IOCJIEA0BATEJBHOCTH CJ, B.

Ty(w), k=1, 2, ..., moxeT ObITh NOJYYEHO TEMH XKe INPHEMAMHK, 4TO
K B 125—12.7 (cm. 12.18). IlpenenbHoe pacnpenelieHHe AJH MaKCH-
myma 6ayxaanua Ma,=max(Sy, Si, ..., Sn) Takxe noayuaercs ua

crangaprioro coobpaxenns: I'p>n<=>M,<k (cm. 12.9). 3xecs pac-
CMOTDHM INpejesbHOC DacnpegeneHHe napmnl cia. B. M, S, Mx coBwme-
CTHoe pacnpejefeHse cofepxutca B 2.13 ¥ paBHO

2r —k+-1 - — —
Phtes, k)=_,l+T— Rl R ptn iz (1 — g
npu r=2k>=—n+2r (Ca*=0 gas s<0, s>m u s He HeabIX).

JAas noaydyeHus npefAeJbHOH TeopeMhl AJas napuw (Ma S,) Heo6-
XOAMMO NOHATb, [J€ DACNOJOXKEHa OCHOBHAf Macca paclnpefeseHHs.
IIpoBeneM 3TO HcCJIeZOBaHHE, ONHPASCh HA BEPOSTHOCTHYIO HHTYHUHMIO,
a 3aTeM NOATBEPAMM BCE BLITHCJE-
HusaMH. Jlerko nousaTs (pHc. 34),
4TO MaKCHMYM GJIyXXAaHHS JOCTH-
raercs B Takoi MmoMmeHT T, dTO
Tw<<n<Ty4y, npu 3TOM Mp=T,. B
cootBeTcTBHH ¢ 11.3, 11.4 yuacTkm
6ayXaaHHA MeXAY CAydalHhIME

Puc. 34 MomeHTaMH¥ T;, T;y, He3aBHCHMH K

C TOYHOCTBIO RO NapaJJenbHoro ne-

peHoca OAMHAKOBO paclnpeneseHH,

Kaxaui u3 untepsanon (Ty, Ti11) MMeeT Taxkoe e pacnpejefeHue,
KaKk ¥ T;, 2 MOTOMY MOXHO NpEAINOJOXHTb, 4TO MHTEpPBaJ, HAKPHIBA-
IOIUKA TOYKY 7, He ByfeT pa3apacTaThes ¢ pocToM n (He caenyeT Ay-
MaTh, 4TO OH HMMEET TO XKe pacrnpejeneHue, 4To ¥ Ti, CM. 0 3TOMY
nosoay 3.13). Ho torna (puc. 34) u pasnocts Mexay Mn ¥ Sp Zoax-
Ha OhITh KOHEUHOH, a He pacTtymedl c poctom n. IToCKOJBKY npegen-
HOe pacnpejesneHHe Aasfi S, HAM yXKe H3BECTHO, TO €CTb OCHOBAHHSA
nonarate, UYTO OCHOBHas®  Macca pacnpefeJeHHss  BepOSTHOCTeH
Pu_.s, (r, &) pacnonoxena B Touxax (r, k) Buga k=n(2p—1)-+

+x(4np (1—p))'/2, r=k+m, rae x c pocToM n MeHseTca B pa3apac-
TaOIteAcs, HO HE CAMIIKOM OnicTpo, o6nacTd. ACHMNTOTHKY A8
Pu,.s, (r, #) RocTaTOYHO MCKATH NPH OrPAHHYEHHKIX X H M.

Ilpy yxa3saHHHIX r u k2 UMeeM NnpH n—» oo

PM,,,S,I (f. k) ~ (2p— 1) Cfl’;_—lk)/2+u_lp(n +k)/2 (1 _p)(n—k)/z _

=(2p—1)p,y, (n+BY2+m+1; p) gt (1—p)m,
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rae pa(k; p) — OuHOMHanbHOe pacnpenesenHe. [Ipumenss Teopemy
Myaspa—/J/lannaca, nonyzaem

Pu.s, (1 )~ (np (1—p)) ™" @ (x) (2p— 1)/P) (1 — p)/pY™.
C yueToM paBeHCTBa
pMn_snlsn(m, k)=pM"'sn(r, k), r=k+m,

CYMMHpYH IO k, HAXOAHM IIPH N—»00

P(0: Ma(@)—Sn(0) =m, (Sn(w)—n(2p—1)) (4np (1—p))/2<x)

—® (x) ((2p—1)/p) ((1—p)[p)™
OTciona 3axamouaeM, 4To
P (0 : Mn(0)—Sa(0) =m)—((2p—1)/p) ((1—p)/p)™, m=0,1,2,....

Tax kak coBMecTHoe NpeaesbHOe pacnpejefneHse ci. B. M,—S, n
S» pacmajaeTcs B NpoM3BefeHHE YAaCTHLIX NpeeJbLHBIX pacnpejgene-
HHA Mp,—S, # S, TO TrOBOPAT, YTO CJ. B. QCUMNTOTUHECKU HE3ABUCY-
mol. Haxkonen,

Mn—n(2p—1) __ Sn—n(2p—1) Mn— S
(4np (1 —p))'72 (4np (1 —p))'72 (4np (1 —p))iA2 "

OTKyA2 HeTpyaro BuBecTd (cm. § 13), uto ca B. (M,—n(2p—1)) X
X (4np (1—p))~'/2 umeer cTaHAapTHOE HOpPMAJbHOE NpeaeJbHOE pac-
npejefeHxe.

12.18. 3anava. BuBecTd npepeisHylo TeopeMy s Ioc/efoBa-

TeJIBHOCTH BpemeH pocTuxenus T, k=1, 2, ..., npu p>1/2, ucnoas-
ays ABHy0 ¢opMyay Anas pacnpenenenus T, u3 12.17.
[OTrOWEHHE

Pr, (n+2)ip; (M=4n(n+1)p(1—p)((n + 2 — &%)

NEPeXOAHT eMHHNY BOAu3y n=[k/(2p—1)]. [Ipeanonoxmm, ato (n -+ k)/2—

—np=0(1/r7), T. €. n—k/(2p—1)=O(VE), rae n, k— oo, H npuMme-
HuM Teopemy MyaBpa—Jlannaca:

pr, (1)~ (2p—1) (np (1—p)) " @ (((n+ A)2—np)V np (1—p)) ~

~ (kp (1 —p) (20— 1) 3~ 172 —n+k/(2p—1) '
(kp(1—p) (2p—1)7) ‘P(z(p(lﬂ,),(z,,_l)a)uz)- n-» oo

[lonaras n—k/(2p—1) =x(p (1—p) (2p—1)—3) /2, nonyuaem
Pr, (M~ (kp(1—p) 2p— 1)) 9 (x),

YTO JaeT CTAHRAPTHHIH HOPMaJbHHLE 32KOH JAJA NpPEAEILHOrQ pacnpe-
nenenus ca. B, (Tr—Fk[/(2p—1))- (k-2p(1—p) (2p—1)—3)-13]
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12.19. 3anaua, Busecth u3 12.18 mnpepensHyio TeopeMy AJas
MaxcumyMma caydaiiHoro 6ayxaanus M, (cm. 12,17).
[Mcnonbays pasercTBo {w : Te () <n}={w : Mn(w) >k}, nmeem

Ty (0) — ak n—ak My (0) —n/a ka—n
P : = — | = : = —

(m aVk < oVk ) P(m o)/k/a = oVk )
Ilycts n —» oo, (n—ak)/(o VE)>x, a=@2p—1)"", o=2(p(1—p)x
><(2p—1)_3)”2. Torpa nesas uacts ctpemutcs K D (X). YuuThiBas, 4TO
IpK 3TOM n ~ ak, TNoJyyaeMm

P(w: (M, (w)—n/a)(on'2a—3/2) > —x) - O (x).

3TO coBnagaer C pPeayJbTaTOM, aHOHCHPOBAHHLIM B 12.17.]
12.20. 3apnayva. HalitTh acHMOTOTHKY XBOCcT2 pacnpefeseHHs
ca. 8. Ty npu p>1/2.

[Pl:T,(@)=n)=Y & 'CH2puttna(1—p*=h7
th=n}

TIpHYEM OTHOUIEHHE COCeAHMX HEHyJeBHX 4YJEeHOB CyMMhLl CpaBa pas-
Ho (cm. 12.18)

Py, (et 2ipy, ()=4k (R + 1) p (1 —p)((k+ 2P —1) ~ 4p (1 —p) <]

npu k—»oo. ITO 03HayaeT, YTO, BHIHOCH 32 3HAK CYMMK! NepBLIE YJeH
B KauecTBe 06IIero MHOXHTEJNS, MOXKHO 3aMEHHTb YJIeHH OCTaouencs
CYMMBI reoMeTpHYecKoM nporpeccMer co 3HameuaresaeMm 4p(l—p) H
NOJYYHTh IIPH HEYETHOM n

P(w:T,(0)=>n)~na-1C 2 gtz (1 — =172 (1 9py%
~(2n)/s =32 (p(1—p))™* 27p1i2 (1—p) ™' 2 (1—2p) 2]

12.21. [Ipumep (cpenHee, RHcnepcHs K I. ¢. BpeMeH AROCTHXKe-
Buf). CayuaiiHoe OJyXJAaHHe MOXKHO HauaTh HE TOJbKO H3 Jiobo#
tuKcupoBaHHOH TouxkM a: Sp®'=a+ S, n=0, 1, 2, ..., HO ¥ u3 cay-
vafiiolt: Sa#=2Z+S8,, n=0, 1, 2, ..., Sy=0, noxnaras, uro Z=2Z{w)
ecTb HEeKOTOpas UeJOoYHCcJeHHad clayyalHas BeJMuMHA, He 3aBHUCALI2ZA
OT NoCJeR0BaTeNbHOCTH ca. B, X, (=1, 2, ..., onpepensiome aaJhb-
Heilllee ABHXKEHHE yacTHUbLl. BbluMcsaenue BeposTHocTell COOLITHIL,
CBA3aHHLIX ¢ Oayxpauuem S49, n=0, 1, 2, ..., cBORMTCH K npHMeHe-
HMIO GOpMyJH TNOJHOX BEPOATHOCTH IO NOJHOH rpynne CcoOHITHH
Z=m, m=0, =1, %2, .... Cayuaiinnle O6ayxpaHua TtHna Sy,
n=0, 1, 2, ..., BO3HHKAIOT NPEXAE BCEro B CBA3H ¢ MOMEHTaMHM OCTa-
HoskH. Kax mbl BHpear B 11.3, ans ao6oro MoMeHTa OCT2HOBKH T
npoctoro caydauHoro 6ayxpanua S,, n=0, 1, 2,...; §,=0, nocneno-
BaTeNBHOCT Snyr, n=0, 1, 2,..., o6pasyer cayuaiinoe 6ayxnaanxe co
CayyaiiHOH HayaJbHOM TOukoi Sy, npuyem 370 OGayxAaaliMe 3aBUCHT OT
HauaJabHOro otpeaka Sy Si, ..., Sr Toabko uepes 3HaueHue Sr. Ca-
MHH npocTo# MoMeHT ocTaHOBKH T =const oxaanBaeTcss upe3BhIyadno
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NOJe3HKM INPH H3YYeHHH INIpOCTOro chayuadHoro OayxpaHus Sa,
n=0, 1, 2, ..., S¢=0. IIpuMeHHM yKa3laHHue coO6paxeHHs AAA BH-
YUCJIEHUS HEKOTOPhIX X2apPAKTEPHCTHK 3TOro GayXaaHus,
IlpegnonoXKMM AJNRA onpejeneHHocTH, uto p>1/2. Torga ci. B.
T, — MOMeHT NepBOrO AOCTHIKEHIS MOJoXKeHuu | — KoHeuHa C Bepo-
ATHOCTBIO 1 M, Kak chaegyeT u3 12.20 u 7.3, uMeeT KOHeyHoe MaTeMa-
THuecKoe oxHpaHde. Ha#aem ero, BHIUHCHISS yCJOBHOE MaTeMaTHuec-
Koe OXHAaHue T, OTHOCHTeJabHO cJa. B. S; (cM. 9.8):
MT,=MM(T,|S)).

Cayuaitnoe 6ayxpaanue Si4a, n=0, 1, 2,..., HaunHACTCH M3 cayuaiHOR
Touku S;. Oboanauum T,* BpeMs RO NepBOro NONagaHMs 3Toro 6ayx-
RauHusi B NOJ0KEHHE 1, BkJIOYas ero HayaJnHOEe NOJOXEeHHe, TAK 4YTO
T'*=T,—1. Takum obpa3dom, M(T, [Sl)——1+M(T1*|Sl) Ho
M(T1*|{Sl—1}) =0, a npu ycaoBuu S;=—1 yca0BHOE pacnpejeleHue
ca. B. I;* Takoe Xe, Kak Oeayc/qoBHOe pacnpefgeseHHe ca. B. Tz —
MOMEHT2 MepBOro JAOCTHKEHHS MOJOXEeHHH 2 ciayyadHnM OayXKA3HH-
eM Snp, n=0, 1, 2, ..., S¢=0. [Toatomy

M(T*|{S;=—1}) = MT,—2MT,,

rae Mul BOCNOJL30BAJHCH TeéM, uHTO CJ. B. Tz npeactaBuMa B BHJTE
CyMMH JAByX (He3sBHCHMhIX) cayyaiilHHX BeNHYHH, pacnpegeseHHnIX
TaK Xe, Kak 7,. Arak,

MT,=1-p+ (14+2MT,) (1—p) uau MT,=1/(2p—1).
AHanoruyHO HaXOAMM JHUCIEPCHIO
DT,=DTi=MM ((T1—MT3:)*|S,)=p- (MT{)*+
+(1—p) M((T? —MT1)|{S,= — 1))=p (MT, — 1} +
+(1—=p) M (T,—MT, + 1)},
M((Tyg—MT | + 1=M(T,—2MT, +-MT | + 1)* =M (T,—2MT)* +
+(MT + 1)2=DT,+ (MT,+ 1)*=2DT, +- (MT, + 1)},
Ty=p(MT;—1)* + (1 —p) 2DT, + (1 — p) (MT, + 1%,
(2p— 1) DT, = MT7 + 2MT, (1 —2p) + 1 =4p (1 —p)/(2p—1),
DT,=4p(1—p)/2p—1)*. :

M3 nonyyenunix dopMysn BuITekaer, yTo B NpejAe]LHOil Teopeme
ans Ty, k=1, 2, ..., B 12.18 B KauecTBe UEHTPHPYIOUIUX K HOPMHPY-
IIUMX TnocaenoBaTensnHocTed 6epytes MT,.=EMT,, DT,=kDT,,
k=1, 2, ....

ToT Xe MOAXOA MOXHO NMPHMEHHTh K BRIYHCJACHHIO NPOM3BOARILE
¢yukuuu (n. ¢.) ca. 8. Ty

&Pr, ()=MtT=MM (¢™|S)=MM ({71! |S )=
—pt +(1—p) M (71 [{S,= — 1)) =pt+(1—p) tMt"™,
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IlpuHEMas BO BHHMaHHe, 4YTO CJ. B. I NPEACTABHMAa B BHJAE CYMMK
JABYX He32BHCHMHIX BEJH4YHH, pacnpejeneHHuXx Kak T;, noaydaem (cM.
7.14), uto Pr, ()=&r, (1) ¥ Aas HaxoxAeHHs 0. ¢. PFr, (1) Hmeem
KBa/ipaTHoe ypaBHeHHe

(1—p) t&r, (1P —&r, (1) + pt=0.

OHO uMeeT AB2 KODHS, H3 KOTODHIX OAMH — HeOrpaHHyeHHas yHK-
uHs nepemeHHoro { npu (—-0, 2 BTOpo# paBeH

(1—(1—4p (1—p) ) 112) [ (2 (1—p) 1)..

OueBupHo, uTO HckoMas 1. . &Pr, (f), 0<CI<1, npu Becex [ Bupaxa-
eTcd MMeHHO 3TOH topmyno#r. Pacnpegenende BeposTHOCTeH ci. B.
T: MoxeT OHITh NOJAYYEHO pasjoXeHHeM B psuj Tednopa (GrHOM
Heiotona c nokasatenem 1/2). Tak xax &r, (£)=(&r, (1))* 10 u pac-
npeneneHue cl1. B. T, Jerko NOJMYYHTh pa3jioxKeHHeM B pax Teisopa.

12.22. 3anavya. Ilokasats, uto npu p<1/2 ycnoBHuit npouecc

Xn(l) =n_1/2 (s[nt]lAn), An={m . s’l>0}l

rie n — 4eTHo, S, k=0, 1, 2, ..., — mnpocToe cayuakHoe GayxAaa-
Bre, Sg=0, cxoaMTcs no pacnpegeneHuio k OpOyHOBCKOMY MOCTY
(cm. 11.10). 310 xe cnpaBeATHBO, ec1H B3ATh Ap={w : S, =0}.

[O6masn cxema paccyxaeHHil CTaHAapTHZ, BRINHIIEM JHIIb ACHMI-
TOTHKY JJSi INIeDeXOAHhIX BEPOSATHOCTEH MAapKOBCKOR mend Y,=
= (Sk|An), £=0, 1, ..., n, ana Ap={w:S.(0)>0}). Kak u B cuM-
MeTpuyHOM caydae (cm. § 11), umeem npu 0<m <n:<n, m;, my>0

Pvnmgv,,( 0 (my|m)=P (@ : Sp—n, (0)=my—m ) -P (@ : Sp—p, (0) >—my) X
XP(0:8pn (@>—m)", n@)=n,.

C yuetom TOro, uto ci1. B. (Sa+n)/2 umeeT GHHOMHANIBHOE pac-
npeneneHue pn(k; p), BLIBOAHM AJISl NEPEXOAHBIX BEPOATHOCTEH HyiX-
HYI0 acMMITOTHKY, nojaras mi= [nk], m,=[x‘ Vn],i=1, 2, 0
<t3<1, u ucnoasdys 12.4:

C(’ll- n‘+ml_m‘)lzp(nl_nl+ml_ml)/.2 (1 _ p)(ﬂl—"h—ml tm,) /2 %

ny—n, D 9

—1
X C(ﬂ—ﬂ:—m.)lﬂp(n_n,_m,)/z (1 _p)(n—n.+m.)/2_ 2 (1—p) X

n—n, ‘ 1 _p
—1 —1
% (cr(lﬂ_—n"h—mx)/zp(n—n,——m;)ﬂ (1 _p)(n—n,-krm)/!_ 2 2_(11 —p) ) _
—Pp
=C’(l’:l__n’:1 ‘.Lml—m:)."EC’(I’I_—"’:I_’"I)/2 (C(n_—n’::—mx)/z )—'l ,

4YTO COBNajaeT c BupaxeHHeM M3 11.18 ans ycJOBHOro cCMMMETDHYHO-
ro cnyya#soro 6ayxaaHus ¢ yeaosem S, =0.]
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§ 13.

CXOAHMOCTDb PACIIPEEJIEHIH,
ITPEOBPA3OBAHHE JIAIIJIACA
M XAPAKTEPHCTHMUYECKHE ®YHKIMH

13.1. 3anaua, Paccmorpum Toc/1e0BaTeNIbHOCTH
$.p.: (I) Fa(x)=D(x/0a), 11) F (x)=1—e ™ x>0, F,(x)=0,
x<0, rae 0,>0, oa—0 npu n—>o0, ¢ (x) — cTaHAapTHAR HOpMANbHAS
¢.p. Buuucnuts lim Fn(x). Kakoe pacnpegenenne seposmTHOCTEf!

CJIeAyeT CHUHTAThb np_éZeanuM ANA mocjenoBaTenbHocTH Fp?
[() limF, (x)=E(x), E(x)=1 npr x>0, E(x)=0 npu x<0, E(0)=

—1/2 (1) lim Fp()=H(x), H(x)=1 npu x>0, H(x)=0 npu

x<0. [TocexoBaTennbHOCTh BEDPOATHOCTHLIX Mep Pn ¢ ¢.p. Fn B 060-
HX cayuasax TakoBa, uTO Pa(lgs)—1 npu a<0<b, P,(ls)—0 npu
a<b<0 nnmm 0<a<b, T. e. BEPOATHOCTHbIE MaCChl, paclpege/eHHhe
no 3akoHy P,, cTAruBaloTc® B TOYKY HyJb. XOTH B O0BOMX CAyuasx
Fa(0) 7-F(0), rae F(x) — dyukuus pacnpepenesns mepw P, nenu-
KOM COCPElOTOYEHHOit B HyJe, H, cienoBatenbHo, P, (lgs) # P (las).
eC;IM OJHO H3 4Mces @ uaM b coBnagaer c Hynem (a<b), Bce Xe
NpeACTABIACTCH Da3yMHHIM CYHTaTh, 4yTO Mepa P zmBiferca npegesnom
nocsnenoBaTeNbHOCTH Mep P,

13.2. 3agavya. Ilycts %y, ..., Xm — NPOM3BOJBHHI HabGop nonap-
HO Da3JIMYHBIX YHCEN, Py, ...., Pm — PAacnOpefeNeHHe BepOSATHOCTeN
Ha MHoXecTBe {Xi, ..., ¥m}. CocraBum cmeco ¢.p. Fn(x—x:), k=
=1, ..., m, rae ¢.p. F. ORHOrO M3 AByX THNOB, PACCMOTPEHHHIX B

13.1:
Go(x)=pi1Fn(x—x1) +...+ pF p (x—Xm).

Briuncuts lim G, (x). Kakoe pacnpeseneHue BEepOATHOCTEH CJIeAyeT

nooo
CYHTAaTh NpejebHLIM?
[dns nwoboro moctatoyHo Manoro e>0 Pa((xe—e, xpte))—>p, k=
=1, ..., m, n—>o00, ¥ B KaueCcTBe NPEAEJbHOT0 CJEAYET NPHHATbL AHC-
KpeTHoe pacnpejenenne p(xg)=ps, k=1, ..., m, c ¢.p.

G (x)=k2__jl Pl (.51 (1),

OtmeTuM, 4TO B TOYKax pa3puBa npejenbHoit ¢.p. G(x) cooTHowe-
Hue lim G, (x)=G(x) ne BunonHseTcs.]
n—»oo

CkaxeM, 4TO noc/jea0BaTeNbHOCTb pacnpefeseHnl BepOATHOCTEH
P, na (R, #) u nocnepoBatensHocts ux ¢.p. Fp caabo cx00TCA K
pacnpenenenuioc P Ha (R, #) u coorserctBenHo K ¢.p. F(x)=
=P ((—o0, x]), ecnu cooTHoweHKe

lim Fp, (x)==F (x)
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BLINIOJIHAETCS BO BCEX TOUKAX HempepuBHOCTH . p. F(x). [aa cnabon
CXOAMMOCTH ynoTpebnsercas o6o3uayenue P,=P, F,=F Ec
Fx, =»Fx, To roBopsr, 4YTO NOC/JEAOB2TEJIbHOCTb CJ. B. Xn, n=
=1, 2, ..., cxoauTca ©NO pacnpeies]eHHio K ca. B. X, H IHWYT
X, Z—+X (distribution — pacnpegenenne). IloguepKHeM, uTo CXO-
AMMOCTb CAY4YaHHHIX BEJMYMH II0 PACNDEAENEHHI0 — 3TO CXOAKMOCTb
MX pacrnpejefeHMH, H OH2a He HMeeT HENOCPEJCTBEHHOrO OTHOWIEHHSH
K CXOJMMOCTHM CJy4aMHbIX BeJMYMH KaK (QYHKUMH Ha NPOCTpAHCTBE
3/eMeHTapHMX cobuiTui, Gonee toro, ca. B. X, X, X, ... MOryT GbiTh
OnpejeseHn Ka)XAas Ha CBOEM BEPOATHOCTHOM NPOCTPAHCTBE

ITyets ca. B. X(w), Xn(w), n=1, 2, ..., onpejeneHb Ha eJHHOM
BepoATHOCTHOM mnpocTpaHcTtBe (2, #, P). I'osopsar, uro nociaexosa-
TensHocTh Xn, n=1, 2, ..., cxodurca x X c sepoaTHOCTbrO 1 MM
no4«ru nasepunoe (I.H.), eciu

P(w:lim X, (w)=X (0))=1,

H X, cxodurca x X no sepoarnocru, ecau aAas nawboro >0

lim P(w: | X, (0)—X (0)| > e)=0.

B nepeom cayuae ynorpe6asiorT obosnayenne lim X, (w)=X(w) n. u.
R
P
(unu Xn(w)—>X(w) npy n—oo n.4.), 2 Bo BTopoM — X=X, B 12.14
NIOK23aHO, YTO M3 CXOAMMOCTH I H. BbITEKAeT CXOAMMOCTb IO BEpOAT-
HOCTH.

13.3. 3anaua. Jlonyctum, uto ca. B. Xa(w), n=1, 2, ..., onpe-
AeJeHbl Ha €IMHOM BEpPOATHOCTHOM mnpocTpaHcrBe. Ilokasars, 4TO
X, 2~ a—const Torga ¥ TONBKO TOrAa, Koraa X,-“—a, n—oo.
[(Mlycts Xn-=—a, Torna Fn(x)—0 npu x<a ¥ Fa(x)—1 npu x>a.
OTcofa 3aKJI0YaeM, uTo

P(w:a—e<X.(w) <ate)=Fn(ate)—Fn(a—e)—1, n—oo,

7. e. X,—2— X. O6patHo, us X,~2—»a Burexaer, uto Fa(ate)—1,
Fn(a—e)—0 npu no6oM e>0, n—oc, 4TO M O3HAYAET CXOIUIMOCTD
no pacnpenesiennio X, —2—a.]

Kax Bmaso n3 13.3, cxoguMocTb O BEPOATHOCTH K KOHCTAHTE
MOXKHO ONpefeINTh A NOCJIEAOBATEJILHOCTH CJAYYaMHHX BEeIHYHH,
ONpejeseHHBIX HA Da3HHIX BEPOATHOCTHBIX NPOCTPAHCTBAX, H NPATOM
OHZ ocTaercsl S3KBMBAJEHTHOH CXOAMMOCTI IO pacnpeieieiki. ITO
AONyLIeHwe, NMO3BOJSOLEe CXOAHMOCTh [0 paCnpelejeHHIo paccMar-
plBATb HZ sI3blKE CJY4aiiHHIX BENHYKH, GBIBAET MaCTO MOJE3HLIM.

134, 3agaya [loka3aTh, YTO M3 CXOJHMOCTH MO BEPORTHOCTH
BLITEKAEeT CXOAMMOCTh IO PaclpeeeHHIO.

[[IpexnonoxuM, uto Xn,—2—+X u x — TOYKa HenmpepuBHOCTH {.p.
F. I1aa nwo6oro e>0 umeem
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Fo(x)=P(u: X, (0)<x)=P(0: X, (0)<x, [X,(0)—X(0)|<e)+
FP(0: X\ (@) < % [Xn(0)—X (@)] > ).
Ecin Xn<x, | Xn—X| <e, To X<x+e ¥ notomy
Fo()<Po: X(@)<<x+e)+P(w: | X, (0)—X (0)|>¢).
Ananoruuso
Fa()=P(0: Xa(@) <% [ Xn(0)—X ()< e)>
>P: X te<x [Xa(@)—X (@) <e)>
>Po: X(0)<x—e)—P(0: | X, (0)— X (0)[>E¢).

[Tepexoas B nosydYeHHbIX HEpPABEHCTBAX K Mpejesny MO n—»oo:

F(x—e)<lim F, (1) <1im Fo (1) < F (x +-6),

n—»co

a 3ateM no e—0, nosyuaem TpeGyeMbll pe3y/bTart.]
135. 3anaya. I[lycrs ca. B. X, Y, onpejeneHnl Ha eQHHOM

BEepPOATHOCTHOM NDOCTPZHCTBE NpH Kaxjgom n=l, 2, ..., X,2-X,
Y, 2 _»0. TIloka3sats, uto X,+Ya 25 X.

[P(o: X, (0)+ Y, (@) <x)=P(0: X, (0)+ Y, (@) <x [Ya(0)|<e)+
+P(0: X, (0)+Y,(@)<x [Va(0)[>e)
Fx v, X)) < Fx (x+e)+P(o:[Y,(0)[>e),
Fx vy, (X)=Fx (x—e)—P(0:[Y,(0|>¢).

ITycts x — TOuka HenpepuBHOCTH ¢.p. F(x). YuuthBas, uro nwobas
&. p. umeer He Gosjee yeM CYETHOE YHCJ0 Touek pa3puBa (cm. 6.23),
BuiGepemM nocaenoBaTeNbHOCTh Ex>0, €,—0 npu k—-oc Takum o6pa-
30M, 4yToObl ¢.p. F 6nina HempepwBHA BO BCEX TOHKAX BHAA Xt Eq,
k=1, 2, .... Tlepexox® B mMOJyiYEeHHbIX HEpAaBEHCTBAX K NpejAe]y IO
n—-oo;

Fx(x—e) <lim Fx iy, () <lim Fx 4y, (£) < F(x+5y),

n—»ao

a 3aTeM 1o k—-oc, noJyyaem tpeGyemoe yTBepxaeHue.]

13.6. 3 anxauya. IlocnenoBartensuocts ci1. B. X, n=1, 2, ..., Ha-
3bIBAETCH O2PAHUYEHHOU N0 BepOATHOCTU, eclH AJg jaioboro e>0
naiaercs takoe A>0, yto P(w:|Xa(w) |>A)<e Ans Bcex AOCTATOY-
Ho Gonbwux n. Ilokaaarts, yro ecnau X, 2+ X, TO mocnenoBaTelb-
HOCTb X, OrpaHHyeHa N0 BEPOSATHOCTH.

[Pn(w: —A<Xn(0) <A)=Fn(A)—Fa(—A)—>F(A)—F(—A),
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ecan Toabko F(x) HempepniBHa B Toukax *A. Ilo 3apansHomy e>0
Bu6epeM A>(0 HacToNbKO GOJBUIHM, 4TO

1—F(A)+F (~A4) <.

Veeauuupan A, nobpemcs TOro, uto TOYKH =+ A 6YAYT TOUKAMH He-
npepuBrocTH &.p. F (cp. 13.5). Jdansueiiuiee oueBHAHO.]

18.7. 3anava. Ilycts cn. B. X, Y, onpejgesednl nHa €IHHOM Be-
g
DOATHOCTHOM NpPOCTpaHCTBE NpH KaxaoM n=1, 2, ..., X,"=—0,

Y. — orpanruena no BeposntHocTH (cM. 13.6). Ilokaszath, uTo
¥
X,Y,——0.

[P(0:1X, (@) Y2 (0)|> &) <P (01 Xn (0) Yo (©)[>e, |V (0)[<<A)+
FP(©:Xn (0) Yo (@) >, [V, (@)]>A) <P (0: XA (0)]> e/d)+
+P@:Y, (0)]> A< P(0: X, ()] >e/d)+e,

rae nocJjejHee HepaBEHCTBO CNpPaBeNJIKBO B MNDPEANOJOMXKEHHI, HTO A,
3aBHCHALLEE OT E, BHGpaHO aocTatoyko GosabuiEM. B TakoMm clyuae

T P (0] Xa (0) Vo (@) [> o) <,

n—-»x

YTO M J0K23HBaeT yTBepKJeHue.]

13.8. 3apgaua. Ilyctb ca. B. Xp, Yo onpenesnessl Ha eIHHOM Be-
POATHOCTHOM nNpOCTpalcTBe npu KaxiomM n=1, 2,..., X, Z
— X, Y,-2—> 1. Ilokasats, uto X,Y,—— X.

[XnSYnI—éX?n](Y,,—IH—Xn, M OCT3aeTCA BOCNOJb30BAaThCH pe3yJbTATAMH
13.5—-13.7.

13.9. 3axaua. [lycts ¢pyHkuus g(x, Yy, 2Z) HempepHBHa B TOHKE
(as bv C)v Xn—-p-—ba‘ Yn_p—>b1 Zn_l—')'ci rae X"(m)l Y"(m)7 Z”(m)
ompejeneHnl Ha eAMHOM BEPOATHOCTHOM mnpocTpascrBe. [loka3aTs,
yto g(Xn, Ym Za)S>gla, b, c).
[dans n06oro e=>0 naiigercs §>0, Takoe, uTO

{x, y, 2:|x—a| <8, |y—b|<B, |z—c|<8}=
OTKyZ2a monyuaem
{0:]g(Xn(w), Yo(0), Z,(@)—g(a, b, c)|>=¢e} =
S {01 Xn (@) —a|=8} U {0:|Va (@) —b| =8| Ulo:| Z, (@) —c| =8},

ITepexos x BepOATHOCTAM 32aKaHYHBAaeT N0Ka3aTEJbCTBO.]

13.10. 3anaua. PaccMoTpHM mnoc/eJ0BATENbHOCTb pacnpejelne-
Hult BeposiTHocTed: (I) myaccOHOBCKMX ¢ mapaMeTpoM i, n=l, 2,...;
(II) raMMa — ¢ MJIOTHOCTAMH [, (x)=(xlﬂ/I‘(A.,,+1))e—‘, x>0,
Brisectu u3 12.5 1 12,7, uTO ec/H Ap—>00 NpPH n—»00, TO NOC/IEAO0BA-
TenbHocTs §. p. Fa*(x)=Fn(AntxVAs) B 0o6Goux cnyuasx cnabo cxo-
JAHTCHA K CTaHJApPTHOMY HOpPMaJbHOMY 3aKOHY.
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(I) Ilyets cn. B. Xn 1 Y, HE32BHCHMH H HMEIOT IIyacCOHOBCKHME pac-
npefeneHHs ¢ napameTpaMHu [An] H Aa—[Ax] coOTBeTcTBenHO (monara-
eM TNyacCOHOBCKYIO cJ. B. ¢ napamerpoM 0 paBHOH HyJnO C BeposAT-
Hocteio 1). Toraa X,+Y. uMeeT mnyaccOHOBCKOE pacnpejeseHHe C
napaMeTpoM A, (cM. 4.7). B 12.5 noxa3saHo, uto (Xn—{As])/[An]'? cxo-
AMTCA 1O DAacnpejesieHHI0 K CTaHAAapTHOA HOpMaJbHOH BENHUHHE.
Torna
Xn+VYn—Hn _ Xn—[Aa] [Aa]'? 4 ¥ =

P N O R S

K OCTaeTCH BOCHOJIL30BAaThcH pedynasTatamMu 13.5, 13.8, aamerus, uTO
CXOAAUIHECH 4YHCJOBhIE MOCJAEN0BATENBHOCTH MOTYT PaccMaTpHBAThCH
K2K CXOJAAUIMECH 10 PacnpejeseHHIO MOCTORHHBIE CJydYaHHLIe BEJH-
YHMHE. AHAJIOrMYHO ycTaHaBnuBaercs yTBepxiaenne (II) co ccunxo#
Ha 4.19 BmecTO 4.7.]

13.11. [Tpumep (acHMNTOTHYECKAR HOPMAJNBHOCTb BLIOOPOHHBIX

kBaHTuned). Ilycts Yy, ..., Yo — He3aaBHCHMble paBHOMEpPHO pacrpe-
nenennsie Ha [0, 1] cayualinele BenuuuHnl, Y., — k- nopaakoBas
CTAaTHCTHKA, Y(npj.n, 0<p<<l, — BuiGopouHas kBaHTHIb. B 12.8 6ul10

ycraHosseHo, uto (n/(p(1—p))) 2 (Y(npn—pP) CXORHTCA MO paclnpe-
JAEJIEHHIO K CTAHAAPTHOR HODMAJBHOH BEJHYHHE:
Z,=Vnp(1—p)(Yiapyn—p) =2, n—>oo,
rie Z — cTaHaapTHas HopManbHas BeqHuuHa. OTMeTHM, 4TO OTCIOAA
cneayer (cm. 13.7, 13.6):
Yinoin—p=2,-Vpo(l—p)in—L—0, n—oo.

ITocienoBaTeIbHOCTL He3aBHCHMHIX . B. X;, ..., X, ¢ mpous-
BOJILHOW HenpepbuiBHOH .p. F(x) MoxHo obGpaaoBaTh, mnonaras (cM.
12.10)

Xi=G(Y:), G(y)=F"'(y)=sup{x:F(x)=py}

BriBegem OTCIOA2 NPEAENBHYIO TeOpeMy A/ BhIGODOUHLIX KBaHTHJEH
Xinp1.n=G (Y(np1,n), npenmnonaras, uto QyHKkuMs G(y) HMeeT NpOH3-
BOAHYI0O B TOUKe p, T. €. F(x) MMeeT NOJOXHTENLHYIO NPOM3BOAHYIO B
tTouke xp=G(p) — p-xBautuau t.p. F(x). Ilo onpenesnexuio npoHs-
BOJTHOH

G (y)—G(p)=(y—p) (1/f(xp) +a(y, p)),

rae f(x)=(d/dx)F(x), a(y, p)—0 npu y—p. CoBepwas NOACTAHOBKY
Y=VY[np).n, 32NHLIEM

Xinpt.n—2,=(Zn/Vnip (T—p)) (1/f (2,) + @ (Y inprone P)
WA
(Fe IV o(T—p)) VA (Xinp1n—x)=2Zn (1 + f (£,) & (Y [np1.ne D))
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HoonpenenuB ¢yHKuMio a(y, p) B TOUKE y=p N0 HENPepLIBHOCTH,
yuuTHBasA, YTO Yiapj.n—2— 0 # npumenss 13.8, 3aknouaem, uto

(Fx VP (T—D)) Vn (Xingyn—%5) =+ Z, n— oo,

IlpuBeneM apyroe n0Ka3aTeNbCTBO NpeleNsHOH TEOpPeMB! IJ8 IO-
CNeA0BATeNbHOCTH Y(np,jn, =1, 2, ..., BLIGODOUYHBIX KBAaHTH.IEH paB-
HoMepHoro pacnpegenenus Ha [0, 1]. Ilyets cn. 8. Vi, ..., Vap —
He3aBHCHMHIE, CTaHAAPTHhIE 3KCNOHEHUHANbHEE, Tp,=V,+...+V,,
k<n+l1. Torpa (cm. 4.25) cn. B. Ty/Tn+1, --., Tn/Tn+1 HMEOT Takoe
Xe COBMECTHOe pacnpejeleHHe, KaK NMOpPSAAKOBLIE CTaTHCTHKH Yin,...

.+ Yan H3 paBHOMepHOro pacnpepenenus. OTCioRa noayyaem, yTo
pacnpenenenne X, Takoe Xe, KakK ¥ Ta/tns+1. [IPOBOAS 3N€MEHTapHBIE
npeobpa3oBakus, uMeeM

- S g — — — k— 1 ;
Vn( Tk —p)=Vn (=P te—p (1 — T —17 (n+Np +

v Togt Tt Tnit

+

n ((l-—p) Tw—k Yk (=W —(n+1—-k) yYng l—k)
g1 | Yi Va ' Vil —k T va )
Cn B 1,=Vi+...4+Vy B tapi—Te=Vap+...+Voy He3aBrcHMH H,

. il
K2K YCTaHOBJEHO B 12.7, nocneaoBaTenbHOCTh Cl. B.In=(T,—m)/Ym,
Mm—-00, UMEET CTAHZapTHOE HOPMaJbHOE MpeAeNbHOe pacnpejeneHHe.
ITonoxum

Un=(1—p) (t— RV, Wom—p(tasi— t— n—1 + RV A

C yueToM CcKa3aHHOro, NMPHHHMas BO BHHMaHMe 13.8, BHBOAHM H3
12.7, uto npu n—oo, k=np

fu,w,w @)~ (w (Vo (1—p)e(w (pVI—p))

paBHoMepro no (u, w) B nwobof orpawuuerHo#t ob.racTH. Jlerko Bu-
Aets, uto Toraa cia. B. Un,+W, uMeroT B npegene HopmanbHOe pac-
npeJeserRHe co CpeJHHEM Hynb ® aucnepcue#r p(l—p). Hakowrern,

VR (T Tng 1— ) = (1/Tns1) (Up + Wo + (k— (n -+ 1) p)/V 1),

p
P OCT2EeTCA 3aMETHTh, YTO M/Tpii—> 1.
13.12, 3angaua. [lycts X, X,, n=1, 2, ..., — cl. B. C LUEJbIMH
2

HeoTpHLATeNbHHIMH 3Hauesusimu, X, — X. TlokasaTts, YTO CX0asATCH
NPOH3BOAsAILIHE DYHKIIMK

MET =& ()~ Py ()=Mt*, 0<t<].

2
[Vlerko BuaeTb, YTO CXOAMMOCTb Mo pacnpegenendio X,—+X uMmeeT

MEeCcTO TOTZAa M TOJNBKO TOrja, Korja pxn(k)»px(k), n-— oo, npH
Bcex k=0, I, 2, ... . Tak kak |px (k)—px(k)| <2, 10 npu O<t<]
nonyuaem
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r—1

18x, () —&x ()| Y 1px, (R)—px(B)] +2t7/(1 — 1),

k=0

YcrpeMnsis K GECKOHEYHOCTH n, & 3ateM r, nonydyaem tpebyemoe yT-
BepijaeHie.]

13.13.* 3apgaua. YcraHoBuTh yTBepXK/JeHHe, ob6paTtHoe k 13.12.
[TokakeM cHauana, 9TO eCMH NPOH3BOJLHAA IOCAEJ0BATENBHOCTH
BepOATHOCTHhIX I. . PV (f) cxoautcs npr 0<i<l, T0o oHa CXOAHT-
csa ¥ npr {=0. 3anxmemM HepaBeHCTBO

P <P ()=p{" + p{Pt+ o+ L <p HH(1—1), O<t <1,
Ycerpemass n k oo
& () —1/(1— )< lim pi) < lim pP < & (1)
nj; n—»o

a 3atem ¢ x 0, nonyuaem Tpebyemoe.
Nonaras t=0, ua coorHomenns &x (f) »Px(f), n— oo, BHBOAWM,

uto px, (0)— px(0). Obpasyem BeposTHOCTHEIE II. O.
Fx_ (1) —px, (0) Py () — Py (0)

&N (= , P)=
® t(1—px (0)) o t(1—py(0))

noonpefenss ux npu =0 no HenpepuBHOCTH. OueBHAHO, 4TO S0 ()~
—&(f) mpu 0 <t<<1, a chepoBaTenbHO, & ™ (0)—&(0), n—o0. Ho
&M (0)=px_(1)/(1—px,(0)), & (0)=px(1)1—px(0), » notomy px (1)
— px(l), n—oco. Tlo MHAYKUMH YCTAaHAB/IMBAEM CXOAMMOCTH px (k) —-
— px (k), n— oo, npu Bcex k.]

13.14. 3angaua. [Ipumennts 13.13 k fn0Ka3laTesILcTBY TEOpeMH
Ilyaccona: p,(k; p)—(A*/k!)e npr n—oo, np—A>0.
[Ucnonnays n.¢. GHHOMHANbLHOTO M NyacCOHOBCKOrO paclpefefeHud
13 4.10, umeem

Frp ()=(1—p(1—1)' >eA=D=E (1)

Ocraercs npuMeHuTh 13.13]
Ilpeobpasosanuem Jlansraca neorpunatenbHoRt en. B, X u ee pac-
npejeneHus BEPOATHOCTEH HA3LIBAETCA PYHKUHMS

Vx (M) =Me, A>0.
Dyukuus Px(A) onpenenesa npu Becex A>0, Tak kak MareMaTHye-
CKOe OXHJaHHE OrpaHHYeHHOR ciayyamHOR BEJHUHHH CYLUECTBYeT;

npu 3ToM 0<ypx(A)<l (cm. 7.23). Ecnr cn. B. X npuHHMaeT Jnub
uensle (HeoTpHUATENbHEE) IHAUEHHSA, TO

Vx () =P (e7),
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rae Px(t) — npoussoasmas ¢ynxkuus X. Ecam ca. B. X auckpertna,
TO

¥ (1) = Y e (1),
{x}

rie CYMMHpOBaHHe BeJeTCH NO MHOXEeCTBY BCeX 3HaueHHi cia. B. X.
Ecanr cn. B. X umeer nJjoTHocTh fx(Xx), TO paccyxnenus aagaum 7.29,
nNpHMeHeHHHEe K GYHKUHH e** BMecTo GQYHKUMH X', A2I0T CJenylo-
myo hopmy.y:

wm

Px (W)= { efx () dx.

[+]

13.15. 3anaya. Buuucauth npeobpazosanue Jlannaca aJs raM-
‘Ma-pacnpegestenus ¢ miotHocThio f(x)=(1/T'(x)) x> le—*, x>0,
[q;(A):I‘(a)—lS xe—lg—(+hxdy— (A4 1)~2, a>0. ]

0

B o6wem cnyuae npeofpa3doBanue Jlamnaca Yx(A) MOXHO npex-
CTaBUTh uKTezparamu Pumana — Cruasrveca unu Jlebeza — Cruabrs-
eca

Ve W)= | 2dFx (x)
0

g mobo#i HeybriBalomei ¢dysxiuun F(x), —oo<x<oo, TEODHA HHTe-
rpanoB Pumana — CTuibTheca

b
{gmdr

TIOYTH JOCJOBHO TMOBTOPAET TEOpHIO MHTerpajsa PuMmana (XOTOpHi# co-
-QTBETCTBYET 4YacTHOMY cayyaw F(x)=x). HmenHo, paccmaTpHBaIOT
HHTEerpa/jbHHE CYMMH

)i gUN(F(x)—F(xi), e[, x], a=x<i<...<x,=0b
i1=1

H KX npeiejs npu auamerpe pa3buenus d=—max(x;—x;—1), cTpe-
{t}
MAIEMCA K HyJIO, 160 cymmu ap6y
n n
Y mi(Fx)—F (-, ¥ Mi(F(x)—F (i),
=1 i=1

m,= inf gx), M;= sup g(x).
(x€[x 150} {<€1% 1%}
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Ilns uuTerpupyemMolr no Pumany — CTunbThecy ©yHKUMH TOYHAR
BEpXHAA Ipallk BCEX HHXHHX CYMM COBNajaeT C TOYHO{T HUXKHEH
rpaHel0 BceX BEPXHHX M COBNajaeT ¢ mnpegenoM mawo6of nocienoBa-
TEJILHOCTH HMHTerpalhHBIX CYMM C AHameTpoM paabieHn#i, cTpeMs-
INMMCHE K Hyni0. Bece asemMeHTapHEle CBOHCTB2 HHTerpasna PumaHa BH-
NOJNHAIOTCH M AN nuterpana Pumana — CtunnTheca. K kmaccy HH-
TerpHpyeMuix (QyHKUuii NpHHAZNEXKAT, B 4YaCTHOCTH, KYcOYHO-Hempe-
peIBHhIE (DYHKIHH, KYCOUHO-MOHOTOHHhIE, K2KOBa Gbl HH Ohina QyHK-
uns F(x) (uey6niBamomas). MuHTerpan no GecKOHEYHOMY NPOMEXKYT-
Ky Onpejensercs Kak INpeje] HHTEerpaJoB MO DacUIHPAKUHMMCH KO-
HEYHLIM NPOMEXYTKaM.

Wnterpann Jle6era — CtuanTheca MOryr OhITh BBEJIEHH IO CXEMe
NOCTPOEHHS MaTEMAaTHYECKOro oXnaaHus u3 § 7, ecan uuciIoBylO nps-
Myil0 R NpHHATh 3a NMPOCTPaHCTBO 3JEMEHTAPHhIX COGLITHH, COBOKYM-
HOcTh 4 Bcex GopeseBCKHX MOAMHOXECTB — 3a KJace CoGmTHE, Mepy
Pr 3anath c nomownio ¢yHKuMM pacnpegeneHus Fx(x). Toraa ans
n1060% peficTBHTeNbHON GyHKUMH g(x) Ha R, Takoft, uto {x:g(x)=
&Elas}e=H ans moboro npomexyTka /., uuterpan Jlebera — CTuin-

Theca
§g(x)dFx(x)

onpejensercs Kak MaTeMaTHYeCKOe OXHAaHIe OT CAYYaAHOW BeJHYH-
Hul g(x) Ha BepoATHOCTHOM npoctpancrse (R, #, Pr). Bosee 06-
CTOAATEJLHO TeopHs uHTerpana JleGera — CTHabThEC2 H3N0XKeHa B
§ 10. 3necks orpaHMUMMCH HEKOTOPRIMM 32MEYaHHAMH, HCNOJL3YA
YACTHBIH BHA QYHKUHH g (x)=e 1%,

Tonoxum X (0) = kn—! npn X () (kn—", (k + 1)n—'], k=0,

1, 2,..., 1 X" (0)=0 npr X (0)=0. B coorserctsnu ¢ 7.19 mmeem
Me—2X=1im Me—*x("™

Me—2X® — 1 (Fy (n—1)— Fx (0—))+

Y e (F((k + 1)nm1) — F (k).
k=1

[Tocnennee Bhipaxenne npeacTaBiafeT co60Of HHTErpasinHYyl0 CyMMy
uHterpana Pumana — CTHasTheca no 6ecKOHEYHOMY NPOMEXYTKY
[0, +o0). Tak Kak MHTerpajJsHas CyMMa 1O NPOMEXYTKY [A, o) He
NPEBOCXOAHT, oyeBHAHO, 1 —Fx(A—), uTO MOXeT GhTh CielaHO MeHb-
we m06oro =0 3a cyer BGopa A gocTatouHo 6OJBUIKM, TO OTCIOAA
creayer, uto npeo6pasoBanue Jlannaca npeacTaBMMO B BHJAE HHTe-
rpana Pumana — CtranTheca.

Ormerum cnenyooline npocTele cBoiicTB2 npeobpasosaHus Jlan-
Jaca:

Yax-1o (A=Y (Aa), Px,4x.(A)="1x, () ¥x, (A)

AJIA HE3aBHCHMbIX X1, Xz, KOTOphI€ HENMOCPEACTBEHHO BHITEKAIOT H3
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onpenenerus Px(A) ¥ cCBOHCTB MaTeMaTHUYecKOoro OXHKAaHuf. Jlajb-
Hejilllne CBOKCTB2 YCT2HAaBJHBAIOTCH HHIKE.

13.16. 3anaua. [lokasatsh, uTo k-7 npousBogHas oT Px(A) cy-
LWECTBYeT ¥ BhipaxaeTcs (OpMYJIOH

8 (0) = (— 1§ PN dFe(9), A0,
0

[lycts ans npoctoth £=1. IlockoabKy
(e~ A+aMy — =AY A) —~—ye—¥, AL—0,

paBHOMepHO no y>0, To pe3yabTaT BHITEKAeT M3 JIErKO YCTaHAaBJH-
Baemoro cBoiicTBa MHTerpana Pumana — CTusabTbeca: BO3MOMHOCTH
nepeidTH K NpeAeNy NOA 3HAZKOM MHTerpaja B cjayyae paBHOMEpHOH
cxogumocTH. Jpyro#t cnoco6 — BoCNOJb3OBATbCH TEOpHEH HHTerpana
Jle6era u3 § 10.]

13.17. 3anava. YcTaHOBHTb, HCNOJb3yHd HepaBeHcTBO Yebniue-
Ba, 4TO

E (At)k e—“—>{ 1 mpu 8> 0,
k! 0 mpu § << 0,
{R<<A(148))

TIpH A—-00 paBHOMepHo no (>0, 8§, TakuM, uTo f6~? orpaHuueHo.
{Pyukuus
Fri(@)=Y ((At)/kl)e™
{k<<x}

—¢. p. nyaccoHoBckoif cJa. B. X ¢ napamerpom Af. PedyanTart Jerko
clenyeT u3 HepaBeHcTB2 UYeGniueBna

P(o: | X(@)—At|>A8) <AH(ABR=A""16"%, 8>0,
TaK 4TO
Far(M—AB)<<A'87%, Fo (M+-A8)>1—1"'1672]
IlepenuieM cooTHowenue 13.17 B Buge

k 1 mpu X,
ha.x (y) = 2 [L)LIpS VI PR Y <
k! 0 mpr y>x,
(k<A x)
np¥ A—»oco paBHOMEpHO mo X, y>0, Takum, uTo y(x—y)~? orpaHuve-
HO. OTtmeruM, uTo O<hys(y) <1. Bocnonn3yemes nosydeHHBIM COOT-
HOIIEHHEM JJf J0Ka3aTeJbCTBa TOro, uto npeobpa3soBanue Jlamaaca
OHO3HAYHO ONpejeJsieT pacnpefejeHue BeposTHocTed. JIOMHOXHB
cootHomernun 13.16 ma (—A)*/kl u npocymmupoBaB mo k<Ax, nojy-
YUM.

y (_—:_)"\p(,-;’ (A)=th.x(y)de(y)-

{k<A x}
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TloxaxeM, 4TO NpH A—»00 HHTErpan cnpaBa cTpeMHTcs X Fx(x), ecan
TOJMILKO X €CTh TOYK2 HenpepulBHOCTH ©, p. Fx.

Kax 6us0 ycTaHOBJIeHO, HYHKUHA h, .(y)—1 paBHoMepHO Ha Jio-
6om otpeake [0, x—e], e>0, 1 M .—0 paBHOoMepHO Ha [x+e, o0).
YuuthiBas, yto (cM. onpeaenexHe uHTerpana Pumana — CTuabTheca)

1-dFx())=Fx(b)—Fx(a—), | 1-dFs(y)=1—Fx(a),

(a.b] (@, )
noJy4yaem, 4To

{ Mx(y)dFx(y) > Fx(x—e), A oo,

[0.x—e]
e (4) dFx (4) >0, A—> oo,
(x--e,ox)
{ Aax()dFx () < Fx(x+e)—Fy(x—e).
(x—e , x+4E)

Ycrpemass e k 0, nonyuaem crenywowywo (opmysy odpaujerus pis
npeobpa3oBanus Jlannaca:

. — M)k
Fely=lim Y1 1=2 4 ()
TPV '

aas moboft TOUKH HenpepuiBHOCTH x GyHKUHMH Fy, Ilockonbxy ¢yHK-
LM pacnpeneneHHs OnpefensieTcd CBOMMHM 3HAYEHMAMH B TOYKAX
HEeNpEepRIBHOCTH, @ DacnpejeseHHe BeposTHocTe{t onpeixensercs cBoeil
dyHKUHeR pacnpenesleHHs, TO yTBEDXAEHHE YCTAHOBJEHO.

13.18. 3anaua. Tlycts nmocaepoBaTenbHocTh ©.p. Fn(x) cnabo

cxonuTcs K ¢.p. F(x), A(x) — npoH3aBosbHas cTyneHyatas GyHKUHA
Ha oTpeake [a, b]:

h (")=Z Cul (x_y ) (%),
(=1

a=x,<x <...<x,=b.

Tlpeanonoxum, 4TO cKaukH QYHKUHHE F(X) NPHXOARTCH HA TOYKH He-
npepniBHOCTH ¢. p. F(x). Toraa uMeeT MeCcTO COOTHOUIEHIE

lim jh(x) dF, (x)=S ki (x) dF (x).

[ (A6 aFa =Y & { l1s, 50 () dFn ()=
1=1

=¥ ci(Fale)—Fa(r) > ¥ & (F (r) — F (i-)) = { h(0) dF (x).]
i=1 i=1
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13.19. 3apaua. Ilycts Fa=>F u dyuxkuusa g(x) HenmpepHBHa Ha
{a, b]. Tloka3aTh, 4uTO

b b
{gndF, ()~ { g dF (x), n—>oo.

[dns nwboro £=>0 suibepem cTynexuatyw oyuxuuio h,(x) Ha [a, b],
Takymw, uto |g(x)—h.(x) |<e npu xela, b], 2 ee ckauku npHxoAATCA
Ha TOYKH HenpephBHOCTH QyHKuuu F(x). B Takom cayyae

b b
lim (g (x)dF, (x) < lim { (h, (0) + &) dF, (x) =

n—soc

b b
={t+edF (< (g dF (x)+2e

X 2HAJMOrH4HO
b

b
lim { g(xdFa (x> g(x)dF (x)— 2.

n—+o: a

BBy npOH3BONBHOCTH £ BEDXHMH M HHXKHHE npejsesnl paBHHL]
13.20. 3axaua. Ilycts Fo=>F u ¢yHkuua g(x) HenpepniBHa H
orpanryesa Ha R. [loka3aTs, uTo

(g0 dFa(0) > g(0dF(x), n—>o.
[[Tycts |g(x) | <M npu Bcex x. Toraa
$ g(x)dFy (x) | <M (Fa(—A)+1—Fa(A)),
{x: |x] > A}
g (0 dF (1) | <M (F(—A)+1—F(A)).
{x:]x]| > A)

Ins moboro e=>0 subepem A Hactoasko GoabwuM, uto F(—A)+
+1—F(A)<e/M u uto6u npu 3tom B Toukax +A dynkuns F(x)
6nna HenpepuBHa. Mcnoansysa 13.19, nonyuaem

li-m(fg(x)dmx)-'r { gdr.())<

n—ee= —A ix: x> A}

A
< | gMdF ()+e< gg(x)dF(x)+2e.

—A

H 2HaJIOTHYHO

lim \ g (x)dF, (x) > (g (x) dF (x)—2e.

n—s oc
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BBHy NPOM3BOJNBHOCTH € BEPXHHH M HHXXHHM NpeJeNbl COBNARaloT.

M3 13.20 3akawouaeM, YTO ecaH nociejoBaTenbHocTh . p. Fa(x)
(Fr(0—)=0) cnabo cxoautca X ¢.p. F(x), TO coOTBETCTBYKOLIAN
nocJeJoBaTeNbHOCTL Npeobpa3oBaHuit Jlannaca Ya(A) cxonuTcs npwu
Bcex A>0 Kk npeob6pasoBanuw Jlannaca (i), orBeuaiowemy ¢. p.
F(x). Ype3asnuaitHO BaXKHO, YTO CIpaBeAlHBO OOGpaTHOE YTBEpXKje-
HHe: u3 (MOTOYEYHOH) cXoAMMOCTH npeoGpa3oBaHui Jlannaca BHTe-
Kaer cnabas CXORMMOCTb COOTBETCTBYIOIIMX QYHKUHMH pacnpeneseHHus.
O6a yTBepXAeHHE BMECTE Ha3LIBAIOT TEOPEMOU O HenpepuliBHOCTU CO-
0TBeTCTBUA MexOy pacnpeOeseHUsmu 8epoATHOCTed u ux npeobpaso-
sanuamu Jlanaaca. Haunbonee npocroe J0Ka3aTeNbCTBO BTOPOH YACTH
TEopeMbl HenpepbIBHOCTH OCHOB2HO Ha CNEAYIOLIEM YTBEDXAEHHH, KO-
Topoe ycTauaBnuBaercs B 13.21—13.24:

Teopema Xeaau. Ilycts Fp(x), n=1, 2, ..., — NpOH3BOJbHAA IO-
c/el0BATENbHOCTL QYHKUMA pacnpejenenns. Torna HaAAeTrcH TOA-
NOC/NeAOBATeNbHOCTh Fr, (X), Ny <My << ..., CXONAUIAACHA K HEKOTO-

poit HeyOuBawwe#d ¢yukuun F(x), 0<F(x) <1, Bo Bcex Toukax ee
HenpepbiBHOCTH. DyHKuus F(x) MoXeT GuTb BeOpaHa HempepbIBHOM
cnpasa; F(x) yaosnersopsier ycnoBusMm F(—oo)=0, F(oco)=1, ecau
g Jwboro >0 MoxHO HailTu takoe A>0, uTto AN Bcex n

Fa(—A)+1—F (A <e.

[Tocnennee ycioBue Hapywaercs, Hanpumep, A ¢.p. Fa(x)=
=Fn(x—n), rae F(x) — ¢ukcuposaruas ¢.p. Ouesuano, Fn(x)—0
Np¥ K2XJAOM X, TAK 4TO nocneioBatenbHocTs Fu(x) (u awbas ee
IIOANOCTEeA0BATENLHOCTE) cXoauTeH K F (x)=0.

13.21.* 3apgaua. [HonycTdMm, 4uTO mOCJEeNOBaTenbHOCTE . p.
Fa(x), n=1, 2, ..., CXOAUTCH K HEKOTOpPOA HeyOhBalolIEH QYHKUUH
F(x) mpu Bcex x M3 HEKOTOPOro NMOAMHOXecTBa S=R, BCIOAY MIJIOT-
Horo B R (7. e. ans moGoro uutepsana (a, b) Haligercs Touka SES,
takas, uto s (a, b)). Iloxasarts, uto Fn(x) cxoautcs K F(x) BO
BCeX TOUKaX HempepuIBHOCTH F (x).

[Mlycts F HenpepniBHZ B Touke x; §’, s"'ES, s'=(x-6, x), s"e
e (x, x+8). Toraa

F(s')=lim F,(s')<lim F, (x) < lim F, (x) < lim F, (s)=F (s").

n—» noou n-—»oc n—ac

Buibupas 3necs 8>0 no e>0 Ttak, utobu |F(x')—F(x)|<e mpH
| x'—x| <8, nonyuaem, YTO pPa3HOCTb MeXXAy BEPXHMM M HMXKHHM Ipe-
JlelaMH He NpPeBOCXOAHT 2g, 2 CHNENOBATE.1LbHO, 3TH Npejesnl COBNA-
aawT. Ocraercs 3aMeTnTh, uto F(s') <F(x)<F(s").]

13.22.* 3anaua. Ilycts Fa(x), n=1, 2, ..., — npou3Bo.1bHAA
nocneaoBaTeNnbHOCTs  @. p., {X1, Xz, ...} — cueTHoe Bcloay MJIOTHOE
mHOXecTBO B R. C noMomblo XKGHTOPOBCKO20 OudzOHAAbLHGZO MeToda
NOCTPOHTL NOANOCJENOBATENLHOCTL F, (X), CXOAMWLYlOCK Npu BCeX

X=X, i=1, 2,....
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[PaccMoTpuM uHCIOBYKH0 nociegoBatensHocTs Fa(x), n=1, 2, ... .
ITockonbKy OHAa orpaHuuyeHa, M3 Hee MOMHO BHOGpPaTh CXOASILYHOCS
floanocaexoBatenbHocth, O603HAYUM

ni<n<...<np<...

NOANOCAEA0BATEILHOCTL HHAEKCOB, Takylk, 4TO CYWeCTBYeT mnpexen
nocneposatensioctn  Fy, (x,).3k=1, 2, ..., xotopuit o6o3anauum

F(x,). Janee paccMOTpIIM YHCJOBYI MNOCJAER0BATEJLHOCTh Fn,, (%)
k=1, 2, ... ¥ c6031auUM

Np <Mpa<< ... <Mpp<<...

NOANOC/JEeA0BATEALHOCTh NOCJAEROBATENbHOCTH Ny, M3, ..., AJA KOTO-
pO# CXOAMTCH YHUCJIOBAR NOCJENOBATENbHOCTh Fnik (x.), k=1, 2, ...,

ee npeaen obo3nauum F(xz). Ilpomosmkas 3TOT npouecc HeorpaHu-
YEeHHO, NOCTPOHM GecKOHeuHYK TabiHRy HaTypalbHBLIX YHCEN

Ny Nya... Nk ..
No N2 ...N3k. ..
nmlnmz - nmk. ..

B KOTOpOHM Ka)ki1as cJelAylIlnas crpoyka o6pa3oBaHa M3 yHces, cOC-
TaBJAAIOWHUX NOIMHOMECTBO MHOXECTBA 4YHCEJ, M3 KOTOPHIX COCTOHT
NpeauIecTBYIOLIAS CTPOYKA.

PaccmoTpuM «aHaroHagb»

nyy, Nagy ooy Bmmy e,

OueBngHo, 4TO N <Np<...<Amp<.... Il0 MOCTPOEHHID NpH JIO-
6oM m auarcHajbHas MOCJIEZ0BATENbLHOCTh, HAUMHASN C M-TO0 4jaeHa
(Mmm. Ami1mets...), HABJAAETCA  I[IOANOCJER0BATENLHOCTBI)  KAMAOH
M3 NMepBRIX M CTpoueK Tabauub. JTO 03HAYaAeT, YTU

limF, (%)= F (x.)

npu Beex (=1,2,..., T €. F,.m”l €CTb MCKOMAas TORNOC/e, 0BaTeILHOCTh. |

13.23.* 3angaya. Ilyets F,(x), n=1, 2, ... —npou3soabHag No-
cnegosatenbHocTs ¢.p. BumBectw u3 13.21, 13.22, uto cyuwectsyer
NOANOCAeN0BATENLHOCT Fpy (X), CXOAAW(@SCA K HEKOTOPOil HeyGhBa-

oulelt, HenpepuiBHOU cnpaBa ¢yHkunu F(x), O<F(x)<l.
B 13.22 6n1a mocTpoena nognocaexoBaTensHocTs Fn, (%),  KoTOpas

CXOAH.aCh BO BCEX TOYKax S&S, rae S — HEKOTOpoe BCIOAY NJOTHOE
MHOXecTBO B R. PaBencrtno

Hm Fn, (s)=F(s), s€& S,
k>
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onpenenser ¢yukuuio F(s) Ha S, KoTOpas, OueBHAHO, ABJIAETCH He-
y6uBapowei. Joonpenennm ¢yukuuio F Ha BcemM R c coxpaHendHem

MOHOTOHHOCTH, mojaras aJaf awoboro x=8
F(x)=inf{F(s):s>x}, F(s)=F(s), s=S.

Wrak, nocnepoBatensHocTs ¢.p. Fp,(x) cXoluTcs Ha BCIOAY IMIOT-
HoM B R mHoxecTBe S K Hey6uBawoweid ¢yuxkuuu F(x). Beuay 13.21
cxoauMocTb Fpn, (x) > F(x) uMeeT MecTO BO BceX TOUK2X HENpEPHIBHO-
ctr OyHkuux F(x). Udcao Touek pa3peiBa MOHOTOHHOH YHKUHH
F(x) ue 6onee uem cuetrHo. Ilepeonpesenus B Hux ¢yHKuHIO F(x)
N0 HenpepLIBHOCTH cnpaBa, o6o3HauMM noayuedHyilo ¢yskuuio F(x)—
OHa H ecTb HckoMmas ¢. p.]

13.24. 3agaua. IlocnegoBarensHocts ¢.p. Fn(x) cxoaHTcs K
HeyGblBaOIIed HenpepulBHOH cnpaBa ¢yHKuHH F(x) Bo Bcex TOUKax
ee HenpepwBHOCTH. JlonmyctuM, uto ans mwoboro >0 Haigercas A>0,
TaKoe, uTO

ans Bcex n. ITokaaarts, uto F(—o0)=0, F(o0)=1, T. e. F(x) — Be-
POATHOCTHAN (PYHKUHA pacnpejpeseHHs.

{Uucno A B ycnoBuM 3ajaud MOXHO BLIGpaTh TaK, 4TOOH B TOUKax
+A dysxkuus F(x) 6una senpepnBHa. Ho Toraa

lim (Fa (—A)+ 1 —Fq (A)=F (—A)+ 1 —F(A) <e,
n—»x .
OTKyZA2 H CJeAyeT yTBepXKJaeHHe.]

Kak MH BHAeNH, B KauecTBe NpejenoB (HIH 4YacTHYHHIX IIpeje-
JI0B) nocnaenoBatensHocTd ¢.p. Fa(x) Moryr BhicTynath HeyGnBaio-
mue dysruud F(x), ansg xkoropuX F(oc) <1, F(—o0)>0. Bca teopusx
CXOIHMOCTH CT2HOBHTCH 6osee yao6HOH, €clH pacIIHpPHTL KJAcC pac-
CMaTpHBaeMBIX Mep, AONycTHB pacnpejenexus Ha (R, %), aas xoro-
PHIX Mepa BCEro NPOCTPaHCTB2 MEHbIIE EJHHHIH (HMIH AaXe paBHa
Hymo). Takue pacnpeaeneHus HaswBaeM xecobcT8ennbimu. IlonaTue
cnabod CXOZMMOCTH ynoTtpef.asfeM H TOraa, KOrga mnpejenbHas Mmepa
HecoGCTBEHHaA.

13.25. 3agauya. Ilycts noc1eg0BaTenbHOCTh BEPOATHOCTHHIX . P.
Fp cnabo cxoautcs K HecoberBexHo# ¢.p. F, g(x) — HenpepuBHA H
*lim g(x)==0. Toraa

—»+r

S g (x)dFn (x) > S g(x)dF(x), n—»oo.
[BuBoauTcs aHanoruyHo 13.20 ¢ HCNONB3OBAHHEM OLEHKH

{ eWdF. () <e(Fa(—A)+1—Fa(A)]

{ xi>A4)
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13.26. 3anava. Ilycte F(x), Bo3aMoXHO, Hecob6cTBeHHas d.p.,
$(A) —ee npeobpaszopanue Jlannaca. Ilokasars, uto P(A) Henpe-
PHIBHA B HyJe:

§e—hdp (x) = (0)=F(00)— F (0—), A—»0.
)]

[ F (o0} —F (0—) > {e-MaF () > e (F (A)— F (0—)

0
npu Jwbom A>0. Ycrpemass A K HyJaI0, oJydaeMm

F(o0)— F(0—)>%(0) > F (A)—F(0—).

Ocraercs nepeiity X npegeny npi A—oo.]

13.27. 3anaua. Ilycts nocnefoBaTeLHOCTL BEPOATHOCTHLIX . p.
Fn cnabo cxoautca K HecoberBeHHOM ©.p. F. Toraa Y. (A)—=P(A),
n—-oo, BCIOAY, KpoMe Touk¥ A=0 (3zecs Y» ¥ Y — npeoGpa3oBauus
Jlannaca ¢. p. F, u F coorBercTBEHHO, 4> 0).

[Burexaer 3 13.25, 13.26.]

13.28.* 3anava. Ilycts nocnegoBaTessHOCTE npeo6pa3oBaHKit
Jlannaea ya(A) BeposatHocTEmX .p. F,.(x), n=1, 2,..., cxoaurcs
npy Bcex A>0 x HekotopoMy npegeny P(A). Torma F,=F, rae F,
BO3MOXHO, Hecob6cTBeHHas ¢. p. (Fn(0—)=0).

[[To Teopeme Xennm cyuwecTByer MOAMOCAeLOBAaTeNsHOCTE fny=) F,
rae F, Bo3MoXHO, Heco6cTBeHHas . p. Beuay 13.27 aaxawouaeM, uto
npr A>0

[ e (9=lim g, () =1im b, (=0 (3).

3tuM ycaosuem o. p. F(x) onpegeasiercs oxHo3HauHo (ecau §(A) =0,
To F(x)==0; ecau (A)5£0, To no dopmyae obpauiesus nocjne HOp-
MMpOBaHHA MHOXHTeneM F(oo)~!). CnezoBartensHo, Bce caabo cxo-
AflIMecs NOANOCJEJ0BATENLHOCTH I[I0CJEI0BATENLHOCTH [Fn MMEOT
oAHH ¥ TOT Xe npeaen F. Ho 1orpa F,=F, tak xak ecau Ou B He:
KOTOPOR TOYKE HENpEepPHIBHOCTH Xp . p. F 66110 6u1 Fn(xg) # F (x0),
TO, BLI6paB HOANOCJAEL0BaTCILHOCTD F,,k(xo)—+a;&F(x,,) H npuMme-

HHB K nocaefoBareasHoctd Fn,  Teopemy XesH, NOCTPOMM NOAMO-

cnenoBatenbHocTs  Frgjy=d F, npuuem  Fryjy (%) =8 # F(x,)-]

13.29. 3angava. B ycropur 13.28 npeaeabnas . p. aBagercs
co6CTBEHHOM TOrga M TO.LKO TOrAa, koraa P(A)—1 mpn A—-0.
[Buitexaer n3 13.26.]

13.30. 3agava. Ilycts c1. B. X>0 u nps Hekoropom n MX"<
<oo. Toraa cyuwecTsyer n-s NpOM3BOAHAas npeoGpasoBanus Jlaniaaca
B Touke A=0 u PpM (0)=(—1)"MXn,
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[[lns noxasaTeancTBa AOCTAaTOYHO 060CHOBaTh 3aKoHHOCTh AHdepen-
IHPOBaHHA NMOJX 3HAKOM HHTerpaJja

A= edF ()

B Touke A=0. [IycTb ann Hauana n=1. meem

ey A
1 — - l—e™
l (S " dF (x §xdF(x) (<§| 1 |xdF (x)+

+- S xdF (x) +S " xdF (x).

IIpn duxcHposannom A nepeisem K npegeny npu A—0. YuurnBas,
yto (l—e**)/(Ax) <] npu Bcex Ax>0, a npu® X H3 OrpaHHYEHHOro
MHOXecTBa (1—e*x)/(Ax)—1, A—>0, paBHOMepHO 1O x, NOJy4YaeM
AL MOAYyJs pa3HOCTH HMHTErpajJoB B Mpejese OUEHKY CBepxy

2 S xdF (x). B npeanojoxenHy koHeuHocTH MX 35Ta oueHka MOXET

A
6HTL ClenaHa KaK yroAHo Majo# 3a cyer BhGopa A. Takum obpa-
3oM, VP’ (0)=—MX.

TouHo Tax e nokasnBaercs, uto (cp. 13.16)

P (A= — §xe—’“dF (x), A>g.

0

Ilp n=2 npuMensieM aHaJOrHYHbIE PACCYXKAEHHA K

¥ (A) x—‘P' (0)__mx2 =§ (1_'}’:__1;'_ 1) X*dF (x)
0

BT ]

13.31. 3agaua. Ilycts HeoTpHuaTenbHue ca. B. X, n=l1, 2, ...,
He3aBHCHMB, OJHHAKOBO pacnpejeneHn ¥ MX;<<oo. BuBect# c mno-
mowpio 13.28, 13.29 364 8 hopme Xunuuna:

2
n— (X, + ...+ X;) > MX,.
[MNonoxum y(A)=Me- *X:. Torna
Me—kn-l(x,—j-...+xn)=(,¢(lln»n.

[Tockomuky MX, << oo, To (cM. 13.30) cymectsyer ' (0)=—MX,. Ilo
onpepaeJieRuio npouasogHoll P(A)=1+v¢' (0)A+o(A), A—0, Tak uro

(¢ (A/m)*=(1—4' (0)A/n+o(l/n))" - e¥" @2
9° 9263



np¥ n—»oo K aw6oM A>0. CregoBaTensHO, NOCAEL0BAaTENbBHOCTD CJI. B.
n'(X,;+...+X,), n=1, 2, ..., cxogurcH no pacnpexenenuio. Ocra-
eTcs 3aMETHTb, 4TO e *¢ ecTh npeoGpasoBanue Jlanaaca pacnpexene-
HHH BEPOATHOCTEH, COCPENOTOYEHHOro LEJHKOM B Touke a>0.]

13.32. 3axaua. [Iyets Th, n=1, 2, ..., — MOMEHT IlepBOr0 J0-
CTHIKEHHS TIOJIOKEHHS 7 B CHMMETPHYHOM cayuaitHoM GayXaaHHH
(cM. 11.7). Hcnoasays To, yto n.¢. T, paBua (cm. 12.21)

M =1—YT—myt, 0<t<],

noxasaTb, YTO IOCJAEN0BATENbHOCTh Ta/n? CXOQMTCH MO pacrnpejene-
HHIO, MPHMeHsA MeToJ npeobpa3soBanuit Jlanaaca (13.28, 13.29).
[Tak xak ca. B. T, npexcraBuMa B BHAE CYMMHl 7 HE3aBHCHMBHIX CJI. B.,
pacnpenesyeHHBIX Tax Xe, Kak T, TO IpH n—»00

Me—an/rll'-(l _(1 _e—-ZL/nl)l/H)" —~ ( 1 _V’ﬁ/’l)ﬂ._> e Vzi

OTMeTHM, YTO NMOCKOJMbKY NpefedbHas ©.p. Ham u3BecTHa 3 1.7, To
OJHOBpEMEHHO HaMHK ycTaHoBJeHa (popmy.a

! Sx—:’/"‘e—"""‘"e—“dx - e—Vﬁ_]

V2n 5

13.33.* 3apgaua BusBectH hopMysy HHTErPHPOBAHHS NO YACTAM
b b
{ g()dF (=g (b) F(b)—g(a) F(a) — F () g’ () dx,
a4 a
npejnoJaras, ¥To NPoK3BOAHas g'(x) HenpepniBHA Ha {a, b].
[IIycts a=xp<x1<x3<...<Xp=b — NpOH3BOJIbHOEe pa3bHeHHe OTpE3-
xa [a, b], i€[xi1, xi), i=1, ..., n. Tlonoxum fp=a, tr4;=b ¥ 3amu-
LIeM caefyiomylo GopMyay CYMMUPOBAHUR NO YACTAM

Y g @) (F(x)—F (xiv))=g(b) F (b)—g (@) F (a)—

i=0
n+1

—Z F (xi—1) (g (t;)—g (ti-1))-
=1

YCTPEMJIHH AKaMETp pasdueuux K HYJIO, NOJYYHM, YTO HHTErpaJjbHas
cymmMa B JeBO¥ YacTH HaNHCAHHOTO COOTHOUMIEHHA CXOQHTCH K

b
Sg(x)dF(x). Hcnonsays TeopeMy O cpexHeM, 3alHIIEM CyMMy B
a

IpaBo# 4acTH B BHJE

nt1
¥ Fu)g' @) ti—tia), €[t b, i=1, ..., ntl
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]
Jra cyMMa CTPEMHTCH K SF(x)g' (x)dx (3amenuTe g’(6:) Ha

aq
g’ (xi-1) M Bocnmosb3yiTech DPABHOMEDHOR HENPepHBHOCTbIO (DYHKUHH
g’(x) Ha [a, b]).]
13.34. [IpumMep (cyMMHpOBaHHe He3aBHCHMHX BEJHYHH C TH-
Xennumu xBoctaMmu). Ilyets X;, i=1, 2, ..., — HeoTpxuareanHue, He-
3aBHCHMHE, OJHHAKOBO pacnpejefeHHHE CJ. B., TaKHe, 4YTO

Plo: X, (@)>x)=1—F@x)~ax2%, x-— oo,

rae 0<a<l. B takom cayuae MX,=oco (cM. 7.33) ¥ MH nNOKaxeM,

yTo B cyMMy S,=X|+...+X, cyuecTBeHHHH BKJaJ] BHOCHT MaXCH-
maJasHoe ciaraemoe M,=max(S,, ..., Sa) (cp. 11.7).

Cn. B. Ma/n'/* uMeloT HeBHPOX/JEHHOE NpEAEJLHOE pacrnpejeleHHe:
P(w 1 My (@)/n/e < x)=F (xntoy =(1— (1 — F (xnVa)) =
=(l—axen-'(14+o()))+e2"% x>0, n—»oo.

[Toxaxem, 4TO TakXe cJl. B. Sa/n!/* UMeIOT HEBHPOXAEHHOE NpEexelb-
Hoe pacnpegenesde. C yacTHHM cayyaem a=1/2 Takoro poaa Mu
BcTpeuasancs B 11.7, ofHaKo TaM ROKa3aTeJbCTBO UEJIHKOM ONKpa-
JIOCh Ha KOHKpeTHH# BHA (yHKIHH pacnpeneleHHs 1. B.S,/n'/*, Tor-
A2 Kak 3/ecb NMOJyYaeTcs pe3yJbTaT BecbMa o6uiero Xxapaxrepa.
[TpuMeuaTesbHO, YTO CKOPOCTb €pAaCHOJ3aHHA® C POCTOM 7 BEPOSAT-
HOCTHOH MaccH C 3aKOHOM pacnpejeseHHs CJ. B. S,, BHpPaXKaloaAcs
B MHOXHTeJe n~'/* M cam npepeibHHA 3aKOH AAA S,n~'/ He 3aBHCAT
HM OT KakuX yacTHHX ocoGeHHocTek ¢.p. F(x), xpoMe Kak OT aCHMI-
TOTHKH ee XBOCTOB. Jl0Ka3aTeJLCTBO NpejenbHOH TeopeMbl OCHOBaHO

Ha OPHMEHEHHH TEODEMH HenpephBHOCTH AJA npeobpa3oBanKd Jlan-
Jaca. 3anuumeMm

M50 g (Anmyn, o (h)=Me—h%,

[Tonyuum acuMnToTHky ans 1—¢(A) npr A—0. HEterpupys mo
YacTAM, 3amHieM

A A
S eMdF (x)=e*F (x) |& +S AeMF (x) dx.
1] ]

Ycrpemnsis A x oo, umeem

tP(A)=ASr"F(x)dx wK 1—\p(}.)=a.$r’-'(l—F(x))dx.

ITokaxewMm, uto

}'r“(l—F(x))dxr- Se""a.x-“dx, A—0.

1]
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ITo moGomy &> 0 Bubepem A>>0 TakuM, 4TO

(@—e)r2*<1—F(x)<<(a+e)x 2 npu x> A.
Torna

Sr’-‘(l —F(x))dx=(a+e) frhxﬂdx:
2

=(a+ e)Le—ﬂy—“dy-}._l e @) T(1+a)A % A0,

A
Se—h(l—F(x))dxg A

Ciief0BaTeNbHO,

§r“(1—F(x))dx~aI‘(1+a)}._H“, A0,
0

1—(A) ~al (1+a)A%, A—0.

IloacTasnss monyuyeHHYI ACKMNTOTHKY B BhIpaXKeHHe AJS npeob-
pa3oBaqus Jlannaca ca. B. San—V=, HMeeM

P (An—1/ayt = (1 —(1 —p (An— V=) =
=(l—al (l+a)n! +o(n"))*—» gal(}- ans

IIpuMenenne yrBepxjaenus 13.28 ycranaBaHBaeTr cXOZHMOCTh MOCJE-
AOBATeJBHOCTH San~!/* Mo pacnpefeseHu:0 K cJl. B. ¢ npeo6pa3oBaHu-
eM Jlanaaca exp (—al (1+a)A™),

B npeo6pa3oBanun Jlannaca

e (A) = exp (—(cA)")
napaMeTp ¢ fBAfeTCA MacwTabHuM. Tak Kak

\pf.“ (;") wc. (;")=‘p(clf-+‘!;.)lla (;")l

TO CyMMa JByX He3aBHCHMHIX cJ. B. X; ¥ X; ¢ npeo6pa3oBaHuIMH
Jlannaca Y (A) ¥ ¢, (A) nMeer pacnpeaenenne BepOATHOCTEHR, OTJIH-
yaomeecs OT pacnpefeseHHs CJlaraeMhX JHUbL MaclITa6HbBIM MHOMXH-
TeneM. 3TO CBOHCTBO COXpaHEHHS Tuna pacnpedeseHus TNpPH CYMMH-
POBaHHM HE3aBUCHMbIX CJaraeMblX HA3HBAeTCH YCTOUYUBOCTLIO.

B cayyae n He3aBHCHMBIX OAMHAKOBO pacnpejeseHHHX cJarae-
MHX ¢ npeo6pasoBanueM Jlanmnaca ,(A) mnoaywaem, 4YTO cyMMa
X,+...+X, pacnpexenesa kak n'/2X,. Ci1. B. ¢ OAXHAKOBHIMH pac-
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IIDEAECJIEHHAMH Ha3hblBAIOT coanadatou;u;uu HJIH pABHLIMU nOo pacnpe-
»

denenuro 11 MeXXJY HHMH CTaBAT 3HaK =. TakuM obpa3ow,

2
(X, + ... +X,)nVe = X,

T. €. JUIA HapacTalolHX CYMM YCTOHYHMBHIX CJI. B. NPEAENbHAs Teope-
Ma 3aMEeHNeTCs TOUHLIM pPaBeHCTBOM. JIpyro# Xopowo HaM H3BeCTHHIA

TIpHMEp YCTOHYHBOTO pacmpefeJIeHHs — HOPMAaJbHOE paclpejeneHHe
C HYJIEBbIM CPEAHHM.

13.35. 3anaua Meroaom npeobpa3oBanus Jlamiaca HaATH npe-

JlelbHOE pacnpejeneHue JJs reomerpuueckoro (p(1—p)*, k=0, 1,
2, ...) ® OTpHMUATeNLHOTO OGHHOMHAJBHOTO (CfH_lp'(l—p)“.
k=0, 1, 2, ...) pacnpeaenenust npu p—0 (nmocie HajxJexauled HOp-
MHDOBKH).
[Pacnpepenenne BeposiTHocTeR ci. B. X=X, ¢ reoMeTpHYeCKHM pac-
npeaenersueM p(l—p)*, k=0, 1, 2, ..., npu p—0, oueBuaHo, «pac-
noJi3aeTcs» MO NOJOXHTeabHOH nonynpsMofh. IlostoMy Tpebyercs
HODMHpYIOI(HA MHOMXHTENb a=a,—0, KoTopH#A HeoGXxoauMO BHGpaTh
H3 YCJOBHS CXOAHMOCTH [0 PaCHpEfENEeHHI0 CJ. B. a,Xp, npr p—0.
Ilpeo6pasoBanue Jlanaaca

Me—?ax =Z ek p(1—pf=p(l1—(1 _p)e-M)—l=
k=0

=p(1—e -+ pe) "' =p(ha-+p+o(a)+o(p)

ctpemutcs K (1+A)~!, ecin B3aaTe a=p. IIpenensnoe pacnpexnexenne
ABNAETCH 3KcIoHeHnuanbHuM (cM. 13.15). IlpeoGpa3oBanue Jlamaa-
ca OTPHHATEJNBHOr0O OHHOMHAJBHOrO pacnpefeJeHHA — r-A CTeneHh
reOMeTpHYECKOTro, TaK 4YTO NpejeJbHHM 3jech Oyjner ramma-pacmpe-
nenenue (cM. 13.15, cp. 3.14) ]
IIpeo6pa3onanue Jlannaca MoxeT GbITh ONpeAE]EHO H JJIA pacupe-

JelleHHA Ha Bcell mpsAMOR:

I

J e dF(x)

TIpPH YCJOBHH, YTO HMHTErpaljl KOHeYeH Ha KakoM-HHOYAb HHTEpBale
agavenuit A. OAHAKO ANs pacnpejesNeHHH Ha Bced NpsMOH Takora
POAa yCJOBHE HBJAETCH CJAHIIKOM OTPaHHYMTENbHHIM. I HUX BMe-
£TO npeo6pasoBaHHA Jlamjlaca pacCMaTpHBAIOT XQPAKTEPUCTUYELKYID
ynxyuo (x. ¢.)
Py (t)=Mei'X =McostX +iMsintX, —oo<{<Zoo.
Hetpyaso suaets, urto

wx'(t)=s cos fxdF (x) + ¢ S sin {xdF (x) = j etxdF (x).
o, . _ .
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B camom pene, ecan X" — nociaenoBaTesbHOCTL CJ. B., Y4acTBYIO-
uux B onpeaeneHHd MX, to (cM. 7.19)

McostX =1lim Mcos X" =

n—>a

=lim Z cos(tkn-‘)(F((k+l)n—‘)—F(kn—l))—S cos txdF (x)

nso & N

H aHAJOrHuHOE COOTHOIleHHe BepHo Aas MsintX. Ecan F(x) nnd-
¢depenuuHpyeMa, TO XxapaKTepHcTHyeckast QyHKUHSA

o= eof(dr, FO=F (3,

— obnunoe npeobpasosarue Pypoe NIOTHOCTH f(x).

OTMeTHM HEKOTOpHE IpPOCThHieé CBOMCTBA XapaKTEPHCTHYECKHX
¢yHkuuit. Bo-nepBuix, x.d¢. Yx(f) onpefenesa aas Jwoboit ca. 8. X,
TaK KaK MaTeMaTHuecKOoe OXHJAaHHe OrpaHHYEHHOR CJI. B. CYLIECTBYET
H xoxeuno. Tax kax |ei*X[<1, T0 [Px(¢)| <1. Ecam X,, X, nesa-
BHCHMEI, TO

wxl+xl (t)=¢x| (t) ‘PX- (t)

Jas mobLIX NOCTOAHHEIX a, b Yaxis()=eitYx(at). B aapgauax 13.36,
13.37 YCT2HABJIMBACTCH, 4TO x. ®. oHO3HAYHO oNpejejaseT pacnpene-
JleHHe BepOSTHOCTeH.

13.36. 3a11aqa PaccmorpuM  cemelcTBO tpyxxuuﬁ X”(x) a<<bh,
8> 0, nonaras X,.p,(x)_l mpu x& [a, b], X2s(x)=0 mpn xe[a—8,
b+8] u onpenenss X3(x) Ha umepna.nax (a—38, a), (b, b+8) n06uM
o6pa3oM, HO Taxk, qroﬁm byHKUHA b ¢ b (x) 6ul12a HempepuiBHO AH(pdepen-

uMpyema o 0<Xa.a(x)< 1. TloxasaTh, YTO COBOKYIHOCTh 3HaueHHA
MHTErpanos

{ X5 (0)dF (1)

IpH BCEBO3MOXHHIX a, b, 8§ oAHO3HauHO onpejesser pacnpexeneHne F.
[OueBnaHo, uTO

F®)—F (@< X (1) dF (1) < F (b4 8)—F (a—9).
BhiGupas B xauecTBe @<<b Ja106ble TOUKH HenpepHBHOCTH . p. ¥ yCT-

pemass 8 x 0, noaysaem 3uauenne F(b)—F (a) xak npeaen COOTBET-
CTBYIOIIHX HHTErpaJios.]
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13.37.* 3anaya. Ucnonbays TeopeMy O pa3/iOMEHHH HelpephIB-
Ho Aud¢epeHunpyemoit ¢yHkuHK B paa (Pypbe, NOKa3laTh, YTO 3Ha--
YeHHS MHTerpaioB

p(t)=\ e=dF (x)

IIpH BCEBO3MOXHKX JeHCTBUTENbHHX ! 0AHO3HaYHO ONIpejenfioT pac-
npeaenerre F (apyroe aoxkasaTtenscTBo cM. 13.54).

[[docTaTouso noka3aTh, yTo AJA J0060H QYHKUHH Xﬂ,b(x) 13 13.36
n qoboro e>0 Haiaerca nHHeRHax KoMGMHAUMSA 3Ha4yeHM# xapakre--
pHcTHuecko#t GyHKUHHM (mocTpoeHHas Gea 3nanuA F(x))

Yovt=\ Y e dF (9,
(k) —ou (k)
Takasi, 4YTo

[ Eevetto— | Xes wer <.

.BuﬁepeM N taxunwm, ytobu [a, b]J=[—N, Nl u
F(=N)+1—F (N)<e/2.

Gyukuno Xo,(X) NPOAOMKMM TNEPHOAMYECKH 33 Npejess OTpe3ka:
[N, N], u, paanoxuB ee B paBHOMEPHO CXOAfIluiAcH pal Pypee,.

it
BO3bMEM €ro OTpe3ox h(x)=£c,e ¥ Tak, yTO6H
{k}

[h(x)— X2 (0)|<e/2, xe[—N, N].

Orciona nonyuaem

N
fir—xos @iaF < - [ dF(+F (=M +1—F)<e].
—N

13.38. [IpumMep (xapakrepucTHueckas GYHKUHA HOPMAaJbLHOTO-
pacnpenenenun). Buuncaum meTErpan

i (t)=% S‘ eit*e—*" dx— ‘Scos txe—*"dx.
[MrTerpupys no wactam, Hafinem

JO)=t"" j edsintx=t"'e*sintx|g +
0

+ ! IS sintx-2xe—="dx—2t"" (; xsintx e—*"dx.
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‘C nmpyroit cTOpoHH, AudpepeHUHpYs NMOX 3HAKOM HHTErpasna, HaxOXHUM
e‘7’(t)=—jxsintx-e—"dx.
0

TakuM obpa3om, anr J (f) nonydaeM auddepeHunanbHOe ypaBHEHHE

' (H)=—(1/2)t (£)

‘€  HAyaJbHBIM YCJOBHEM J(O):Se“'dx=1/:?/2. Ilopenns Ha
Z (t), umeem °
')/ (H)=—(1/2)t uu (InT (£))'=—(1/2)¢,

'OTKyJZa
Ing (t)=—(1/4)t*+c, & ()=exp(—1%/4)-Vn/2.

XapaxTepucTHyeckaf QYHKUHA CTaHAAapTHOrO HOpMAaJLHOro pac-
TIpeJeIeHHA:

o

—_ 1 [ pitrg—mgy—_2_ '\ —g—t1/2
¥ (2) wo= Se e/ dx e J(tV2)=er

13.39. 3angaua. I[lycts F(x), BoamoxHo, Heco6cTBeHHasn ¢.p.,
Y (f) — ee xapakrepucTHueckas ¢yHkuus. IlokaaaTh, uto P (f) He-
:NpEepbIBHA B HYJIE:

v()=\ eit*dF () > F(o0)—F(—o0), t—0.

9O —(F (w0)—F(—oo))|< { lers—1]dF ()<

A
< \ 16t —11dF () +2(F (—A) + 1 — F (A)).
—A

Ycrpemass ¢ Kk Hymo, 2 aateM A K oo, nonyuaem tpebyemoe.]
13.40. 3anaya. Jloxa3ath reopemy HEnpepul8HOCTU IR Xapak-
TepHCTHUECKHX OYHKuuik: ecan F,=F, 1o Ya(f)—>y(f) npH Bcex
t+#0; o6paTHO, ecaik nocleaoBaTeNbHOCTh X. §. Yau(f), n=1, 2, ...,
CXOAMTCH npH Bcex { K HeKoTopoMmy npeneny ¢ (f), To F.=>F, rae
F — BoamoxXHo HecobcTBenHas ¢.p. (T. e. F(—o0)>0 umr F(o0)<l,
MJIH ¥ TO K Apyroe). [IpeanenbHas ¢.p. — coGCTBEHHAR TOrA2 H TOJMb-
KO Toraa, koraa ¢ (f)—1 npu {—0.
[YcranaBnupaercs ananoruuno 13.27—13.29.]
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13.41. 3angava. Iloxa3sars, uToO xapaxTepHCTHuUeckas QYHKUUA
PaBHOMEDHO HENpPEpLIBHA.

[19(t)— bty 1< [ 1eite—eitir|dF (x)= [ |ertt—tar—1]dF (),

nanaee, kax B 13.39]

13.42. 3anaua. Ecim M|X|® KoHewHO IpH HEKOTODOM HATy-
‘PanBHOM N, TO CYWeCTByeT n-n npou3BogHas WM (f) u ¢ (0)=
= (if)"MX". Ilpoussoanas ‘" (f) paBHOMEpPHO HENpEpHIBHA.
[Vcranasausaercs anamoruuno 13.30.] :

13.43. 3agaya. Ca. B. Xa, n=1, 2, ..., He32aBHCHME, OAHHAKOBO
pacnpenenent, M| X, | < oo. [Tokaaats, uto n=! (X; +. . . +Xp) =>+MX,.
[Ycranasausaercs anamoruyso 13.31]

1344. 3anava Jloxa3aTb, NPUMEHAS TEOPEMY HENPEPRIBHOCTH
13.40, yenTpasvnyo npedeabHyio TeopeMy AN HE3ABHCHMHX OAHHA-
KOBO pacnpejeNeHHHX cJaraeMux: nycte X, n=1, 2, ..., He3aBH-
CHMH, OAMHAKOBO pacrnpejeneHH, uMmerotT KoHeunwe MX;, DX,. Iloka-
33Th, YTO MNOCJAEA0BATENLHOCTh HEHTPHPOBAHHWX H HOPMHPOBAHHBIX
<ymm (X;+ ... +X,—nMX,)/V/nDX, cxXORHTCA NO pacnpeieNeHHIO
K CT2HAAPTHOHX HODMAJBLHOH BEJTHYHHE.

[Tonoxum ¥, —(X,—MX,)/VDX,, i=1l, 2, ..., Tak a0,
' X+ - . . + Xo—aMX,) VDX, =(Y, + ... + Yo\ V.
flockonsky MY,=0, DY,=MYi=1, To (cM. 13.42)
Me!®s=1—1%2 1o (t%),
Mexp (it (Yy+ ... + Y)YV r)=(1—122n)+o0(1/n)",
YTO CTPEMHTCH NpPH n—»o0o K e~!/? — xapaKTepHCTHUECKOR OGYHKIHH

CT2HAAPTHOrO HOPMAJbHOIO pacrnpejeneHHs.]
3anucas yrBepxaenHe 13.44 B Buse

[ 128

‘Fx.+...+xn(M+x0Vﬁ-)—»(D(x), n— oo, a=MX,, 0’=DX,,

IIDHMEHHM €ro AJIA KOHEYHHX, HO «b0aBIIMX® 3HAaYeHHH 1, 3aMEHHB
3HaK CTPEMJIEHHN HA IIpH5JIH)KEHHOE PaBEHCTBO:

1"47:,-+-...-+-1:,I (M+XU VE) = O (x),

Fxt..+x, 4) = @ ((y—na)/(o Vn)).

[Ipexxne Bcero OTMETHM BaXHOCTb 3TOR (OPMYJH JJS BHUHCJAEHHH.
Haxoxnenne ¢ynxuuu pacnpejeneHus cyMMu O0JBLUOrO YHCIa He3a-
BHCHMHIX C/JaraeMux B SBHOM BHAe B o0leM cJayyae DpeaCTaBJseT
coboii HepaspewnMywo 3aaavy. McnonnaoBanue HOpMaJbLHOrO NPHGITH-
XKEHHSA, KaK [OKA3LIBAET ONKT, A2ET XOPOIUHE DPe3yJbTATH JAaxe NpH
#ebonbwux n. Eme Gonee BaxHO To 06CTOATENLCTBO, YTO pacrnpejene-
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HHe BeposTHOCTeHl cyMMu X;+ ...+ X, 0pH GoJklWHX n onpefensieTcH
(npu6anxKeHHO) Auwn 3HadYeHHamu MX,, DX, u He 3aBHcHT (c TOU-
HOCTBIO A0 NpPHOJHIKeHHs, CBA3aHHOrO ¢ KOHEYHOCTBIO ) OT 4aCTHOro
Buna.¢. p. F(x)=P(o: X (0)<x).

Pe3yasTtar 13.44 nonyckaer naneko MaymiHe o6Go6menrs. Bo-nep-
BHIX, yCJOBHe He3aBACHMOCTH cJa. B. X1, Xy, ... He gBJIAeTcA HeoGXOMH-
MHIM, €r0 MOXXHO 3aMeHHTh HeKOTOPHMH YCJIOBHAMH cinaboi 3aBHCH-
mocTH. MccnegoBanse yc/oBHH 3aBHCHMOCTH, NPDH  KOTOPHIX yJAaeTcs
J0Ka3aTh UEeHTPaJbHYI0 NpelelsHYI0 TeOpeMy JJf CYMM CJYYaiHRIX
BeJIMYHH, cOCTaBaseT OGWHPHHIH pa3fiel cCOBpEMEHHOA TEOPHH BepOAT-
Hoctefi. Bo-Bropmx, ca. B. X, Xj, ... MOXKHO B3ATh pa3sHopacnpeje-
JeHHHMH (X He3aBHcHMHIMH). IlocMOTpHM, Kak Hy»XHo TpaHcdOpMH-
poBaTh JAJA 3TOrO CJy4Yas A0OKA3aTeabCTBO TeopeMul 13.44 H KaKoBu
JNOJXHH OLITh OrpaHHyeHHus HA ca. B. X, X, ... .

Urak, nycts Xy, k=1, 2,...,— He3aBHUCHMHe cjyyaliHnhle BeJHYH-
Hid c ¢. p. Fp(x)=P(0:Xx(0)<x) H KOHEYHHIMH JHCINEPCHAMH
0%, =DX,. He orpanuyupas obmHocTH, npeanogoxum, uro MX,=0,
0%>0, k=1, 2,.... llonaras S,=X+...+X,, sn=(?+...+
+02,)/2 (sp,=(nDX,)!/2 B ciiyuae OAHHAaKOBO pacrnpefeJeHHhIX cJa-
raeMbix), TOCMOTPHM, KaK MOXHO ofecneydTh CrpaBeAJHBOCTh YTBep-
HKJGHUA

an/,n (x) -0 (x), n-—» oo,
VimeeM
Meusn/sn_:n Mem/"l)x’l_
h=1

B NpeanoOXKeHHH, UTO §, —- 00 MPH N —> oo
Me'!'n k=1 —(1/2) Bo}/sn + s,

rae rax=0(1/s?;) npr n—»oo ¥ dukcHpoBaHHux { ¥ k. Ecan 6um ocrat-
KaMy rpp, k=1,...,n, MOXHO OuI0 npeHebpeus M eC/H BLINOJHAETCH
ycaoBue

(A) max 0?s2—+0, n-»oo,

TO
e [l 5 ) -on (G- )=

k=1

=exp(2(-—% P o(l) °ﬁ '))=exp(—‘—;+a(1))

(oTMeTHM, uTOo MHOXHTENH 0(l) noa 3HAaKOM CyMMH Malh paBHOMeEp-
HO no k<(n, a nepexon K Jorapudmam 3aKOHEH, €CJIH 7 JIOCTaTOYHO
Benuko). TpeGosanre (A) paBHOMEpHO#t MallOCTH AHCNEPCHR 0)% k=
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=1,...,n, cnaraemux Xj,..., X, OTHOCHTEJLHO AHCNEPCHH 52, CYMMHl
Sa=Xi+...+X, ABIReTCH, KaK BHAHO, HEOGXOAHMHM AJ5 NPHMeHe-
HHA CXeMhl J0Ka3aTedbcTBa 13.44 (B ycaoBusx 13.44 oHO BmIIOJHEETCH
ABTOMATHYECKH, TaK Kak 0%, =o?=const).

M3 npoBeneHHHX BLIKJ2ZO0K JIETKO YCMOTDPETh, YTO cJeAyloniee Tpe-
H0BaHHe

B) Y irml—=>0, 1>
k1

no3poJser npeHebpeub OCTATKAMH Fny, K=1,...,n, TaK 4TO NPH BH-
nonneduu (A), (B) umeem

Me“s"/’" - e__;-_lzl n— oo,

T. €, MOCJeJ0BATENLHOCTh CJ. B, S,/5,, n=1, 2,..., CXOAHTCH mo pac-
npejelleHHI0 K CTaHAAPTHOH HOpMaJbHOH BeJdHyHHe. B HuXecaenylo-
aHux 3agagax 13.47, 13.50, 13.52 npuBeageHH ycaoBus, obecneyuBalo-
e BHIOJHeHHe TpeGoBanuxm (B), Bmpaxawuiuecys sBHuM o6pasoMm
yepes ¢. p. Fy, k=1,2,....

13.45. 3anaua, Ilycts ca. B. X HMeeT KOHeYHOe MaTeMaTHuecKoe
OXHAaHHe, QyHKUMA g (X) — BRINYyKJa BHH3, T. €. AJR Jwoboro a cyme-
CTBYeT Takoe A, 4TO

g(x)>g(a)+Ar(x—a)

{ans Bcex x, a 43 obaactu onpeneneHus ¢yHKuHH g(x)). BuBectn
Hepasencrao Hencena (BRINYKINX QYHKUHE)

Mg (X)>g (MX).
[B3asts MaremaTHueckoe OXuaaHue OT obex uacTeit HepaBeHCTBA
g(X)>g(MX) +A(X—MX).]

13.46. 3anaua. Ilyets 0<a<f, ca. B. X HeoTpuuaTeanHa. IToka-
3aTh, 4TO

(MX%) =< (MXP)'/8,

[Ecaim MXP=o00, To HepaBeHcTBO TpHBHAJABKO. [Ipy MXP<oo Tak-
xe # MX*<oo (cM. 7.34) ¢yHKuMs g(x) =x" Bunyk/Ja BHH3, TaK
YTO, NPHMEeHN N HepaBeHcTBo MeHcera k ca. B. X®, noayuaem

(MX*)/2 =g (MX®) < Mg (X™)=MX" ]
1347. 3anaua. Ca. B. Xy, k=1, 2,..., HesaBucumul, MX,=0,
MXi=0}, 0<Oh<< oo, M|X,|? < o0, sp=(0% + ...+ 03"
Ilpennonoxum, 4To BLINOAHEHO ycaoaue JIanynoan
© Y M|X,|%s2 >0, n—> oo
k=1
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Hoxaaa'rb, YTO TOrj2a BBLINOJHEHO YCJIOBKE

(A) maxo}fs2—+0, n—> oo,
{k<n})

[A3 13.46 nonyuaem
ok=(MX0)*? < M| X, %,
TaK 910

max o)/s3 << ), 03/s3 0, n-—oo.
(k<n) k; [ n_> ]

13.48.* 3anava. YCTZHOBETH HEPaBeHCTBO

[

k=0

1
{|e“—1|=l ge"'dslglﬂ. Ianee no MBAYKUMM
0

o B |- Bty

2™ ]

_H'(e,. E(“)k)dsk o E=TmiOr

13.49. 3anaua. BuBectn ua 13.48 caenyiomee HepaBeHCTBO AJ1H
XapakTepucTHieckoi DyHRUKE Yx (I) =M exp (itX):

w\(t)—"iwwm)_' mix|lin,

k=0

T/ie Npeano/araeTcd, 410 M| X[m<oo () (£) =dryp (2) /dt*).
[Ans nesoit yacTr HepasencTsa 13.49 umeem c yuetom 13.48

l Se'“de(x)— Z S (ix)* dF, (x)l

Tl XY (it ¢ ltxgm m
< S[er y a2 }dmx)g 2 < 14 ]
—oo k=0

—a

13.50. 3anavya, B ycaosusax 13.47 nokaaaTs, 4To

B) ¥ 1rml—+0, n—>oo,
k=1
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rae _
ran=Me' Xk 1 4 (1/2) t0¥/s?.
[YanrnBas, gro

0=MX,— Suxdp,(x), o2— \ xdF,(x),

3armmeMm

i(t/s,) itx 1 ¢
m f g

o8 )dF,(x).

Sn n

ITpuMenss Hepanencmo 13.48 npu m=3 u cyMMHEDys no &, noayuaem:

k=] —
4YTO CTPEMHTCH K HYJIO NPH n—oc BBHAY ycJoBHA JlanysoBa 13.47
(€).]
13.51. 3anavya. Jlokasatb Teopemy JIxnyHoaa eCclH CJ.
B. X;, X5, ... Heaasucumu, MX,=0, MX,2=0?%, 0<02, < o0 ¥ BHIOJ-

HEHO yCJIOBHE

© Y MIX,|¥s2>0, n—>oo
k=1

TO NpefleIbHOE pacnpejefieEde IMOCAEAOBATENbHOCTH CJ. B, S,/Sn,.
Sn=X1+...+Xs, S%h=02+...+0%, n=1, 2,...,—cranaaprHOe
HOpPMaJbHOe. '
Burekaer wu3 13.47, 13.50 u paccyxieHuit, npeJlIecTBYIOLIKX 3a-
lave 13.45.]
13.52.* 3apnaya, 3amenun B 13.51 ycaosue (C) na ycaosue Jun-
debepza

(D) ) X dF, (x)—~0, n— oo,

npu Jio6om e>0, nokasaTh, YTO BHINOJHAIOTCH COOTHOmEHHR 13.47
(A) u 13.50 (B) u, crenoBaTeNbHO, NpefebHOE pacnpefeseHHe Mo-
CJIe0BaTeJbHOCTH CJ. B. S,l/s,l—craﬂnapmoe HODMaJsHOe.

o= | wdRw+ | wdRw<es+ | adR@.

{Ix[<eEsp) {Ix|>es,) { x|>es,)

YuKTHBaA, YTO MaKCHMYM K3 NOJOXHTEJNbHHX HHCEJ He NPEBOCXOAMT
HX CyMMBI, I0Jy4aeM OTCIOAA

max o2/s2 e +£ s x2dF, (x),

{k<sn) k=1{|x|>es,}

OTKyAa caenyet cooTHouenue 13.47 (A).
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B npeacraeaenuu (cm. 13.50).

' 292
Fap= S‘ (el(!/sn)x__l__ itx +_;_ ts: )dF,.(x)

pa3obbem 06/1acTh MHTEPHPOBAHMA HAa yacTH |X|<eSn H |X|>ESn H
3aMeHHM MOAYJb NOABHTErpajbHON (YHKIHH COOTBETCTBEHHO Ha (CM.
13.48 npu m=3, 2).

(1/31) | £x]3/s%.< (1/31) ] ] 3%?/s2,

M Ha
fxfs, _ | __ itx fix? f3x?
¢ Sn * 25: o s:
CyMMHpY® no k, noayyaem
n t a tl n
Vi< + £ dF, (),
k=1 ) " k=1 x)>esp)

'0TKyaa caeayer cootHowenue 13.50 (B).]

13.53. 3anaua, [loxka3aTh, yto ycioBHe Jluugebepra 13.52 (D)
BHINIOJIHAETCA B NPEANOJOXKEHHAX 3anau 13.44 u 13.51.
[B cayuae 13.44 ycaosne (D) CBORHTCH K COOTHOIIEHHIO

{ #dFm—>0, n—o,
{ix)>ea V'n}
a B cayuyae 13.51 oHO noayvyaercs H3 OLEHKH

x’th(x)gul j' [x[’dF,.(x).]

{ixi>es,} lix;>es,}

13.54. 3axaua. Bocnoas3oBasmucs, teM, uto N sin(x/N)—x npu
N-»oco paBrOMepHO Ha J1060M OTpe3Ke, BRIBECTH H3 TeopeMh Beitep-
mTpacca o NPUOJIHIXKEHHH HenpepHBHOM (QYHKIHH MHOrOuJeHamu (CM.
8.11), yTo HenpeprBHas Ha oTpe3Ke QYHKUHA MoxKeT ObITh PaBHOMEp-
‘HO npubanxKeHa QYHKIHAMHE BHAA

h (x)=z e,

{k}

TAe Iy-— AefCTBHTEJbHHE YHCJI3, 2 npoberaer KOHeYHOE MHOXXECTBO.
‘Onupascs Ha 3TOT pe3yJbTaT, NPOBECTH 33aHOBO JAOKA33aTEJbCTBO
yTBepxkaeHun 13.37.

[Beuay Teopemn Beiiepmitpacca AOCTATOYHO INOKa3aTh, 4TO GYyHK-
uusAMu A (X) MoXHO npHOJH3HTH PABHOMEPHO MHOTrO4YJIEHH, a AJf 3TO-
ro, B CBOK OY€peAb, AOCTATOYHO MPOBEPHTH, UTO JOOR OAHOUJIEH X™,
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a=1, 2,..., npubJHxKaeTcs paBHOMEpPHO Ha JI000M oTpe3ke QyHKUHSA-
mu k(x). Ho
Nnsin(x/N)r—»x", N—»oo,

M OCTAeTCH 3aMETHTh, YTO
sin x= (ei*—e—ix) /2.

B nokasateanctBe yTBepxkaeHHsa 13.37 ccuaxy Ha cBoiicTBO psAOB
Pyphe Ha/lo 3aMEHHTh CCHUIKOH Ha TOJBKO YTO YCT2HOBJEHHHIH pe-
3yJbTarT.|

13.65. 3anaua. Busect caenywoumyio ¢opmyly obpaiutesns AJas
UeJOYHCJAEHHOH CJI. B. X:

pr(my= 5 { b dt, e ()=Meitx

T

[ emapetyar= §2 Px (k) eittt—n) dt —
ok

-—Tt k)

—I

T
=Y px (k) [t dt=py(n)-2m,
(k)

rAe MNOYJEHHOe HHTErpHPOBaHME 33aKOHHO BBHAY paBHOMepHOI CXOQH-
MOCTH Dsfa.]

§ 14.
MAPKOBCKHWE MOJEJ/IX

MHorxe MogeaH Ipoueccos, ¢ KOTOPRIMH MH [103H&-
KOMHJHCh Bhlue, 00J1aAaJ M MAPKOBCKUM CBOLUCTBOM, UM CBOHCTBOM
OTCYTCTBUR nociedeldcT8uA; NpH (PHKCHPOBAHHOM <«HACTOSALIEM® &IPO-
waoe» ¥ «Gygyuiee» mnpouecca (ycJOBHO) He3aBHCHMBL Ilpouecch,
obaajapouHe 3THM CBOHCTBOM, GHJM Ha3BAHKW MapKOBCKHMH. JBOJIO-
LMI0 MapKOBCKOro npounecca yaAo6HO npeiacTaBJaAaTh ceGe B BHAE Tpaex-
TOpDHH B «(azoBoM npocTpaHcTBes & — obOlEM MHOXECTBE 3HaueHHIl
cl. B. X;(w), teT. Bechma yacTo TOBOPAT O «CHCTEME®, COCTOAHHE
KOTOpO¥M ONHChIBAeTCH TOuKoR x&%, u uurepnperupywr X:(w) Kak
COCTOSIHHEe CHCTEMH B MOMeHT BpeMeHm f. Tor ¢akT, uTO rmpouecc Ha-
MEHEHHA COCTOSHHH HauHMHas c Joboro MoMeHTa BpeMeHH [ 3aBHCHT
Jullle ot X;, WAH, HHaue, BCA 3@BHCHMOCTh OT NpeRHCTOPHH X, S<f
32KJIOYeHa B 3HaueHHH X, AeJaeT ONHCaHHE MaDKOBCKHX IIPOLECCOB
OTHOCHTEJILHO NPOCTRIM: HeoOXOAHMMO 3HATh JHIWIb <«JOKaJbHhHE» Xa-
PAKTEDHCTHKH ABHMKEHHS IPH CABHre Ha GeCKOHEYHO MaJjoe BpeMd,
€ciH { HenpepHIBHO, ¥ Ha OAMH lIar, ecJ¥ BpeMs NHCKpeTHO. Haunem
c HauboJiee NMPOCTOro cayuas, Koraa & -— KOHeYHOe HJIH CYETHOE MHO-
xKectBo, =0, 1, 2,... . 3To Taxk Ha3nBaeMbale MAPKOBCKHE LENK C AllC-
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KDETHHIMH MHOXECTBOM COCTOSHHI M BpemeHeM. IlepeHyMepoBaB MHO-
XecTBo &, yro6Ho B 3TOM cayuae NPHHATL B KauecTBe ha3osoro npo-
CTP2HCTB2 MHOXECTBO HOMEPOB (NMOAMHOXKECTBO LEAHX uHcen).

[IpeanonoxuM, uto nocaeaoBaTensHocTs ¢, B. Xn, n=0, 1, 2,...,
ofpa3yer MapKOBCKYI0 LE€ML C HEKOTOPHIM MHOXECTBOM ULEJHIX HHCEN
J B KauecTBe NPOCTP2HCTBa COCTOSHMK. JTO 03HAUAET, UYTO YCJOBHHE
BEPOATHOCTH

pX,,an.X.....,xn_‘ (inlio- Ly voey bnm)

npy MOGKX n, g, i1, ..., in-1 (TAKKX, UTO Py (£gs -+ -y inm)>0)
AR ST
ABAATCA QYHKUMAMH TOMALKO A, i, 1, in. OTCIORA NETKO CJeRyeT, 4TO
(cM. § 5)
pxh___,xn(im SRR in)=pxn (l) Pu (illio) s pn_1(in “’l—l)-
rae
(pa1]ip)= in1li
Pr (ks1] i) px,m|xk( +1lix)

Ha3nlBAIOTCH NepexoOHbIMU BEPOATHOCTAMU MAPKOBCKOU Yenu 8 MO-
sent k, k=0, 1, 2,... . Ecan dynkuns px(j|i) aaBucur oT k He dop-
MaJLHO, TO MapKOBcKas LenbL HaawBaeTrca Heodnopodwod. C npume-

paMy HeOAHODPOAHWX uemnei Mu BcTpeTHauck B § 11. Jlanee paccmar-
pHBaeM riaBHLIM 006pa3oM OLHOPOAHLIE MapKOBCKHE UENMH, KOraa

pr(ili) =p(jli)=pi; i, jET,

He 32BMCAT OT £ ¥ HA3LIBAIOTCHA NPOCTO NEPEXOOHbsLMU BEPORTHOCTAMU.
Pacnpenenenue BeposTHOCTE#H

Px,()=p ()=pP. iEd,

Ha3bIBAGTCH HA4QAbHGIM pacnpedesexuem MapKOBCKOH UeNH; pg(ip) =
=1, ecn npouecc HauMHaeTcs M3 (PHKCHDOBAHHOrO COCTORHHMA ip.
O6o3nauum

p(fn)szn (0, ied,

pacnpeneneHue aepomnom'ei'{ COCTOAHHA CHCTEMHEI B n-ii MOMEHT Bpe-

menn, n=0, 1, 2,... . CymMupys cooTHouweHue (cM. 5.13)
pxk""'ka (Cro - lkﬁn)szk (lk)p(lk+1llk) - p(lk+n|"k'?n—1)
Mo BceM BOAMOXKHBIM 3HAUEHHAM ipy1, .- ., ik4n—1, TOJYUHM
r-+n—1
Pxx Cin iken)=Py ) X 11 plimiilin)
k' ken k i Y } m<k
Upgrr T penyt 7

¥Yc.10B11bIe BEPOATHOCTH

Px, 1, (10=Px _x, (. Dby, (=p (jl))=pL
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HA3bIBAIOTCH NEPeXOOHbLIMU BEDOATHOCTAMU MAPKOBCKOL yenu 3a n
wa208; B wacTHOCTH, p{})=p;;. W3 dopmyan

ps;l): Z pl.':lpilil e pi

Uiriareensip_y}

n-2'n_1" ‘n_y/

JIErKO CJIeAYIOT COOTHOLIGHH A

piim =Y piplr, i, ke d,
(i}

Ha3blBAEMEIE YDOABHEHUAMU Konmoeopoea—‘lermeua. Ecnn MHoXxecT-

BO COCTOSHMiEt J KOHeuHo, TO, o6pasosas Matpuny &' =|ip{}’ || a3
TIepeXoHBIX BEPOATHOCTEH, NOJyuHM

Fn+m) = g(n) .gﬁ(m),

OTKyAa BHJHO, YTO MaTpHua (" nepexoAHHX BEPOATHOCTEH 33 n wa-
rOB ABJSAETCHA n-H CTeNneHbio MAaTpHUW P =|p;;|| mepexoAHLIX BepOAT-
HOCTEHR 3a OAHH LuAar,
CyMMHpys OCHOBHOE COOTHOLIEHHE
.. C N )
px,,xl.....xn(‘ov by ooen B)=P0P ;P

ta n_1'n
N0 BeeM im, 0KM<Cn, xpoMme in, ..., in, 0SSN < ... <M<, TO-
JYYMM clepylollyio opmysy ANM  KOHEYHOMEPHBIX pachnpejeeHHi
npouecca (n(l)=n;):

i i Y— p{m) p{n—n1) (Rp—np_y)
pxn(l)'xn(Z)-----xn(k) (hv Jas -+ I2) pinl p: ... p .

I1a ’k—lik

Haxkonen, otmeTM, uTO ecan pyj, [, jEJ, — NpOH3BO/LHAA COBOKYI-
HOCTb YHceJ, TAKHX, uTo 0<Cpy;;<C1 npH Bcex i, j, ¥ ana awboro (7
{pij, [EJ} npeacraBaser coboit pacnpesneieHHe BeposTHocTel la J:

Z pii=1,

{ie}

TO MOXHO Ha HEKOTOPOM BepPOATHOCTHOM mnpoctpaHctee (9, &, P)
Onpese/IMTs MAPKOBCKYK0 KeNb ¢ NMEPeXOAHHMH BEPOATHOCTAMH pij H
JI066IM 33aaHHHIM HauyaawHHIM pacnpeaenesuem (cM. § 6).

14.1. 3anauya. PaccMOTpHM MapKOBCKYK LeNb C MHOMECTBOM
BCeX HEJBIX YHCEeJ B KauecTBe NMPOCTPAHCTBA COCTOSIHHA M NEepexofHH -
MK BEDOMTHOCTAMH pyj, OTJHUHBIMH OT HYJH TOJAsKO npu [i—j|=1.
ITonoxum pi, is1=pi, Pi,i-1=1—p;, 0<p:<1, npu pcex i, Ilycts a<
<b —HekoTopHe nennle uMcna, ¥ obosnauum Qa.s(R), k= (a, b), Be-
POATHOCTE TOro, UTO MADKOBCKA¥ l€Nh, HAYHHAA CBOE [JBHMEHHE K3
TOUKM K, MONajeT paHbluie B @, ueM B b, BuBecTH pekyppeHTHOe ypas-
Henve ana Qas(k), ke (a, b), ¥ pewuTts ero (cp. 3axauy o paso-
pennu urpoka 2.20).
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O6o3nauyum g, (k) BepOATHOCTh TOrO, YTO TPA2EKTOPHA MapPKOB-
ckoro 6syxJAaHHA NONAJET BIEDBHIE B TOYKY 4 HAa m-M lare, He IIO-
6niBaB a0 3toro B Touke b, Toraa

qm(k)zzpki‘pi“‘. v p‘:m_xa'

rie CyMMHDOBaHHe BeJAETCA IO BCEM NYTAM kR—i—ip—...—»ip 1—a
AJHHR M, BeAyUIHM H3 TOYKH B B TOuKy a, MHHys b. Ilpn a+ 1<k<
<b—1, m>1 3anumem

Im (k):z (pk.k—+—1pk—+—1,i. L Pim_l.a‘*‘Pk',;_;Pk_,.‘-_ LI pim_x'“)'

Tak kak nytv k*1—ip—>... i, —q MHHYIOT b, TO moJyyaeM OT-
croaa
Gm (k) =PrGm—1 (R+1) + (1—pr) gm-1 (k—1).

Ilpu k=a+1 n k=b—1 aranoruuno nonyvaem aas b—a>2:

gm(@8+1) =par1gm-1(a+2), m>1, qi(a+1)=1—pay,
gm(b—1) = (1—ps-1) gm-1(b—2), m>1.

CyMMHpys NOJyYEHHBIE COOTHOIIEHHS IO m, IIOJyuiaeM ypaBHEHHE

Y 0 (D =Qas (=1 —p,) Qe (k—1)+ pQas (R + 1)

{m}

c rpaHHyHnIMH ycaoBHaMH Qg (@)=1, Qa5 (b)=0. Pewas ero (cp.
2.20) u nonaras A;= (1—p;)/p;, noayuum npu a<k<b:
b—1

b—1
s =Y rariharz- A2 (1 + ¥ Aapihasz... b))
=k j=a+t1

Jns BeposiTHOCTe# Q5 (k) TOro, YTO TPAEKTOPHA DaHBUIE NONAAET
B TOYKY b, 4ueM B TOYKY @, HMEEM TO e YDPaBHEHHe, HO C JADYIMMH
rpaHMYHEMH  ycaosuamu Qfp (B)=1, Q) (@)=0, otkyra noayuaem
aHaJIOTHYHO
b—1

k
Q::b (k)=(1 + Z }\.¢+ 1A.¢.:.2 s }\./)/(1 + Z ;\-a—H;\-aﬁ—z e }\./)

jeatl j=ad 1

OtmeruM, uto Q) (k) +Qzs ()=1, T2K uTO C BEPOATHOCTHIO | Tpaek-
TOopus OMyXA2HHA BRIXOAHMT Ha rpaHuuy Jwboro oTpe3ka [a, b] u3
J1060i BHYTPEHHEH TOYKH &.]

142. [Ipumep (HeomHOpPORHOe mnpocToe OayXxnaHHe). Mapkos-
CKylo uens 3ajayx 14.1 Ha3nBAaOT MHOTAA HEOOHOPOOHLIM NPOCTHIM
6ayxOaruem. Crenyer, OAHAKO, HMETh B BHAY, UTO €CJH Dr#Pi’ X~
TS 6wl AJ8 OfHOH napw &, k', To paccMaTpHBaeMu npouecc TEPHE
OAHy BaXHYK 4epTy npoctoro 6JyXAaHHA — HE3aBHCHMOCTh IIpHpa-
weHnit, [Tonoxenne Gnyxpawued yacTHUB B MOMEHT N IepecTaer
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6HTh NpegCcTaBHMHIM B BHAE CYMMhl He3aBHCHMHX eIMHHYHEIX CKau-
KOB (HayuHas C Tex 7, AJA KOTOPHIX ZOCTHHMK H3 HauaJbHOro IO-
JOXeHus Te o6JacTH, rAc HapylueHa OJHOPOZHOCTb BepoSTHOCTEeR me-
pexona). Bmecte ¢ TeM, kak Mh Buieau B 14.1, TexHuKa muccaenoBa-
HMA TIpocTOro cayuaiHoro 6aysxiaaHus oTyacTH paboTaeT H B HeOQHO-
POAHOM cJayuae,

Pasbepem xapakrep noBegeHHs TpaeKTOpHR HeoZHOpOZHOro 6.syX-
RaHHA npH n—oo. [lycth Aas onpegeneHHocTH Xy(w) =0. PaceMoTpum
cobutne C=/w: lim X, (0)= —o0}. O6osnauum G, 5 a<0<b. (a,

nA—»o0
b —uenme), cobmTHe, cocTOsIlEE B TOM, 4TO TpaeKropus Xp(w),
Xi(w), X2(w),... ZocTuraetr Touky a paHbwe, yeM Touky b. Ilocaeno-
on

BateasHocTs C,p, b=1, 2,..., Bo3pacTaer x cobutHn C,= U Cap,
b=1

COOTBETCTBYWIEMY BCeM TaKHM TPAaeKTODHAM, KOTOpble KOrga-to Jo-
CTHrapT NoJoXKeHHs . I1lo cBOKCTBY HenpepHBHOCTH BepPOATHOCTH, HC-
nofin3yst 14.1 u nNpHHHMas BO BHHMAaHHe, YTO [IOCJAeXOBATENbHOCTb

C_n k=1, 2,..., ybusaert, C=kﬂ C_:, TmoayzaeM
=1
P(C)= lim P(C,), P(C)=1imP(Ca,5)=
a-—»—oo b=

=Aa+1 . l.-l"’\_r-(l -t A-a+l+;\va—:ll-n+2+ N A+
+Aapr o A AT

A=Y Agh ... A
j<o

Orciona caepyert, uto npu At<oo P(C,;) <1, P(C)<1, a npu At=o00,
P(C,)=P(C)=1.

Ecnu HayanbHas Touka 6JyXAaHMs OTJHYHA OT HYJs, TO BONPOC
CBOJIMTCA K CXOZMMOCTH MJM PacXOZMMOCTH pAja

Y MAerr .o A (Xo(@)=h),
ik

KOTODHI# HMeeT BHA ax-+ PuAt NPH HEKOTOPHIX NOCTOSHHBIX Gy, Pr. ITO
osnauaet, uto P(C)=1 nau P(C) <1 ozHOBpeMeHHO JJA BCeX Ha-
YaNbHBIX NOJOXEHM# (Ham AJa J11060ro HauaJsHOro paclpejelieH ).
XapaKTepHo, 4TO BO3MOXHOCTb NOGHBATL B CKOJb YrOAHO ZaJeKHX
OTpUYATEAbHbLX TOUKAX ONpeje/seTCA NOBeJeHHEM BEpPOATHOCTEH Ie-
pexona px, 1—py B CKOJMb YrogHO RAJNEKHX MAOAOHOUTEALHOLX TOYKAX
YHCIOBOR npsiMoit. PacxoguMocTs psga At o3HayaeT, BHIpPaXanch
-JIpHGJIH3UTEIBHO, YTO NpH GOJLIIKX NOJOXKHTEAbHHX j A;= (1—p;)/py
8 cBoem 6oJbUIMHCTBe =1, T. e. G1yXJalomas TOYKa HMEET TeHJEeH-
UM M3 o6sacTH GOJBLIHX NOJOXHTENbHEIX 3HaueHHH BO3IBpAalaThCs B
Kaxkylo-T0O KOHEYHYI0 OKDeCTHOCTb HauajJa KOOpAHHaT. B uactHoMm
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cayuae pp=p=const npu £>0 (uau npH Bcex X HayMHAaA C HEKOTOPO-
ro) At=oo Torna M TOJLKO TOrAa, Koraa (l—p)/p=1, T. e. p<Cl/2.
BBy cHMMeTPRE 331K nody4aeM, 4To coburhe {©:lim X, ()=
n—>oo

= oo} HMeeT BEPOATHOCTHL 1 uan <1 B 33aBHCHMOCTH OT pPacxonuMoCTH
HJHK CXOMHMOCTH pAna

A=Y A . hy) ", =(—p)ps

i=0
Ecau A—=At=o00, To Gry)aaHHe ABAAETCA OCYUAAUPYIOULUM:
P(o:lim X, (@)= —oo, fim X, (@)=oo0)=1.

n—»oo

IokaxeM, uto ecan At=oo, A~<oo, TO ¢ BEPOATHOCTbIO |
Xn(@)—>—oo n;u n—oo, IlycTs aas onpeneneHHocTH Xo(w)=1. O6o-
3HayuM yeped I (w) — MOMEHT k-r0 BO3BpalleHHA TpaekTopur X,
Xy, X;,... B TouKy 0 fJ TaKMxX @, AJA KOTOPWX TAaKOX MOMEHT Cylle-
CTByeT, ¥ NOJOXHM T)(w)=o00 Aas oCTambHHX o (T. € AJR T€X ,
IAJf KOTOphIx nocaenoBatensHocTs X)(w), X3(w),... comepxur <k
3HayeHHit, paBHuX 0).

Hafinem BeporTHOCTh cO6HITHR {w : T) (0) < oo} Umeem

Pla: Ty @=n)=Y Py Py, - - Pin_yor

re CyMMHDOBaHHe BeJeTCA IO BCeM 3Ha4eHHAM [y, {3, ...,[n—;, HE paB-
HuIM HyJi0. Pa3ofbem cyMMmy Ha aBe

W 33aMETHM, UTO P, =Py, Po,_1=1_Po- a

Zp”l oo Piy 0 =4q,_, (1), Zp_u. o Pip 0 =4 (=1
npeAcTaBJaAOT co60H COOTBETCTBEHHO BEPORATHOCTb TOro, uTo OayXna-
HHe, BHIXOAALIEe M3 TOYKH 1, monajaer BnepBue B Touky 0 na (n—

— 1)-M ware, ¥ BePOATHOCTL TAKOro e COOHTHRA, HO ANR BJAyXKAaHUR,
HauKHawmerocH U3 ToukH —1. M3 ycaosus A+=oco BhiTEkaer, uTO

gq,'._,(l)=1-

a ¥3 ycJoBHR AT << oo CIERYET, YTO

Yo  (—h<l,

n=2

OTKyAa

Plo: T, (0) < 00)=p,+ (1 —p) 2_: g (—h=8<I.
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[lokaxem HHAYKUHEH 1O n, YTO
Plw:T,(0) <ooc) =07

IIpeanosoxumM, yto Aas n—1 yTBepXKiaeHHe ycTaHOBNeHo. Toraa, geit-
cTBy# noAo6HO NpeawaylueMy, 3amHueM

P(@:Tn(@) < 0)=3 Py, -+ - Pry yoPoty, -+ - Pigy i

rae CyMMHpDOBaHHe BeAEeTCA MO BCEBO3MOMNHHEIM B, m, [i,...,Ihim, Ta-
KHM, 4YTO ij,..,[y—; OTJIHYHLW OT HYJH, a CPeAH UHCEa [py1,...,L+m
poBHO n—2 uyas. Paabupan cymMMy Ha NOBTOPHYIO, NOJyYaeM
Pat, - - - Piy_,0 Z Poty,, - -+ Pip, o =
{keiveen-aiy ) {m. Yprreoigem)

=P(0: T, (0) << o0)P(w: Th_1(0) < 00)=8"

O6o3naunB Np(w)<oo umcso Beex BO3BpalueHHit GJyKAaHHN B Ha-
YaJbHYIO TOYKY, HMeeM

Plo: Ny(@)>n)=P(w: T, (0) < co)=8",

Tak 4To P(w:No(w) <oc)=1. Tak xe u aas Ji060# ApPyro# TOUKH K
uncao N, (w) nonajganuit 6/yKAaHMS B TOUKY 2 KOHEYHO C BEPONT-
HocThio 1, IIpoBepum 310 Ans k<0, O6o3Hauum T, (w) MOMEHT nepBO-

ro nonagaius B Touky k. [Tockoasky lim X,(w)=—oc ¢ BepoAT-
n—»o0

HOCcThio 1, TOo T4 (@) <oo aas soboro £2<0 c BeposTHocTh® 1. Jlerko

BHAETh, YTO NOCJAEJOBATEJLHOCTE CJ. B. Y,.=X1k.;n. n=012 ...,

npeacrasiser co6ofi HEOAHOPOJHOE mNpocToe OJyXKAaHHe, HAYuHHAIO-
INeecs M3 TOYKH k M He 3aBHcsulee oT oTpeaka Gayxaanus X, X,
., X-;k. B camom gene, npe k=0, [;=Fk umeem

Plo: X (0)=k, i<m, 5@)=m, Y, (@=L, j<n)=

==Pok,Phshy - - - Pry, kPRLPLL, - - Pty RiER, D <<m.
CyMMHpy® 3TO COOTHOLIEHHE 1O BCEM BO3MOXKHRIM m, ki, ..., Em_
(rze nociienoBaTenbHOCTs ki,...,Rm—_1 HE CONEPXKHT TOUKH k), IO-
JYUHM

Plo: Y (@)=l j<n)=pupuy ... p_1, (h=Fk),
a cymMMmHpysa no [y, ..., [, HaxoauM

P((D H X,-(m)=k,-, i<m, Ty (m)zm)=p0k|pk|kl . pkm-xk'

TakK uto cl. B, Y, n=0, 1, 2,..., e 3aBucar ort,, X, X, ..., ka_

[Tockonsky cit. B. Np(w) paBHsercn ca. B. No'(w)+1, rae Ny (o) —
YHC/I0 BO3BpAILlEHHA B HayaJbHOE COCTONHHE MapKOBCKOi NenH Y, (w),
n=0, 1, 2,..., 10 P(0:Np(0) <o) =P(w: Ny (0) <oo)=1.
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Takum 06pa3oM, MBI IOJYYHJIH, YTO C BEPOATHOCTBIO | liMy,owXn X
X (0) =—o00, Ny (0) <oo, k=—1, —2,,.. . [Tonoxum

X (0) =1iMp o0 Xn (0).

HonyctuM, uTo npu KakoM-aub6o k<0 P(w:X(w)>k)>0. Toraa ¢
NOJIOXKHTENbHOR BepoATHOCTBIO N (w) =oo. [lonyuenHoe npoTHBOpe-
yde NoKa3wBaeT, yto X (w)=--oo ¢ BepofATHOCThIO 1, uTO K Tpeboma-
JIOCh A0K23aTh. _

Beuay cuMMeTpuM 3ajgaum noaydaem, yto npH At< oo, A—=o0

P((D . limn—pmxn(m) =oo) =1,

TlokaxeMm, uro ecait At<oo, A—<oo, TO A N. B. TPAEKTOPHH
HMEET MECTO OAHO M3 JBYX

liMpw Xn(0) =00 1an 1N, e X, (0) <—o0,

npHyeM obe BO3MOXHOCTM HMMEIOT IOJOXHTEJbHHE BEPOATHOCTH. 3a-
METHM, YTO TaK e, KaK ¥ Bbillle, yCTaHABJIHBAETCA KOHEYHOCTh C Be-
poaTHocTbio 1 ca. B. Np(w) — uuciaa nonafaHuil TPAaEKTODHH B TOYKY
k, k=0, £1, £2,.,., CirenoBareinHo, Ha Jo6oMm orpe3ke [a, b] Tpa-
eKTopHs npebGuBaeT ¢ BePOATHOCTbio | KOHeUHOe BpeMf, a NOTOMY, BO-
NepBHIX, Kaxa0e U3 cOOHTHI

liMpve X7 (©) >—00, liMyse X (0) <00
HMeeT HYJIEBYIO BEPORTHOCTB H, BO-BTOpDHX, cobnTUs
li_rzln—vnn Xn ((1)) =—00, HE‘A—M:! Xn ((1)) = 0o

ONHOBDEMEHHO BLINOJHAIOTCH JHKIILA C HYJeBOH BepOATHOCTBIO. TakHM
obpa3oM, AJls 1. B, TP2EKTOPHil BHINMOJHAETCH DOBHO OAHA M3 ABYX
BO3MOXHOCTE#H

liM e Xn (0) =00 KR liMyye X5 (0) =—o00,

Kaxnas ¥3 3THX BO3MOXHOCTEH OCYLIECTBIAETCS C IIOJOMHTEJIbHOM
BEPOSITHOCTBIO, T2K KaK BBHAY ycJoBH# At<oo, A—<oo

P: X;(0)<]1, i=0,1, 2,...)>0,
Pl: X;(0)>—1, i=0,1, 2, ...)>0.

OtmertuM, uto npu py=p=const npu Bcex k=0, =1, +2,,.. paau
At u A- npeactaBasioT co6oit CYyMMH reoMeTpHYECKHX Nporpeccuif co
auamenarteneM (1—p)/p u p/(1—p) coorBercTBerHo. OTciona noay-
YaeM paHee YyXe YCTaHOBJEHHbIE De3yJbTaThl O MOBEJEHHH MPOCTAro
(onnopoaHOro) cayuaitHoro 6JyAaHUS.

143. 3anaua. PaccMoTpHM npocToe HeOAlOpPOAHoe O6ayxaauue,
HayMHalomeecs u3 Kakoi-1ubo Touku ke=[a, b)], a, b — uexanie, ¥ o6o-
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3HayuM Ty (w) MOMEHT NepBOro BhXoAa OJYyXA2HHA H3 OTpesKa [a,
b]. Ionoxum r=[(b—a)/2] +1 u
0= max P(o: 1, (0)>7r).
kE[a,b]
[lokaaaTts, uto

Plo:t>j)<0, j=I1,2 ...,

pa3buBas TpaeKTOPHIO GJYXA2HHA Ha Y4acTKH JJHHOH r.

Otmertum npexae Bcero, uto 0<1. B camom nene, ans 6ayxna-
HHA, HauMHAIOWErocH ¥3 TOUKH R&[a, b], oAHH H3 nyTeH k—k+
+1—>...>k+ruk—->k—1— ... > k—r BLBOAKUT 332 NpEefEJH OT-
pe3aka [a, b]. O6oanauus a,>0 BEpPOATHOCTE TAKOTO MYTH, HMEEM
min a,=a>0, u axs moboro ke [a, b]
k€la,b]

Pl:p@>n=1—Pl:h@<N<]—a.
Janee 3anumem npy j>1
P ((D . Tk ((D) > jr)=2pkllpllil e pl]r—llll'

TAe CyMMHDOBAaHHE BeAeTCH MO BceM NyTaM k—-iy—»ig— ... iy,
He BHIXOAAILIMM 33 Npejetn oTpe3ka [a, b]. Pa3busas Bce Takue ny-
TH Ha JBa y4acTka

k—>-1'1—>- ig—> ... > i(j—ln i(,'_1),—>-i(/_1),+1 - ... >y,

3anuueM cyMMy Kak nostophyw (p(jli)=pi;):
Y o 18) .. pliG-nrliG—nr—1) Y PEG—vrttléi—ns) - Py 1),

rle BHellHee CYMMHPOBaHHe BeJeTcs NO NMyTAM H3 NEpPBOro y4acTka, a
BHYTpeHHee — no nyTAM u3 Broporo. [lockOJBKY BHYTDEHHAR CyMMa
paBHa BEPOATHOCTH

Plo: Tigy_yyr = <o,

TO, 3aMeHHAA €€ Ha 0 ¥ BHIHOCH OIlEHKY 33 3HaK BHeIUHeH CYMMHBEI, IIO-
JAYYHM, UTO OCTAKIAACH CYMMa €CTh

P (@ (0)> (i—1)7),
TaK 4TO
P(0: T (@)= jr) < 8-P(w : 1, (@)>(i—1)7).

IIpumenns HHAYKUHIO, ONyyaeM TpeGyeMblil DE3YJBTAT.]

14.4. 3anaua. O6oanaunm m, cpefHee BpeMA BHIXOJad HEOAHO-
poAHOro mpocToro 6JyXaaHHus, HAYKHAIOUIETOCH B TOuke ke [a, b], u3
otpeaka [a, b]. BripecTu pexyppeHTHOe ypaBHeHHe AJA M.

[OTmeTuM, uTo BBHAy 14.3 Anf XBOCTOB DACNpEAENEHHA BPEMEHH
Tx BBIXOJ1A M3 OTpe3Ka [a, b] HMeeM QLEHKY

P(o: 1 ()> <P n@>[r]n<e"", r=[(b—a)2] +1,
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TaK uto my<oo. Jlanee 3anuiueM npu nesaom ¢
P((l) T T ((D)> l)=2 Pri,Piyt, - - - p,t_lgt R

rle CyYMMHpOBaHHe BejeTcs No BceM NEAWM iy,...,[ U3 oTpe3ka [a,
b]. Pa3busas npu a+1<k<b—1 cyMMy Ha ABe, npHBEJEM ee K BHAY

Pr Zpk—H.l. - Pyt (1 —Pk)z Pre—tig--- Pty 4y =
=pP®: a1 (@) >t—1D+(1—p)P(0 : ey (@) >E—1).

CymMupys no ¢, noayuuM (cm. 7.3)

m, =§ P(: 5 (0)>1t)=1 +i Po: 1 (0)> )=
=0 t=1

=1 +p,2- P(o: r,+1(m)>t—1)+(l—pu)§ Plo: iy (@>t—1),
t=1 -1
HJH

my=1+pmp+(1—p)ymey, a<<k<b.

TouHo Tak »e BHIBOASATCA COOTHOIWUEHHS A8 kR=a ¥ k=b, KoTopHe
CBOAATCH K NpPEABIAYLIEMY, €CJAH NONOXHTb Mg_;=Mpy1=0.]

l'oBopaAT, uTo My, a<Ck<(h, ABAfeTCHA peElUEHHEM ypaBHEHHE my=
=14pump1+ (1—py)mMy—y ¢ rpaHHYHBIMH YCJHOBHAMH Mgy |=Mpy =
=0. PeweHue 3TOro ypaBHeHHs NPOBOAMTCH B 3agauax 14.5—14.7 u
OCHOB2aHO Ha cJefyiouiedt obumeir uaee. Ilycte m,* — kakoe-TO pelue-
HHE YKa3aHHOrO ypaBHeHHs (koTopoe OHO 6n nerko Ha#TH B ABHOH
cdopMe), m, — HCKOMoe pelieHue H x, =m,—m,*. OueBHAHO, Xx YAOB-
JIeTBOpAET OJHOPOJAHOMY YPaBHEHHIO

Xn=PXit1+ (1 — pp) X1

C rpaHHYHLIMH YCJIOBHAMH x,,_.lz—m;_l, xb.+1=—m;+1, rjpe m;_l. m;+|
HaM HaBecTHn. Ho pemreHue 3TOro ypaBHeHHS C 3aJaHHbBIMH TIpaHHY-
HBIMH YCJOBHSMH yxXKe He coctaBaser Tpyaa (cm. 14.1 u 2.20).

145. 3anaya, Haiitu peweHne my* ypaBHeHHs 3ajgaux 14.4 c
TPaHHUYHLIMH YCJOBHAMH Mg =My=0.

[TTepenuceiBas ypaBHeHHE B BHJe

My— Mgy =y (M1 —m) +pt, M=(1—p) A,
H YUMTHIBas YCJOBHS M, =m,=0, nolyyaemM AJns ero peiueHHs m*
COOTHOIIEHHS
k—1

m;— m;+1=2 Aklk_l . Ai+1pl.’"+pk_l, k> a,

i=a
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rie CyMMy Mo NyCTOMY MHOXECTBY HHAEKCOB CHMTaeM paBHOR HYJIO.
CymMupys no k ot a no i—1, Haxoaum

1 k-l
—m; =k2= (z Ahe—y ... }.,+|p',"‘+p;‘), i>a. J

j=a
14.6. 3anaua. Hality peluenne ypaBHeHHs
Xe=ppxei1+ (1 —p) a1, kE[a, b,
C rPaHHYHKIMH YCJAOBHAMHU Xo1=0, Xy =X.
[Ananornuno 14.5 umeeM

Xpy—Xpp1=Ahp—1... MgX,, kZ>a,

x,=( 1+ 2 Z.hkk_l.. .. }.,) X, i>a,
kR--a
x=be|=(1 + f: Aghp—y ... A,) Xa,
k=a

x,.=(1 + gmk_, . A,,) (1 + kz::amb_, ... x,)-'x.]

14.7. 3apaua. Haiitv pemenne my ypaBHeHEs 3anaud 14.4.
Wckomoe peuleHue paBHO my=m;+ X, TAe m, onpefeneHo B 14.5,

a x,—8 14.6 mpu x=—m,,, TaK 4rO

k—1  i—1 R—1
m=—Y (2 Arhig ... A,-.,L,p,.—l+p,—l)+(1 + ¥ At }.,) X
=g j=a

{—=a
b . b i—1
X (1 + ¥ Ao ;.,,) ¥ (Z Ahicg - ne }.,-+.|p;“+pl.-‘), k> a,
i=a i=a j[=a
C TeM COrJaueHHeM, yTo CyMMa N0 NYCTOMY MHOXECTBY HHJAEKCOB
paBHa Hyawo. [as nocheayooulero HcnoNb3OBaHHA nNepenuiieM 3Ty

¢OpMyJIy Gonee KOMNAKTHO, noJaras 0,:1515—1 . Am S>a, oa—l=l:
k—1 i k—1 b 1 :

m=—YF oy o't ¥ o ¥ o) Lal ot k>a]

I=a I|=a l=a—1 i=a—| i=a j=a

148. 3anaua. PaccMoTpuM 3ajauy o pa3openun urpoka 2.20, no-
Jaras B NPEAnAYIIMX COOTHOMIEHHsXx Pr=p=const, a=1, 3amensn b
Ha b—I1, Tak YTO OKOHYaHHEe HIPH NPOHCXOAHT, KOrja TpPaeKTOpHA
NpPoCTOro OAHOPOAHOro OJyXAaHKA, BHIXOAAUlAA M3 TOUkH Re[l, b—
— 1], nonaaaer B oaHy u3 Touek 0 umau b. Busectu u3 14.7 caenyio-
mue ¢GopMyasl AR CPEAHEro BPEMEHIH NPOAOJKHTENILHOCTH HIphl
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k
my=k (b—k), p=—i My=——"r—

1—2p
b 1—((1—p)/p)* 1
L-2  1—((1—p)/p)’ PF
k-t i , — 1 k—1 , )
_ ——p l——— __p 2
(==X (=) "5+ E ()
i=1 j=1 =

(L)) R

ITycts, Hanpumep, p5£1/2, Toraa nepBoe M BTOpOE CJaraemnieé B BhI-
paeHHu AN my npeobpa3yrOTCH COOTBETCTBEHHO K BHAY

k—1

e D) )t
() 1)
(55270 (52 -1) '
(5 ) )

CknaanBas, nonyyaem TpeGyemMoe BpaxeHHe.]
149. [Ipumep (cpeanee BpeMs JOCTHXEHHE B HeOJHOPOAHOM
[ 8

6ayxaarnu), PaccmotpuM cayuait A+=y Agh, ... Aj=n00, Korjaa c
i=0

BeposTHOCThIO | 6ayxjande jpoctdraer jdwo6oit TOuKM cJeBa OT Ha-

» b
yansHoi, Beegem ca, B. Tk, Tk, paBHHE COOTBETCTBEHHO BDEMEHH
Ao BhIX0Ja M3 oTpe3ka [a, b] u nepBoro nonajands B TOYKY a—I anas
6ayxaaHus, HauHHAKOWIErocs u3 TOYKH ke [a, b]. IlocnenoBartens-

HOCTh CJ. B. Tﬂ'b, b=k+1, Bk+2, ..., He y6GHBaeT H C BepOAT-

HOCThI0 | cxoautcs k Tk, Teopus, wuantoxexsas B § 10, ycTaHaBJIH-
BaeT 3aKOHHOCTh IpeAesbLHOro nepexojia 1ojJ 3HAKOM MAaTEMaTHYEeCKO-
IO OXHA2aHUA

lim MT53 P =MTE << oo.

b

ChaejosatensHo, Aas BuuKcaennss MTi; MOXHO nepeiTH K npejeny B
dopmyne 14.7 ans MTE"’=mk. IlpeanonoXHUM, YTO CXOAHTCH DAL

Z o7l pi=8 < co.

i~a
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O6o3Hauum S, ero 4aCTHYHYIO CYMMY M NOJIOXKHM

TaK 4TO
k-1

k
=_z Zo—lp—1+ S‘Il oLhmA

i—=a j==a i=a—1

(rme cymMma no nycToMy MHOXECTBY MHZEKCOB NOJaraercss pPaBHOM Hy-
a10). ITockodbKy At=o00, TO

n
lim Z 0;=o00,
n—oc

i=0

a BBUAy KOHEUHOCTH Npejeaa 4acCTHYHRIX CyMM S, Jierko BeIBeCTH, YTO
lim A,=1lim§,_,=S.

Takum 06paaoM, C YyueToM oa_1=1, o‘-=AL-M_1 e Agy I 220, uMeem
): 0¥ op'erit ¥, oY opari=F o ¥ ot
=a j=a i=a—1 j=a i=a J=i-;
+£ o—1p = Z y o"’p—1 T T (Airthien ... A,-)—lpr’

i=ng—1 1—|+1

~-1 ]—17-1

M3 noayuenxoit dopMyJinl, B yaCTHOCTH, BHHO, 4TO CpefHee BpeMsf
JAOCTHXEHHA TOUKHM a@—1 M3 Touki k CKJajbiBaeTcs M3 CYMMhl Cpen-
HUX BPEMEH JOCTHXKEHHS TOYKM [ M3 TOukH i+ 1! no i ot k—1 no a—1.
ST0, BNpoyeM, Jerko NOHATh ¥ 6e3 BhiuMcaenuit. [Tycts OayxaaHue
BHIXOJMT M3 TOYKH k, 0603HauuM T;(w) MOMEHT NEpPBOr0 JOCTHXEHHHA

Toukd k—j, j=1, 2,.... CTaHiapTHbe paccyXJAellHA TOKa3uBAIOT.
uTo npu JwGom j orpesok Gayxaanus X,, X;, ..., X;; He 32BHCHT
OT NOCJIeJOBaTEeJNLHOCTH CJ. B. Y,‘=Xrl.+,., n=0,1, 2,..., Kotopas

npeactasiiser coboit 6ayxaaHKe, HAUMHAKOILEECH H3 TOYKM k—j (cM.
14.2). Ca. B. r,+1 1:,- €CTh BpPEMSH [0 NepBOro JOCTHXKeHHA OJayxjia-
Huem Y,, n=0, 1, 2,..., Touku k—j—1, a ca. B.

k—a

T: = Tk_a.+.1=z (Ti—l_Tj)v To=0,

/=0
npejcTaBMMa B BHJe CYMMh! CJyYaWHBIX BEJHMYHH, HMEIOIIMX pacnpe-
JleJIeHHA BEPOHATHOCTEH BpeMeH NOCTHXKEeHHS COCTOAHHMA i—] M3 i no
or £ o a. IIpuMenss onepauxio MaTeMaTHYECKOro OXHAAHHA, NOJy-
yaeM Tpebyemoe.

Ecau ycnosue S<oo He BunoJjiHseTcs, To lim A,—=oo u MTi=o0

n—»c

289



npu Bcex k>a, B yacTHOM cayuae ORHODPOZHOro GNyXAAHHA py=p<
<1/2 umeeM ANA cpefHEro BpPeMeHH JOCTHXEHHA cOcCeZHeHl TOUKH
clleBa

MTz= Z o pi=1/(1—2p),

i=a

a npy p=1/2, MTa==00. 3T pe3y. bTaTh OLIK NOJyYeHH paHee B
§ 11, 12, MluTepecHo nocMOTpeTh, UTO A3aeT B HEOAHOPOJAHOM cJjydae
METOA, NpHMeHeHHHt AR Haxoxaenus MTg B opHopoaHOM Gayxaa-
HHH. MMenHo, nycTh pp<Koo ecTh cpejHee BpPeMs ZOCTHXKEHHS TOUKM
k—1 u3 Touku k. Ecin nepBwit war caenaH HaJeBO, TO HA BCEX TAKHX
TPAEKTOPHAX BpeMs AOCTHXKEHHS TOukH k—] paBHO !, a cyMmapHas
BEPOATHOCTh 3THX TPAEKTOPHH paBHa 1—p,, Tak 4TO BKJaj B Bhipa-
}ende anas pa cocrasiaser !-(1—p,). Ecniu nepeuit war cpenad Ha-
npaBo, To, 4TOOL JAOCTHCHYTh TOYKH k—1, Hago cHavaja u3 k+1 mno-
nacts B k, a 3atem u3 k£ B k—1. CpegHee Bpemsa paBHO cyMMe cpej-
HHUX Mps1+ Ma, 8 YYHTHIBAA H NepBulil LIar Hanpaso, NoJyvaeMm ypas-
HeHHe

Re=1—pp+ pe(l + px + Br+1),
WIK
He==1{(1 —pu) + (Bp/(! —Pp)) R r+1-

HUTtepupys, Haxoxum

o
— —1p—1 —1 .
m=Y o7p; ! + o .
i=k
ST}{ PacCyXI€HHsl JIerKO CAEJIaTh BIIOJIHE AKKYPAaTHHIMH, HCIIOJb3YH

yXe NPYMEHSABIUYIOCS BHILE TEXHHKY BHBOJAA PEKYPPEHTHHIX COOTHO-
IIeHH#, OfHAKO, uTOOK MOJYUYHTh OTCIOAA BepHyIo GopMmyay

L
] k
pl'—:Z u[ lpi l=MTk.
i=k
Tpe5ye1'ca OTAEeJBHO JAOKa3HWBaTh, YTO U,TIPA—H"'O B Ipeanojoxe-
HHH, UTO DAL AJNA Wy CXOXHUTCH.

14.10. [Tpumep (npouecct I'ansrona—Bartcona). Ilycts p;, j=
=0, 1, 2,..., — pacnpejeseHHe BepPOSTHOCTEH Ha MHOMECTBE LEJBIX

HEOTPHUATEbHLIX YHCE, @(s):X ¥p;, 0<{s<<1, — ero npous-
j=0

Boasmasn Qysxkuus (n. ¢.). Onpeaenum MapxoBCKYIO Lellb C MHOXECT-
BoM coctosukit I={0, 1, 2,...} ¥ nepeXxoAHHIMH BEPOATHOCTSAMH, Onpe-
AensieMbIMH M3 COOTHOIUEHHH

Y sip=(@ ), i=1, 2 ..., pp=L.

i=0
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TIpu i>0 pacnpepenesue BeposTHocTe# pij, j=0, 1, 2,..., npexmcras-
aser coboit pacnpejeseHde CyMMH { HE3aBHCHMHIX OJHHAKOBO pacrpe-
JAeJIeHHHIX CJAYyY2aHHLX BeJHuHHE c I §. P (s). MapkoBckyl Lenb
Xy{w), Xi(w),.., c NepexoaHLIME BEPOATHOCTAMH p;j, ONpEeJEJEeHHH-
MM BLIIe, HHTEPNPETHPYKOT KaK HEKOTODHIH Ipouecc pa3MHOMKEHHH
YaCTHL, NPHE KOTOPOM Xnii(w) ecThb YHCJAO NOTOMKOB X,(w) YacTHI
npeALIAYLIEro NOKOJEHHH, KOTOphle Da3MHOMAKTCR HE3aBHCHMO H C
OHHM K TEM XK€ pacnpejeseHHeM BeposaTHocTeR p;, j=0, 1, 2,... .

Haitnem n. ¢. BepoATHOCTeii nepexoja 3a n waroB. [Ipp n=2
HMEEM

Z Pl(/z)si=z 2 PirPuis' =2 plhz Pris' = Z PP () =(P (@ (sN)-
e 0 j=0 k=0

j=0 k=0 k=

[To uHAYKUKHE nOnyyaeM o6uyi0 GOPMYJITY
Z pl!l'.‘)sl'=(c‘/°(c7°(. LP(S) L)), i,
i=0

rAe cnpaBa CTOKT i-KPaTHAM CyNepno3uuus QyHKUHH P (S).

Cocrosiene 0 paccmaTpuBaemoro 8eTdaujeock npoyecca [aasro-
Ha — Barcona urpaetr ocobyio poJdb. MapkoBckas Uenb, pa3 rnonas B
3TO COCTOAHHKE, OCTAaeTcd TaM HaBceraa. Takoe cOCTOAHHe HA3HBAIOT
nozaoujaiouyum. Korna BeTBRIUMACA npouecc mnonagaerT B NOrJoIN20-
llee COCTORHHE, OBOPHT, YTO OH A6ipo0uUACR. BepoATHOCTb, HTO IIpO-
uecc, HayaBIUKIICA ¢ [ YACTHL, BHIPORAHJICH RO MOMEHTA 17 BKJIOYITE/]b-
HO, paBHa

PR=@ (... (@) ... N =Q).
[TocnenoBatensHocTs cobuThit Ap,={w:X,(w)=0} Bo3pacTaer Kk co-

on

O6uTHI0 A= U A,, 03H2yaUIEMYy, HTO NPOUECC KOrxa-iu6o BHIPOXK-
n=1

naaercs. [lo cBoficTBY HenpepLIBHOCTH BEPOATHOCTH IOJYUY2eM

P(A)=1lim pl®, Xy (0)=i.

Urobn H36exkaTs TPHBHaJbHOCTEH, npeanojaraeMm paiee, uyto 0<
<pg, Pot+p1<], T. e. c NOJOXKHTENLHEOX BEPOATHOCTBIO YaCTHUA IIOTH-
6aeT, He 2B NMOTOMCTBA, K ECTh NOJIOXKHTEJbHad BEDOATHOCTb HKMETb
ABYX Hau Gosee notomkoB. [IponsBoasmas QyHkuua P (s) — BHIYK-
Nas BHH3 GYHKLHA, H, KaK BHAHO H3 pHc. 3D, mocsenoBaTeNbHHE HTe-
paue &, (s)=P(P(...P(s)...)) cxoanTcn npu n—oo ¥ 0<s<! K
TO4Ke Sp— HaHMEHbIIeMy KODHI0 ypaBHeHHA P (S) =s Ha oTpeake [0,
s]. I1posepum ato aas s=0.

Bo-nepBhix, Tak KakK npou3aBoAslias QYHKUKE — BO3PACTaIOLIAN,
T0 Par1 ()=, (P(0)>&,(0) ®, caeloBaTeNbHO,  CyUIECTBYeT
lim &, (0)=p. [lepexons kK npeneny B paBeHcTBe Pnyy(0)= & (P (0)),

n-s>w
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nonyuaem, uyto P(p)=p. Ecau s;=1, TO paBeHCTBO p=S$p
ouesuaHo. Ecnu e §p<1, To, kaKk HETPYRHO NPOBEpHTb, P (s50) <1 u
IIpK §< §p

0 < 59— & (8)=0 (5,) —& (5) < &' (80) (5,—$)-
Hrtepupysn 3710 cooTHoluEiIHE, NOJYUUM
0 < 5,— &0 (8) <&’ (50)" (S5—9).

ITpu 5=0 ¥ n—o0 BLIBOAHM Sp=p.
Ecnn #'(1—)>1, T0 8eposaTHOCTL BbI-
7 poxcdenun p<l. Ecmm % (1—)<l, 70
p<? 7’ (s)<1 npu s<1. HMurerpupys 310 He-
paBeicTBO, Ioayuaem, 4to P(s)>s, s<1,
K, CNeJOBaTelbHO, BEPOATHOCTb BBHIPONKAE-
Hug p=1, Yncno p=%" (1—) ecrp Mare-
MaTHYECKOe OXHLAaHHE HYHCJA2 IOTOMKOB
OAHOM 4YacTHUW B IIEPBOM IOKOJeHHH. Ta-
> KHM o06pa3oM, NpH p<1 mpouecc BHPOXK-
1aeTCH C BEPOATHOCTbIO | mpH mo6GoM Ha-
YaJbHOM 4YKMCIe YacTH (KJAK IPOK3BOJb-

b —

|
|
|
|
|
|
1
s

0 s ; HOM HayaJbHOM pacnpefesNeHHH), NDH u>
>1 c noMoXHTeJbHOR BEpPOATHOCTBIO IIPO-
Puc. 35 uecc HHKOrAa He INonajaeT B noOrjomano-
1ee coCTOSIHEe.
14.11, 3agausa. [Tyers Xo(w)=1, X;(w),...,— BeTBAWHAcH npO-

uecc c n. ¢. P(s). [peanonaras, yro &' (1—) u &" (1 —) koHeuuw,
BHYHCAKTE MX,, DX,.
[Auddeperuupys cooTHOUERHE &4,y (8)=07" (5, (5)), HMeem

Frt1 ()= (P (5) =& (&0 (5)) P s),
Fri1 () =8 (P (5) P (5) + &' (&1 (5)) Pn ().
Ilepexons x npegeny npu s—-1, s<1, HaxoxuM
Fapi(1—)=F (1) Pr(1—), Fo(1—)=8"(1—)"=p",
Frn(1—)=8" (1) P (1—P +& (1 —)Pr(1 ),
Fi(1—)= 8 (1—) § p-n),
i~

1
oTKyRa (cM. 8.6)

Fr(l—)=&" (1—)p @w—1)u—1), p+#l,
Fr(l —)=nP"(1—), p=l,
DX,=&n(l —)+pr—p?n=nDX,, p=1,
DX, =p" (0" —1)-DX /(' —p), p.1l.
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OtmeTuMm, uto OpH u<1 u3 HepaBerctBa (cM. § 8)
P(o: X,(0)=)<MX 7 =pt™
p
BHAHO, 4TO cxoAuMocTn X,—0 BechMma «O6nicTpass. Ilpun p=1 MX, =
:=], IMCOepCHs pacTeT JHHEHHO no n, npu u>1 MX,=u", DX, ume-

eT NOPAJ0K KBaJApaTa MaTEMaTHYECKOro OXHAaHuA. B oboux cayuasx
HCNOJIb3OBaHHe HepaBeHcTBa Yebbiluepa

P (0] X, (@) —MX, [>t (DX,) ) <17

He NMO3BOJIAET OUEHHThL XapakTep NepeMeuleHHs C POCTOM /1 BEpOST-
HOCTHO}1 Maccl ¢ 3aKOHOM pacnpeaeseHus cJi. B. X, ]

14.12, 3apgaua. Ilycts BeposTHOcTHAA n. . $P(s) ApobHO-AHHEH-
Ha: P(s) = (a+bs)/(c+ds). IlokasaTs, uTO pacnpejejeHHe BepOAT-
HocTedi ¢ n. ¢. £ (S) MOIKHO NpPEACTABHTL B BHJAE

pnzapn_-ln n>1l p0=(1_a_p)/(1_p)' @, p>0' [+ + p<1'
Tak uto P (s)=1—a/(1—B)+as/(1—Ps). BuBecTn npexncrasienne

1—& (s)=(((1—s) & (L))" + & (1)@ 1)~
Beipasuts o ¥ p uepea #’ (1), #7(1).
[Mycts £ (s) = (a+bs)/(c+ds). Tak kak 13 ueTnpex ko3dpduuu-
eHTOB a, b, ¢, d OAUH, OUEBHAHO, MOMHO B3ATh JIOOLM (UKCHPOBAH-

HuM (#0), to noaoxum c=1. Ilpu |ds| <1, pasnaras Z(s) B psax,
NONYYUM AJAR ero KO3 (PHUKEHTOB BBIPAXKEHHA :

pn=(b—ad) (—d)™, n>1,

OTKYRa BuAHO, uTo 0<{—d< |, aubo b—ad=0 u #(s) =a. Orbpacu-
Bas cJyyai pacrnpejieseHHs, COCPEROTOYEHHOr0 B HyJ€, NOJOXHM f=
=—d, 0<B<1, a=b+ap>0, TaK uto p,=apf™! npu n>1. 3anucan
ycaoBre P (1) =1, noayyum cHcTeMy Aas OnpefeneHus a u b:

a4b=1—B, ap+b—a,

OTKyAa

py=a=1—a/(1—B), & (s)=1—a/(l —P)+as/(l—ps).

SaeMexTapHue npeo6pa3oBaHHs NPHBOAAT K GopmyJe

1—& () =((1—BPa' (1—s ' +B(l —Pa—1)~".

Kpome ToOro,
& (=a(l—ps)”", & (=221 —ps)"".
& ()=a(1—B)", & (1)=22B(1—p)"",
YTO W NPHBOAMT K TpeGyeMOMY NpeACTaBJEHHIO Aas 1—P(s).
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Haxkowreu, paageaun £”(1) na #'(1), natnem f u a:
=" (1)/28°' (1) + &" (1)),
a=8" (1) (1—By=48" (1/28" (1) +&" ()]
14.13. 3anaua. [nsa BerBsigerocs npouecca ¢ APoGHO-IHHeHHOH
n. ¢., HayHHZIOWErocs ¢ OAHOM UacTHRH, HAHTH pacnpejelieHHe YHcsa
YACTHI B 71-M NOKOJIEHHH,
Tax kak cynepno3uuus apobHO-JHHeRHHX GYHKUHH sABJAETCs, OYe-

BHHO, Apo6Ho-/HHeHHOH, TO A48 Nn. ©. P, (S) uHcA2a [OTOMKOB B
n-M NOKOJIEHHH noJjyuaeM K3 14.12

&an (S)=1 - an/(l _pn)+ans/(1_pns)r
p = 4Pn (12PA (1) +FPr (1)), Ba=Pn(1)/(287 (1) +Fn (1)).

[Toactasass cioaa BuipameHue aas Po’ (1), #,.”(1) u3 14.11, npuxo-
LMM K caelylomuM dopMysaM AJs ap, Ba:

an=(2/2+nd" (1))}, Bn=nd" (1)(2+ nd*" (1))
npu p=1, a npu p+1 umeem

ap=p"((p— Dilp—u))?, Ba=(1—p"(p—n"),
rae p=1—u(p—1)29”(1)-! (p npeacraBaser coboff, KaK HeTPyaHO
NpOBEpHTb, MEHLIIME KOpEHn ypaBHeHMs P (5)=s). Pacnpejenenue
BeposTHOCTe# ¢ 1. . $Pn, (S) nonyuaeMm u3 14.12]

14.14, 3apava. PaccMoTpuM BeTBAWKMiicg npouecc ¢ ApobHO-JH-
He#Hoil n. ¢., HauuHapwuics 43 Toukd 1. ITpeanonoxum, urto p<l
# obosnayuM T (w) Bpems A0 BHPOXAeHHA npouecca (KOTOpPOE KOHEU-
HO ¢ BeposiTHOcThi0 1). HaliTh acuMnTOTHKY XBOCTOB €ro pacupejeJe-
HEA Q=P (0:T(w)>1), tooo.

[[Ipu >0 uesom umeeM

Q=P (0 : X,(0)>0) = 1 —P (X, (0)=0)=1—2&(0).
[Moacrasasas 8 #;(0) =1—a,/(1—P:) 3HaueHus a; P: ¥3 14.13, Haxo-
auM npH =1 ¥ p<l cOOTBETCTBEHHO

Q= 4(2+tP" (1)) 2
T ())-2 0 (]
w1 1P iy 4 o
% (p— p)E (p—1) s
Otciona, B 4acTHOCTH, BHTekaeT, 4yTo MT<oo npu p<l ¥ MT =00

npu p=1.]

14.15. 3apnaua. PaccmorpeM npouecc ['aabToHa—DBarcona npu
yeaosusax p=% (1—) <1, #”(1—) <oo. BuBecTu a1 BeposATHOCTEH
Q=P (w:X:(w)>0) cooTHoweHHKe, Hcnoab3ys ¢opmyny Teinopa:

oy’ 1 og_n
Q=" (1—-)Q——&"(8)Q, 0<8<I.
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no.ﬂy‘KHTb oTcroaa aCHMHTOTHKy
Q,~ 6But, B=const> 0.

Hcnoasays pasnoxende no gopmyae Teisopa, noayqaem

Q=111 (O=1—8 (@, O) =" (1), —-F" B &

ITopenus sto coorHowenne Ha p't! W nonoxus Ri=Q:p—!, ar=
=%"(0¢)/2u, 3anduem

n—1
Ry =R((1—aQ,), R,/R, =ﬂ (1 —aQy).
1=1

Tak kak Qui<uQe<...<p'Q;, a nocaegoBaTenbHOCTh @, I=
=1, 2, ..., orpauxuena, T0

lim In rn] (1 —aQ)=1lim Zﬂ In(l1—aQ)=
SR B =t

n—> oo =

=1lim y (—a,Q, + 0(1)03Q3)< oo,
t-=1

T. €. CYILECTBYeT KOHEUHbIH MOJOXHTEJNbHHH Npeaesa noc/JefoBaTelb-
HoctH R, n=1, 2, ..., uTO H TpeGoBaMOCh NOKA3ATh.

Hnn ueneit nanbHefulero HCnoMb30BAHHA 3AMETHM, YTO H3 NpOBe-
JEeHHBIX DACCYX/JEHHH BHITEKAET cJeAylOlLlee YTOUYHEHHE pe3y/bTaTa:

Qu=81"+-0(1)p*, n— co.

B camom pnene, monarag 0=1I1im R,, umeem

n—» oG

I“Rn_““’:i In (1 —a,Q)=0 (W),

t=n
Rn=0exp(0 (") =0 (140 (), n— oo.]
14.16. 3anaya. PaccMoTpHM pexyppeHTHOe ypaBHeHHe
' Qy=Q—aQ, t=1,2,...,a>0.
[Tpeanonoxum, uto Qr—>0 npu f—oo. [TokasaTs, 4TO
Q' ~at, t-oo.
[QT+11=(Q,—aQ?)_1= T‘(l—aQ,)‘l, TaK 4TO npu [ — 00
=0 +a+0(1)Q.
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Cymmupys, nonyuaem
t
Qi —Q'=at+0(LY Q.
i--1

Beuay toro uto Q:—0 npu {—oo, oCTATOYHHII YJ€H B NPABOHX YACTH

ecTs 0(!) H, CNEL0BATEILHO, Qi ~at ]

14.17. 3anaua. Paccmorprm npounecc 'anbrona—Bartcona npn
yeaounax u=%(1—)=1, #"/(1—) <oo. BuBectH 415 BepoOATHOCTEI!
Q=P {w:X:(w)>0) cooTHoweHHe, Hcnoab3yn topmyny Teinopa:

Q1 =Q—— & (1-) Qi+ - 8" 0)Q 0<8,<1.

Ilonyuutk OTCIO4A ACHMITOTHKY
Q~2(@"(1—)f) ', t—>oo.

[PexyppenTHne coOoTHOWIEHME AAA Q: BHIBOAATCH TaK €, KaK X B
14.15, a acuMNTOTHKA ycTaHaBAMBaeTcs aHaloruyxo 14.16.]

s npouecca I'aastonza—Barcona Xe(w), £=0, 1, 2, onpenenum
YcAoBHbLG npoyecc npH ycaoBHH coOHTHA An—{w:Xa(w)>0}, o3na-
4alouero, YTO Ipouecc HEe BHIPOAMJICH AO MOMEHTZ BPDEMEHH n:

Y(kn)z(xhlAn)’ k=0’ ll =ty ""
Proyi....v, (fos £y -0y En)=P({w: X, (0)=i, k=0, 1, ..., n}A).
14.18. 3anaua. [lonyuuTs Dnpeaeabiyio TeopeMmMy A Y=
(Xa |A,), n=1,2,..., rae X, — BeTBauxiica npouecc ¢ ApoGHO-AK-

neitnoit . ¢. ¥ u<l, Ap={w:Xa(w)>0}.
[M3 14.13, 14.14 umeem npu n—>oo

pr, (N=P (@ : Xp(@)=J)/P (A)—(1— Up)(/p) ™", j=1,2,... ]

14.19. 3anaya. ITonyyuTs npenennHyl0 TEOpEMY AR Y®/n, rae
Yﬁ")z(Xn[An), Xn — BeTBAIMECA npouecc ¢ ApoOHO-NHHEHHOH n. .
¥ =1, An={w:Xn(w)>0}

[HM3 14.13 nonyuaem

PP =P, (NP A= (1= ), >0
n n n 2+ nP” (1) 2 + nP” (1))

[Ipy n—oo paBHOMEpHO No j=0(n?) BHIIONHAIOTCH COOTHOUEHHA (J70-
KanbHas NpejesbHas TeopeMa):

P, () ~ 2(n&" (1)) " exp (—2j/(n&" (1))).

[Tepexoisi kK cyMMaMm, NOAYYaeM WHTErPalibHYK NDCAENBHYIO TEOpEMY
Fom (x) =1 —exp(—2x&"(1)), x=0, n—o0.]
"
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1420. 3angava. Pewnts 3agaur 14.18, 14.19, ucnonsays MeTox
npor3BoaswmMx ¢ysxumr (13.13) w® npeobGpasosannit Jlanaaca
(13.28) cooTBeTCTBEHHO.

[I1. ¢. ca. B. Y pasua

is"l’ (@ : Xp(@)=R)/P(0 : Xy (@)> 0)=(&n (5)— P01 —&n (0))-

k=1
[ToacraBnag cioga Bupa)kenue A8 Pn(s) u3 14.13, nonyunm

Ms'™ — (1—B,)s/(1—B,s).

ITpu p<1 Ba—1/p, n—>oo u 0. &. ca. B. Y¥ cxonsTes K I ¢., casu-

HYTOro Ha €JMHHKLY TreOoMETPHYECKOro paclnpeaeeHHs 143 14.18. [Ipn

p=1 paccmorpuM npeoGpa3oBauue Jlamnaca cia. B. Y n. Yauru-
Basl, 4To 1—Bn~2(nP" (1)), nonyuaem

Ly, oyl _
Me " —gn (L —%r“) —(L+A&" (1)2)",

yTO npejcTasiseT cobo# npeobpazoBanue Jlannaca IKCIOHEHNIHAJb-
Horo pacnpeaenedus (cm. 13.15).]

14.21, 3anaua. B yenosusx 14.15 nokasars, uto  Yi' =(X, |A,)
WMeeT NpeieNsHOE DacnpeAeleHde, PaccMOTPEB NPEAE] COOTBETCTBY-
owux 1. ¢. [Toxaaats, yT0 npeaesssan . d.

P ()=lim M, 0<s<],
YIIOBJIETBO})HET ypaxmcmno
1—&* (P (s)=p (1 — & (5))

II IOTOMYy OTBeuaer coOcTBeHHOMY pacnpegenexuio (#*(1)=1).
[Paccyxaeuns nogo6Hu npoBedensbiM B 14.15. 1. &. ca1. B. Y" pasua
(cMm. 14.20)

(n (5)—Pn (N1 —Pn (0)=1— (1 —Fr (N1 — P (0)).
[Tonaras Ra(s)=(1—Pn(s))/(1—Pn(0)) u packaaauBas P(s) mo

tdopmy.ae Teitnopa B Touke s=1, 3anumem
\

1—& (@ (D=8 () (1 — 0 () — & @r) 11 O
Ry (== T2t L R () (1—0 (18 (5)
M3 14.15 umeem npu n—oo
1 =8 (6) < 1— 8% (=0 +0 (6,
(1= a1 (N1 —&n (O)=p+0 (1),
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TaK 4YTO NOJY4YEHHOE BbLIlUE COOTHOLUEHHE NEpENnHChIBAETCHA B BHAE
Rn11(8)=Rn (5) (1 -0 (uw),

OTKYyAa H cJelyeT CXOAHMOCTb R,(S) K HeHyJeBoMy npejeny
(cp. 14.15).
TouHo Tak Xe nosyyaeM cCOOTHOWEHHE

(1=Pn (P N —&n () =p (1 =&, (N1 —& (0) (1 + 0 (),
HIIK

Rn (& (s))=pRn (s) (1 + O (™).
[Tepexons k npeneny, NpHXOAHM K YPaBHEHHIO
1— & (P (s)=n (1 — & (5)).

Ilonaras s=1, y6expaemcs, uro #*(1)=1.]

14.22. 3agava. B ycnousx 14.17 nokasars, yto Y{"/n, roe YiV =
= (Xp|A,) uMeeT 3kcnoHeHuHa/ILHOE NpeAeNbHOE pacrpejeseHue.
[Paccyxnaenus nogo6He nposBededHuniM B 14.17. ITo dopmyne Teitao-
pa umeem, nonaras Rn(s)=1—Pna(s):

Ruti()=Rn(6) (1— 58" (1 - )Ra () +O(Ra () ).
Rusa ()71 =Ra (9 (1 + 5 & (1) Ra(9)+ O (Ra o1 ).
Rug1 (5 =Ru (5 +—&" (1 =)+ O (R, (), n— oo,

Tae Mu YuaH, yTo R, (5)<<R.(0). Kak i B 14.16, otciona noayuaem
Ru(s) ™ =(1—9 + — & (1—)n+0(n), n—o.

IToncTasnan s—e—*n, naxomum
R,.(e-’-/")‘1=nl—’+%:‘P"(l—)n+o(n), n-—oo.

Haxkoneu (cM. 14.20 4 14.19),
Mexp(—AYMin)=1—R, (e *")/(1 —&, (0)) ~
= 1— (2" UNA + 1) =1+ (" (1)YYA) !, n> 0]

14.23. 3apxayva. PaccMoTpuM npouecc 'ansrona—Batcona X,
n=0, 1, 2, ..., npu p=F (1—)=1, #”(1—)<oo, y=2"(1—)/2 u
NMPEANIO/IOKHM, YTO OH HATAACH C «GOABLIOrO® YmCAa YacTHu: Xy =
=[nyx], x>0. [lokaaaTs, YTO noC/JEA0BATENLHOCTb CJI. 8. X\ /(ny), n=

=1, & ..., CXOAHTCH NO pacnpeaeieHHIO.
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IMpouecc IanbTona—BarcoHa, HaYMHAWIMMHACHE ¢ R yacTHl, cKjia-
ALIBAETCH K3 R He3aBMCHMEIX NpOLECCOB, HAUMHAKIKUXCH ¢ OAHOMR ua-
CTHIL(LI, TaK 4YTO

w 2 &
n
Xn = anh
1=l
rae Xn.i, n=0, 1, 2, ..., — npouecc, HaUMHAWOUMACA ¢ OAHOH UaCTH-
I, 2 COBOKYNHOCTb 3TMX NpoueccoB npu i=1, 2, ... HesaBucuMma.

Mockonbky P(w:Xni(w)>0) ~1/(ny), n—o0, To no teopeme Ilyacco-
Ha uucao N, HEHYJNEeBHX claraeMelX B CyMME MMEeT B Npejgele pac-
npegenexnue

pNn(k)—+(1/kI)x*e—", k=0,1,2 ....

ITockonbky cn. B. Xai/(ny) npu ycioBuu Xa.;>0 uMmeoT B npegene
CT4HRAPTHOE 3KCIOHEHUMAJNLHOE pacnpejfe]eHde, TO OTCIOAZ JETKO

BHIBECTH, UTO NpeAE]LHOE pacnpeje]eHHe CJ. B. X\"/(ny) cosnagaer
C pacnpejieJeHHEM CYMMH NyacCOHOBCKOTO YHCJ2 HE3aBHCHMEIX 3KC-
NOHEHUMAJNbHHX claraeMbX, Jlerko BHNUcaTh npeobpaszoBanue Jla-
njaca 3TOro pacnpejeseHust, oAHakKo (popMasbHEle BHKJI2JAKH, OCHO-
BaHHHe Ha 14.22, npuBOAAT K TpeGyeMoMy pe3yJbTaTy MNpolle:

M exp (—AXi" (ny))=(Pa (e M) =(1— R, (e )™=
== (127" o (1) 7 ()Y e M),

1424, 3agaua, Can. B. N, X;, X;, ... He3aBHCUMH B COBOKYIHO-
ctH, cn. B N pacnpenenena no Ilyaccony ¢ mapamerpom B, ca. B. Xj,
i=I, 2, ..., MMEIOT CT2HLAPTHHE 3KCNOHEHLUHaJbHblE paclpeae/]eHH .
Haitu npeo6pasoBauue Jlannaca M pacnpefesieHHe BEPORTHOCTe#H

cyMMH Sy=X +...+ Xy (Sy=0 npu N=0).
[ITo dopmyne 9.3

Me™5% = § M war-m).
n-0

ITpu n>0 3anuuem ciaraeMble CyMMBl B BUJAE
M (B—;'s" I N(m)=n)=Me_As"'MI(m P N(@)=n) =
= (Me=M). P (0 : N (@)=n)=(1--4) " (B"/nl) e,

OTKYA2 NoJydaeMm

Me SV =Y (1 2) 7" (B/n!) g8 = ¢ P/1Y

n=20
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AHAJOTHYHO HAXOAMM pacnpejeneiiue BePOATHOCTEH:
Plo:S,(0)e )= Z Plw: S, () e I,) (B"/n!)e-H.
n=0

Cn. B. Sy umeer ramma-naoTHocTs (cM. 4.19)
fs,(g)=0/n—1)))y"—'e~v, y>0.

Takum oGpa3oMm, §. p. F(y) cn. B. Sy HMeeT CKa4YOK BEJHUHHH
P(w:N(w)=0)=e" B uyne, npu y>0 ona audpdepenunpyema, a ee
NPOH3BOJHAA paBHA

* n—1

Yy e .’

ZJ (n—1)n! ¢ =1 ﬂ)_]

n=1

1425.* [Ipumep (ycnoBHH# BerBswmitcs npouecc, p=1). Cos-
MECTHOE paclpejeseHHe 3HAUEHHH YCJOBHOrO BETBALIErocH MNpoLecca
YimM=(Xi|An), An—{w:Xn(w)>0}, Yoi"W=1, B Toukax 0<n,<...<
<ng<n npeacTaBHMo B BHJE
—1

P (n i (i’ln sy l.'lk):Z pll'xpl'x’:: s Piy i, 80y

Yn(l) ..... n(k)

rae HHIBKCHI in, ..., ink>0 B CyMMe clnpaBa (UKCHPOBaHH, a IO
BCEM OCTaJbHHWM HHAEKCaM HAET CYMMHDOBA@HHE IIO [IOJOMHTEJbHHIM
(>0) 3nauennsiM, Q. — BEPOATHOCTh HEBHPOXKAEHHA B TEUEHHE N
WAroB npouecca, HayaBuierocd ¢ OAHOH uacTHUW. O6o3aHayuM 5.”.
j=1, 2, ..., BepOATHOCTL HEBHIPOXKAEHHSA 32 BpeMs n Ipolecca, Ha-
waBwerocs c j wactHn, Qi = Q.

HanoMHuuM, 4TO BepoAiTHOCTh mepexoja 3a /M IIArOB ONpejenser-

CA KakK

A= X Pupi P

(T,
rie CYMMHpOBaHHe BeJeTcsl Mo BceM iy, ..., im—1>0. Tak xak ppe=0
npu k>0, To aas i, >0 B cymMe, onpeaensiiouiei p.(;"). MoOXHO OpaTh

TOJBLKO TOJOXHTEAbHHE (>>0) 3HaueHHH HHAEKCOB CYMMHDPOBaHHS.
C yueroM 3TOro 3aMeuyaHHss COBMECTHOE paclpefeNeHHe cl1. B. Ya,
..y Y, npumer Bup (n;=n(j)):

(‘.n(k))

(n(1)) p(n(2)—n(1)) (n(k)—n(k-- 1)) " .
PlinyPingtyingy " Pingetyingey Qn—n(x)/Qn
[Nonoxum npn 0 <<n, <n,<<n, i, j>0
. : (n(2)—n(1)) (/) (i)
p(i, n I flz)=P;?( ¢ Qn—n./Qn—n,.
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Tak xak, O4eBKAHO,

z p(n(z)—n(l))Q(” 2

{i>D0}

10 p(i, ny, j, ny) npeacraraser cofoif pacnpepeseHie BepOSTHOCTEH
Ha MHOXECTBE HaTypaJbHHX uHcesl. Jlerko BHIeTb, YTO COBMECTHOE
pacnpeaeneHue MOXHO Nepenkcars B BHIE

k—1
p (n) Y(’(IA) ([’lll R ,'"-k)_I_l p("’l n,‘, ':nl-ﬂ- nl 'r-l)l
j=0

rae noaaraem ny=0, ir,=1, 1. e. ycaomumit npouecc Y, =0, 1,
., N — HeoJHODOAHAa® MapKOBCKaf Lenb ¢ NepexogHoH cbyuxuueﬁ

p(" n’ll ]l nz)
Janee npeznonoxum, yro p=%"(1—)=1, 9’”’(1—)<oo,0603ﬂa-
yuM P”(1—)/2=y u BBegeM npouecc ¢ HenpephHBHHIM BpeMeHeM

zZM =Y{mi(yn), 0<t<,

rae [a] ects uenasm uyacth uMcaa a. [lokaxeM, YTO KOHeYHOMEDHHE
pacnpenenenns npouecca Z(" cnabo cXoAsTcA NPKH n—oo K pacnpe-
JeJIeHHSIM HeKOTOPOro MapKoBCKoro npouecca Z:.

Haynem c oanomepHumx pacnpeaenesnit. [Ipn 0<t<l, j>0 3a-
fIHeM

P(w: Z{" ()=j/yn)=P(0: Yim (@)=j)=p(l, 0, j, [nt)=
=V 1y Qu = (P 1Qtnty) Q¥ te) (Quaer/Qn)-

3aMeTHM, 4To
PP IQm=P (0 : Y (0)=]),

a notoMy u3 14.22 nonyyaem npu n—oc n gobux 0<a<b:
b

Y o Quy e,

{i € I'van ,ybn)
M3 acuMnTOTHKH BeposfiTHOCTeH HeBHpoXiaeHus 14.17 uMeeMm
Qinn)/Qr—>t"!, n—oo0.
Hakouen, tax kak 1 —QY ects BEPOSTHOCTb BHPOXKAEHHS 10 MoO-
MeHTa /M BKJIOYHTEJbHO Npouecca, HavaBluerocs ¢ j yacThd, a Npo-

{lecChl DPa3MHOMEHHS KaXJOH H3 ] Ha4YaJIbHHX YacTHUI HE33aBHCHMH,
TO

1—QW =(1 — Q) =(1 —1/(ym) + o (1/m))l ~ g~i/tvm)

paBsHomepHo no j=0(m), m—oo.
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IMokaxem, uto npu n—oo
b
P(o:Z" (0) < 1) > St!e—x,r (1 —e—*/0—)dyx.

PaccmouTpuM npou3BoiabHOe pa3dbHerue a=xo<x<...<Xy=b npome-
XyTka (a, b] ¥ 3anumem

x
Po:Z{" (v) & (a, b])=2 P(o:Z{"(0) € (xi1, %)=
i=1

Y (PI/Quner) @ty (Quner/Qn)-

k
i=1{j€(nvx;_,.nvx])

Tax xak BepofTHOCTH Q,(.’_)[,.q BO3pacTaloT No j, TO, 3aMeHAd MX NpH
jE (nyx;_, nyx;] Ha 3HaueHMA B KPaHHHUX TOUKAX NPOMEXKYTKA, IO-
JYYHM /1 HHX OLEHKH cHM3y M cBepxy. [lepexoas «k mnpegeany no
n, NOJy4YHM
X,
.L
limP(o: Z{" (0) e (xi_1, x)) > 3 2t dx- (1 —e /0,

X
n—»ow -1

Cymmupys no i=1, ..., & u nepexoas K npejaeny no noc/eL0BaTeab-
HOCTH HM3Me/bYaIOIMUXCA Da3bueHUl, UMeeM

b
lim P (o : ZM ) e (a, b)) > 3 t 2=t (1 —e—x'01—-1)) dx,

n-+oo a

Taxas »Xe oOLEHKa HMMeeT MeCTO AJf BEPXHEro npejena, 4To H AO-
Ka3blHacT BLICKA3aHHOE YTBEDXK/AEHHUE,
PaccMoTpHM yc0BHOE pacnpejesneHue

P({o: Zt) (o) € Ly} |{o: Z{7 (@)=x))=
=P ({0 Y{ih1 (©) € Lany.bmy} [ {0 YRk (©)=xyn}),

rae 0<a<b, 0<t;<ty<l, x>0, xyn — uenoe. OHo noayyaercs cym-
MHDOBaHHEM NO j&/any, 1y NEPEXOAHLIX BEPOATHOCTEH

p("l [nt]]l jl [ntl])zps}:ﬂ‘d—[ﬂ‘d) (Q’(li-)-[nf.]/Qﬁlilnf,l)l
rae i=xyn. Bropolt MHOMHTeqh B NIDAaBORX YacTH HMEET AaCHMIITOTHKY
(1—exp (—jlyn(1—t3))) )/ (1—exp (—i/yn(1—1)))),

YTO € Kacaercs NepBOro MHOMHTENS, TO OH npeacrasisier coboi
BEPOSTHOCTE TOrO, YTO BETBAIMHNCA Npouecc, HayHHAIOIMHACA c =
=Xyn 4acTHl, NMONajaeT Nno NpoWecTBHM BpemeHu [nt;]—[nt,] B co-
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cronuue | (j€lany, bny). [lpumensnn 14.23, 14.24, noayuaem aas Jio-
Goro aeiicrsuteasHoro x>0, i={[xyn], uro
b/(ti—1t,)

Z pél[nhl—["h]) — x f(y: x/(t;—t,)) dy.

UE! g by a/(ti—ty)

BBoasi, kak ¥ Bhue, paibueHue npoMexytka [s», NPHXOAMM K Inpe-
JeJbLHOH TeopeMme

P({o: 2% (0) € L} |{o: Zi7 (©)=[xyn]/(yn)}) -
b/(ty—1t,)

) N l —exp(—y(ta—1)/(1 —1)) —
— S f(y. x/(tz tl)) l___exp(___g/(l——tl)) dy

a/“l'—fl)

b iy oo ,
oY Rt k=1 | it
—(xta—tye Y .
a

Bl (k—1) 1 —e %=1

OG6o3HauuM noABHTErpajdbHYI0 DYHKUHIO B NOCAEAHEM Bhlpaxe-
Huu [(f, x, b, y), 0<t1<tly<]l, x, y>0. Jlerko BuAeTb, YTO €CJH MO-
JIOXHKTL 3fieck DopMaasHo {j=x=0, TO NOJAYYHM NJOTHOCTh IIPEAEJ]b-

HOro pacnpejeseHHsl CJ. B. ZS:'). Hcnons3aoBaHHas B NPOBEIEHHHIX
BHIIIE DPACCYXAEHHAX TeXHHKA MoXeT OhTh NPHMEHeHa K JOKa3a-
TEJLCTBY TOrD, 4TO NPEREeJOM IO paclnpeReseHHIO MOoc/ae]0BaTeJbHO-
CTH TIPOLECCOB Z{", 0<i<l1, sBasercs HEOJHOPOAHH MapKOBCKHA
npouecc Z¢, 0<f<1, HauMHaAIOWMACA U3 HYJA H HMeIOIHH nepexod-
Ryt naorHocts f(s, x, t, y), 0<s<t<l, x, y>0, 1. e. coBMecTHoe
pacnpenenenne ci. B. Zp, Zh, ..y Ly, 0<h<H< . <h<], 3a-
JaeTcs NJAOTHOCTBIO

f(ol Ol tll xl)‘f (tll Xy, t2| x2)' . 'f(tk—ll Xe—1, tkl Xk) .
OrpaHu4¥MCA NO 3TOMY MNOBOAY OAHHM 3aMeyaHHEM, MoJjaras Aias
npocToThl k=2. Y3 npeanayluero BHTEKAET, UTO

. ot
P: 2 (0 € oy, Zi)' @) & Led)= Y sy
( E’nnv.bnv)
. _, . .
X Qp ity Qn 2 P},‘"""l""”Qrsﬂlnr.;/Qp(lﬂwd .
”E’mv.dnv)

Uro6w npu nepexofe K npeaety NMOJYYHTb B NPaBOR 4acTH NOBTOP-
HBI MHTErpan

b d _
S f(0, 0, t,, x,) (S f(ty x50 e %) dxa) dx,,

AOCTaTOYHO, HANPHMeD, YCTAHOBHTb, YTO BHYTPEHHSS CyMMa CXOAHTCH
K BHYTDEHHeMY HHTErpajy paBHOMEpHO no [, TakuMm, uto i/ (yn)eElas,
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0<a<b, tuxcdpoann. OfHAKO 3TO yTBepXKJAEHHe JIETKO [0Ka3aThb,
thopmanusys HaMeueHHbI# B 14.23 npsAMoli nyThb A0OKAasaTeNbCcTBa Ipe-
JenbHOIl TeopeMhl (T.e. He MCNOJb3YyOLHE npeobpa3oBaHue Jlannaca)
M 3aMeuas, uTo npeaenbHas teopema IlyaccoHa BbImoJHsieTcs paBHO-
MepHO 1O NapaMeTpy paclpelesneHUss B OrpaHUuYeHHOM H OTHAEJNEH-
HOM OT HyJIf HHTepBaJe.

14.26.* IIpumMep (ycaoBHHi BeTBamuiicAd npouece, u<<1). Kak
BHAHO M3 NpeAnAyllero npuMmepa, ecldu npu p=1 BerBsmuiicad npo-
uecc A0 MOMEHTa n’>1 He BHIpOAMJCS, TO €ro TPAaeKTOPHH Ha Bpe-
MEHHOM HHTepBaJe [en, n] npunumalor 3Hauexus nopsigka n. Cos-
ceM HHOH XapakTep HMMEIOT TPaeKTOPHM YCJOBHOTO mpouecca YW=
=(Xi|An), [<n, YoW=], An={0:Xn(w)>0} npu p<l. Kak u Bhume,

npuMeM orpaHuueHue P”(l—)<oco. Ilpu mobux iy, iy ..., ix>0,
k<n, umeeMm
Py - iy oo )=P{e: X @)=i; j=1,..., B|A)=
1 oo ¥p
=PuPi, - - Popyty (1 =P ™)-(1—pig) ™
IMonoxum
G (j10)=ps; (1 —P{G=™)K1 —pG— 1),
TaK 4TO
R
P ol oo D)= gulimlin), ig=1.
1 eear ¥y et
IIpu 3TOM
Y. pi(l—pg™= Y, pyi— Y, pupli =
>0 >0} {1>0}
=(1—pi) — (X P — piypls ™ ) =1—pig=t 1,
7}
T. e. gm(jli), i, j=1, 2, ..., — nepexoiHble BepPOATHOCTH, CJ. B.
Yon=1, Y\, .., Y™ 06pa3yioT HEOAHOPOAHYIO MapKOBCKYIO liellb.

Brinuumesm pacnpegesnerue cia. B. Y.
P ()=t (1 —p g1 —p).

( (
PaccMorpuM  ofpaujennyio  mapkosckyio  yens Zi" =Y\, I=
=0, 1, ..., n. Kaxk u Bble, nosyyaem

l

Py Am (o b eens BI=PU Py e Pl

rae Qn=1—p{?. Ilonaras mpu i, j>0, Takux, uto p{T™ >0,
pii—mh >0,
an(I10y=PG™pplpm 0, Y Gm(1D)=1,
{i>0)
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3anMMIIeM COBMECTHOE pachnpenel/ICHHe B BHJIEC

k
Panr o (o iy <oy i) =(p(3/Qn) - T g (il i),
zy',...Z} m—

Tak uto ci. B. Z{", I= 0, 1, ..., n, o6pa3yloT HEOAHODOAHYI® Map-

KOBCKYI0 LeNb C HNEpPeXOAHBIMH BepOATHOCTAMH §(j|f{) H HavaJlbHHM
pacnpegenenuem p{/Q, (3asHcsiuM oT n). OTMETHM paBeHCTBO, CBSi-

3bIBaOIllee NepexofHbie BepOATHOCTH NPAMOH H o6palleHHOH Map-
KOBCKHX llenel

n n ili)- n (§)= n n i) n ).
Py yim U10)-Pyg {B)=p,q )lyui( t) PY;HL(])

HccaenyeM npefenbHOe MNoBeAeHHE paclipejesieHHH MNPAMOR Lenu
MPH A—00, BOCIOJb30BABUIHCh [OJYYEHHHIMH paHee pe3yJbTaTaMu
(cm. 14.15, 14.21):

Qu=1—p ~ 04", n—oo,
P Qn—>p;, n—oo, i=l1, 2, ...,

rae p*, i=1, 2, ..., npefcrasasier co6oi pacnpejpe/eHHe BePOSATHO-
crel ¢ 0. ¢. P*(s), yROBAETBOPAIOLLELH YDaBHEHHIO
1—=P* (P (s))=un (1—2*(s)).
‘OtMetum eure, 4To
L—p=1—(p) =1 —p) (1 +-pH + ... +olt) ™)
H ecJH ko0, TO
1 —pl —Buki, =1, 2, ...,

Jlerko BH/JETh, YTO DPABHOMEDHO MO /M, TAKHM, YTO hA—M—»00, BH-
TIOJIHAKOTCH COOTHOIIEHHUSA

gm(j16)—>jpiil (in) =g, 4 j=1,2,...,
fIpHYEeM MOCKOJAbKY
Y ipi=(dids) 8% (5) s =i (1) @ (1)=ip.
{i>0}

(T. e. MaTeMaTHUYeCKOe OXH/JAHHE YHC/JIa IOTOMKOB B [eDPBOM MOKO-
JICHHH OT { YaCTHIl PaBHO CyMMe MaTeMaTHYeCKHX OXHI2HHH YHcJa
IIOTOMKOB OT KaX{JIoH M3 9THX [ wacTHl), To §ij, £, j=1, 2, ..., npex-
CTaBJfAIOT cofoif nepexogHbHie BepOSITHOCTH. BBegeM MapKOBCKYIO
uens Yo=I1, Yy, Yy, ... c nepexonneiMu BeposiTHOCTAMH §:ij. W3 mpe-
JBLAYIIEro BHITEKAeT, YTO NpH Jwbux &, i, ..., >0

Pyim  yim (s« or B) Py, Y, (¢, ---y L)y n—>o00.
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B TtakoMm cayyae rosopsT, uTo mpouecc Y™, I=1, 2, ..., cxodurca
no pacnpedeaenuro x npoueccy Yi, I=1, 2, .... Ha camom gene B Ha-
IeM cjayyae MMeeT MecTo Gosee cHIbHBIA pe3yabrar. K3 nepsona-
YaJibHOTO BHIPAXKEHMS AN COBMECTHOro paclipefiesieHHS cJ. B.
Yim, ..., Y. naxogum, uto

pY({‘).....Y&") (il’ ey ih)""’p”‘pi‘ii v pik_likp——kithy“__.yk(ib Py ‘h)
paBHoMepHo 1o K, iy, ..., ir—1 >0, Takue, uto n—k—oco. IlouaTHO,
uTO M3yyeHHe mpouecca Y/, [=0, 1, 2, ..., HAa BpPEeMEHHOM yyacTkKe

[0, n—ka], rhe ka—>o0 cKOMb YroAHO MeEANIEHHO, CBOAMTCS K Hcclie-
JNOBaHMIO MapKoBcKo# uenu Yy, =0, 1, 2, ....

B oco6GenHocTH HHTEpPECHO B cBSI3M ¢ npoileccoM Y™  H3y4YHTb
aCHMITOTHYECKOE IIOBEAEeHHe MapKOBcKo# uemu Y; npu l—oo. Cae-
AYIOIMA BaXXHHH pe3ysNbTaT HENOCPEACTBEHHO BHITEKAeT H3 Ipeabi-
Ly1Iero:

Py, () =pPp—* —p0i, k—>oo, iZ>1.

[1posepum, 4TO npeaenbHOe pacrpeieseHune
gi=p*0i, i=1,2, ...,

ci. B. Yy, k=1, 2, ..., aBasgeTcd coOGCTBEHHHM: ¢+ ¢o+...=1. Tak
Kak

[~ ¢

Zip;= lim =76

s—»i— 1 —s5
i1

a QYHKUMS [OA 3HAKOM Ipefejia MOHOTOHHA, TO JOCTATOYHO YCTaHO-
BUTb, UTO JAJS HEKOTOPOM NOC/Je40BaTeNbHOCTH Sp—1, §.<l, mpenen
(1—P*(sn) )/ (1—s,) pasen 1/6. Hrepupys ypaBHeHHe, KOTODOMY
yAOBJETBODSAET 1. . P* (s), nonyuaem (HArnoMHUM, uTo &Py (s)=& X
XA(&P(...8(s)...)) n pas)

1 =8 (P (N=p (1 —* (Pra(s))=...=p (1 —&"(5)).
Basis 3pech s=0 u yuwuthbisasg, uto &f* (0)==0, &#,(0)— 1, Haxomum
lim 2= 0) iy BT g7,
n—»m l—_J’n(O) n-»o00 l—-c7°n(0)

Wrak, an18 yAaJeHHOrO OT Hayaja MOMEHTa BPEMEHH pacnpefelieHue
ca. B. Y, npubauxkaercd K pacnpejenesuio ¢ i=1, 2, ....

' [TpuMeuaTenbHBIM CBONCTBOM pacnpeneneHus ¢i, i=1, 2, ..., fB-
JasieTcs TO, YTO OHO YAOBJIETBOPSET cUCTEME YPaBHEHHH

=Y qq, i=1,2....
{i}
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XoTst 3TO HEeTPyAHO INPOBEDPHTb HENOCPEACTBEHHO (M TakO# BHIBOJ
NpoAeNaH HHUXKe), ropasfo GoJiee BaxKHO, UTO yKa3aHHad cHcreMa —
CJeJCTBHE NpeAeNbHEIX COOTHOILEHHi

limp, ()=q, i=1,2 ....
ks k
B camoMm AeJie, 3anicaB YpaBHEHHSA KOJIMOFOPOBa—quMeHa

g =Y qgy, i, j=1,2, ...,
(3]
HMeeM

py (N=Y 0q =Y 0.0 4P =Y. 01 ¥, 095 =1, 7, (¥ u.
el {n ar = O]} R "

ITepexoa k npegeny NPHBOAMT K TpeGyeMoil cHcreMe ypaBHeHH#. Jlas
JoKa3areJbcTBa 060pBEM CyMMY II0 B Ha KOHEYHOM YHCJE WIEHOB H,
nepexoas K mnpejeny no 7, NOJyYHM HepaBEHCTBA

=Y aunin
[(3]

rie cyMMHIpoBaHHe Bejercs yxe no BceM k. Ilpeamosioxus, uto 3nech
HMEeT MECTO CTPOroe HepaBeHCTBO, NPOCYMMHpYeEM IO j H HPHAEM K

[IPOTHBOPEUHIO;
Z q;> th}: w1 = th-
N (] {n {k}

BeegeM MapkoBckywo uens Y.*, k=0, 1, 2, ..., c TeMH Xe mepe-
XOAHBIMH BEPOSITHOCTSIMH §;; H HauaJbHHM paclpejeeHHeM

q,-=py5(z), i=1,2, ....

Kak u BHule, uMeeM
. )= D s k y
Py D=Lp: B
OTKy/Jla HHAYKUHEH [0 7 MOJyYaeM, 4To

py;(j)=q]! ]=11 21 X

npH Beex n=0, 1, 2, .... Orciona caeayer, uro
pY;+l.....Y;+m (l“ T lm)=qilqilil e qtm—ltm'
L] L]
T. €. paclpejielieHHe OTPe3Ka MapKOBcKOH uendH Yiq1, ..oy Yidm

He 3aBHCHT OT CABHra BpeMeHH. JTO CBOHCTBO Ha3hlBaeTcs CTAyUOKAp-
HocTbro. JII060# ciydaHHBIA Ipolece, KOHEYHOMEDHBIE paclpeje/ieHHs
KOTOPOTo He 3aBHCAT OT c/IBUra BpeMeHH (B IIpefesax BPEMEHHOro
HHTEDBaJia, Ha KOTOPDOM IIpolecc 3ajaH), HashBaeTcs CTAyUOHAp-
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HoiM. B naHHOM caydyae HMeeM [elo CO CTAYUOHAPHOU MAPKOBCKOL
yenbsro.

Ins ucxomHoro npouecca Y, k=0, 1, 2, ..., pacnpenenexnne Be-
pOsAITHOCTEH

py,+1.....yt+m (i - s im)=Py,+1(‘.1) Qiig - Ty i

npHOaHKaeTcs NpH f—00 K CTALHOHAPHOMY, T4K Ka4K pytH(i)—> g;

npu t—oo. I'oBopsAT, YTO MapKoBcKasa Uens Yy, t=0, 1, 2, ..., sxodur
8 cTayuoHapHoll pexcum TpH f—-oo, IlpuMmeuatesnbHO, YTO 3TO CBOM-
CTBO HE 3dBHCHT OT Ha4yaJbHOIO COCTOSIHHS:

99 —>qi=p8j, koo, j=1,2, ...,

aas moboro i=1, 2,... . B camMoM jeune,

ql(]R)= E qiixq'v-x'.z e qik-1j=

(o)

= Y b .opy gilint=i Bk,

(PP
H TpefyeMblH pe3yabTaT BHITEKAET H3 COOTHOUIEHHS

PRIl —p§)—>p!, koo, i, j=1,2, ...,

KOTOpoe ycTaHaBauBaerc B 3ajgaue 14.27, u 1—pi®) ~0Bu*i (cM.
BHIIIIE).

IlponsBosnbHOE pacnpejfeseHHe BeposiTHOCTEH i, =1, 2, ..., Ha-
3BIBAETCS CTAYUOHAPHbIM pacnpedeieHuem MAPKOGCKOU yenu c mnepe-
XOJHBIMH BEPOATHOCTAMH ¢ij, I, j=1, 2, ..., eclH OHO YAOBJETBO-
pfAeT cHcTeMe JHHeIHBIX ypaBHEHHH

:n:,-=):‘:n:iq”, j=1,2,....
)]

Orcioaa, oueBHAHO, HMeeM

nl:(}_):n,.qgg), jn=1,2 ....

Ecau cyliecTByioT npenessl

llmqf;ﬂ:qh IR ]=11 2,'-'7 Zq,’=1,
TO, Ka8K M paHee, yGexpaeMcs, YTO BO3MOXEH NepexXoA K mpejeny NpH
n—-o0o 1OA 3HAKOM CYMMBI, OTKyJAa [OJy4YaeM paBeHCTBAa N;=(;, [=
=1, 2, ..., T. e. y MapKOBCKOl IenH HMeeTcs eJHHCTBEHHOE CTalHO-
HapHoe paclipejelcHHe.
MBI yxe OTMeuYaJjH, YTO K H3y4eHHIO MapKoOBcKoM uemH VY, [=
=0, 1, 2, ..., cBoaHuTCcH IHcclAed0BaHHE INIPEAEIbHOrO NOBELEHHS pac-
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npejieseHHil yCI0BHOro BerBslerocsl mnpouecca Y™ npu [0, n—
—ky], rne kp—>oc ckoab yrommo measnenHo. O6pamueHHas MapKoB-

n
ckast uenb Zi"=Y\"; nossosisier HccleaoBaTb ITH XKe BOIIPOCHL JJISl
le[kn, n]. Paccyxnenus agech nopo6HH npoBefeHHHM Bhiwe. [Tpex-
Jle BCero UMeeM IpH n—oo, &, iy, ..., ix>0:

ngl)‘“_'zl(‘n) (€gr - - -» B) —rpi‘kpikp,-k_l c P PR

i1l

O6o3naunmM J noaMHo)KecTBO TakMx (>0, uto p*>0; nas i, j&F
TOJIOXHM

Eii=P;Pji/(P;P-)-

IIpoeepum, uto §ij, i, j &7, — nepexoAHble BEPOATHOCTH. JTO 3IKBH-
BAaJEHTHO aHAJOrMYHOMY YTBEDXKJAEHHIO [AJis BeposATHOcTed §i; (cM.
Bblle), OAHAKO MBI NpHUBEJEM He3aBHCHMOE JoKa3zateabcTBo. IIpoBo-
ISl 3JIeMeHTapHble npeobpa3oBaHus

& @)=Y 5 =Y p; Zpus'— )_“sf Y v

i=1 i=1 j==0 j==0 P=
H cpaBHHBasi uneHnl npu s’, j=1, 2, ..., B ypaBHeHHH

1—& (P (N=n (1 —&" ()

noJgyuaem

o

Y. pip=pp;, =1, 2

i=1

4TO M TpeboBaJoCh.

Beenem mapxkosckylo uens Z;, [=0, 1, 2, ..., C MHOXECTBOM coO-
cTosHHE T, JIEPEXO/HBIMH BEPOATHOCTAMH Gij ¥ HadalbHHIM pacmpe-
nenenueM p;*. HepruHo BHJIETb, YTO DaBHOMEDHO NO iy, (1, ..., r—1E

€9, k[0, n—ky], kn>00 BHNOJHAIOTCA COOTHOLIEHHS

pP {)n) z)(:l) ([0, ey ih) ~pzn Zk([o' ey lh)

[IpenenbHoe nosenenue MapkoBcko# uenu Z;, [=0, 1, 2, ..., pac-
cmarpuBaercss B 14.28, oHo Takoe Xe, kKak y uenu Yy [=1, 2, ....

14.27, 3anaua, PaccMorpum BerBsmuiica npouece Xo(o)=i>
>1, Xi(0), X2(0), ... cn §. 2(s), p=2"(1—)<1, " (1—) <oo.
Ilokazars, uto

P({o:Xn(0)=j} An)—p* j=1,2,

rae An={0:Xn(w) >0}, pacnpenenenne BeposiTHOCTEH p, , =12, ...,
TO Xe, 4TO H B chyuae i=1 (cM. 14.26).
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[Tl. ¢. ca. B. (Xn|An) paBHa

(1—py " X plpsi=(1—p@) " (Pn (s —pig)=
{i=0}
=1—(1—p@)~" (1 =& (5))=1—(1— (p{D)) (1 —&r (s))=
| —Pn(s) 14+Pa(s)+ ...+ Pal(s)! . ]
=1 : 1—(1—&* (s)).
I —pfy Lo+ ey ©)

14.28. 3apgaua. [lokasarbh, uTO JAJS MAapDKOBCKOH IlemH ¢ Iepe-
XOJAHHIMH BepPOSITHOCTAMH §i;, onpeneJeHHHMH B 14.26, BumosHsioTCA
COOTHOLIEHHS

~(k) " .
qij —"qlv - 00, I, ]E @7’

TAe g, J BBefeHH B 14.26.
[[Ipexje Bcero 3aMeTHM, 4YTO M3 ypaBHEHHH AJA cTallHOHADHHIX Be-
poATHOCTEH g; MapkoBckoi nenu Yy, [=0, 1, 2, ..., u3 14.26

inZpri/, ]=1! 2’ ey
i
BHTEKAET, UTO q;>0, ecnu npu HekoTopoM i uMeeM ¢:>0, p;;>0. Taxk
Kak ¢:=p; 0, TO

p; p

\ ikik—ll”pi‘i">0.=>p;k—-1>0, ciey p;°>0

H, CJIeJ0BATEJbHO, ik, (-, ..., hET . [TosTomy

~(k) - - -
qij = — 2 Qi 91, - Qi =

=i X b o Py =

jik—lpik—lik—z
=p;()™ X iy, P wTE=p](p]) " PP,

U3 14.27 umeem
pn =P /(1 —pEN) (1 —pg)u—*—p;0j, k- oo,

OTKy/Ja M ciaelyeT TpeSyeMHH pe3yJbTar.]

14.29. 3apgaua. Hccaenosath npeaeabHOe NOBEJeHHE pacnpeje-
JeHHi HauaubHoro (/<Ck) u wkoneyHoro (/>n—=Fk) OTpe3KOB YCJOBHO-
ro serssimerocss npouecca VW= (X;[A%), =0, 1, ...,n,rae X, =
=0, 1, 2, ..., — serBamuitcsa npouecc ¢ p<l, P”(1—) <oo,

An={w:Xn(0)>0, Xat(w)=0}.
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IMonaras aas onpeaeneHHoctH Xo=1, uUMeeM npH n—»o0 H (QHUKCH-
POBAHHKIX &, iy, ..., x>0 c yueToM 1—pio™ ~Bu~i

; Y — (n—k+1) __ p(n—k)
pV(ln)" --Vl(zn) (lli ceey "h) p[[‘ s 'k Lk (p pikO )X

-1 —1 —k: . .
XY =P > Py, - Py WPy Ly, (e ) —

rie Mapkosckas uens Yy, [=0, 1, 2, ..., Ta xe, uto 1 B 14.26.
AuanoruuHo npu iy, iy, ..., ix>0 noayuaem

Py (e eoy B)=PEEPG o Py P

XEEEI—pEY T PP e PP (L) =

kk-1
=pi.npin0(1 - ) qln‘xqitiz e Eik—lik.

CpaBuuBasi B ypaBHeHHH |—F*(P(s))=p(1—P*(s)) uneHH, He
coaepxamue s (cM. KoHel npumepa 14.26), nonyuaem

Z p:pio=1 —W,

{1>0}

Tak 4TO Npede]bHOE pacnpepenenne ca.B. VYV, .. ., V&, cosnana-
€T ¢ pacnpejes]eHHeM OTPe3Ka MapKOBCKOH LeNnH ¢ HAYATBHEM pac-
npeaenesueM §i*=p*pio(l—p)~t, i=1, 2, ..., H nepexoagHLHIMH Bepo-
SATHOCTAMH §;j, ONpeAeJeHHHMH B 14.26.] :

1430. 3angava. Ilyers Xo(w)=1, X(0), X;(w), ... — Berss-
WHAca npouece ¢ n. ¢. LP(s), u=2(1—)>1, #’(1—)<oo. TIloao-
UM En(0)=Xn(w)p~". Buuucaute M (Ea+1—En)?, BoOCHOJB3OBAB-
wHck 9.24.

[Bocnonb3oBasuince TeM, yTo M (Ens1]En) =En, moayuaem

ME, B =MM (En iEn ) =M (EM (En 11| E)) = ME;,
M (Bn i1 —E) =MEZ | —2ME, | (&, + ME,=ME. | —ME..
U3 14.11 umeeMm
MEz—=p—27 (MX, (X, — 1)+ MXp) =@ — 1) & (1 —) (1 —p—) 4
Fpr=pE—1) " & (=) — (@ — 1) (L)1),
ME: 1 —ME=(@—1)"" & (1—)—1) (1 —p)p]

1431. 3anaua. B ycaosuu 14.30 mokasats, uto npu 6>p~'2 ¢
BEPOATHOCTBIO | NPOMCXOAHT  JHINB KOHEYHOE YHCJIO COGRITHHA
{0:|Er+1(0)—En(0) | >6"). BuBectH oTclOAa, 4YTO MNOCJEA0BATEJb-
HOCTb cJ1. B. En(®), n=1, 2, ..., cX0AHTCH C BEpOATHOCTBIO | K HEKO-

TOpOi#i ca. B. E(w).
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[flo uepasencTsy Uebuiuera npu 1>6>p-112
P(0:|Ent (0)—En(0) | >8") <const- (dp!2)—"

Ipumensn nemmy Bopens—Kanrtenan (cMm. 12.11), nonyuaem nepsoe
H3 yrBepxaeunit 14.31. Ecnu o TakoBp, uTo npu scex n>N

|8t (0)—En(0) | <c- 87,

TO, OUEBHAHO, NOCJEN0BATENbHOCTb En{w) dyHAaMEHTENbHA H, CAELO-
BaTeJbHO, CYLIECTBYET
lim £, ()= (0).
n—ou
Ho, kak MBI YCTAHOBHJIH, TAKHE ® COCTABJAIOT IOAMHOMXECTBO H3
mepht 1.]
1432.* 3anaua. B ycnosun 14.30 nokasars, uto

M (Enq . —En)? e 2] H il — (1—p*yp—n, k=1, 2,....
B(w—il)

Orciona u u3 14.31 seiBecTH ¢ moMouysio gemmel Paty (10.22), uro
ME2<C 00, a NpH n—00 BHIIOJHEHB COOTHOWIEHHS

ME—E)—~0, E —2>E M[E—E, [0
[Toxasats, uto ME==1 (Cu. B. E onpenenena B 14.31).

[M (Xl fo: X (@)= =Y o ==

{it

s Pr (5) [s-1--=1ip*,

TaK 4T0 M (Enyz|En)=En, H nepBoe yTBepkieuue B 14.32 ycraHnasiu-
Baercs aHasornuxo 14.30, Janee (cm. 14.31, 10.22, 14.11)

ME = M (lim & (o) < lim Mg = & (1 —) (2 —p) ™",

n—o oo

M (E _En)zz M (m (EII-H‘- _-En)z) <_1£1_1_ M (En—{—k—gn)z =

k—»oc k—oc
=(&"(1—=) +p—p) @ @—1)" p™

B cayuae M(g En)2—0 npu n—-oco roOBOPAT, UTO NOCAELOBATENb-
HOCTb CJ. B. &, cX00uTcs 8 cpedneksadparuytom X cil. B. £ W13 He-
paBencrBa M|X] < (MX2)'? (cM. 13.46) 3aknarouaem, YTO CXOAHMOCTb
B CPeIHEKBAApPAaTHYHOM BJedeT 3a cobo# cxodumocrb 8 cpeduem:

M|E—E,|>0, n—oo.

Hockonsky |ME—ME,| <M|E—E.|, MI,=1, To ME=1.]
1433. 3anaua. OGo3uaunm P(A) npeobpa3osaHue Jlanaaca
ca. B. £ u3 14.31. Tloxa3are, uto { (1) yINOBJETBOpSET ypaBHEHHIO

Y(A) =2 (¢ (1)).
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Brisectn orciona, uto P{w:E(w)=0)=p, rae p — MeHbUHH# KOpeHb
ypaBHeHus P (s)=s, s[0, 1].
[TTos03kuM

Yn () = Meon==M exp (—AXu=") = &, (exp (— hu=").
- ¥13 ocHOBHOroO QyHKUHOHAJBLHOTO YPaBHEHHS

P (5) =P (Pn(s))
noJayuyaeM s npeobpa3loBanuil Jlanaaca cooTHOUIEHHe

Yrt1 (RA) =F (Pn(2)).
P 2
ITockosnbky En—§ (cM. 14.32), To En—E npu n—oo (cM. 13.4) u, cae-
AoBateabHo, Ya(A)—Pp(A) (cm. 13.27). Ilepexoas k npemeny npu

n—-00, noJyyaeM
P(pr)=Z(p([R)).
Janee 3aMeTHM, 4TO

b (o0)=lim (1) =lim (e dF ()=F (0—F (0—).
> ~>On 0

Ho ¢ (00)=2(y(o0)), a mockorbky Mg=1 (cM. 14.32), 10 P (o0)=
=F(0)—F(0—)<1, 1. e. Y(o0) ecTb MeHbLUIHIi KOPEHb YypPaBHEHHS
P(s)=s.]

14.34. [Ipumep (BerBsmuiica npouecc, u>1). Paccmorpum mnpe-
JelbHOe TIoBeJeHMe BeTBsimlerocss  npouecca ¢ u=%(1—)>1,
P”(1—)<oo, Kak Mu Bupeau B 14.10, ¢ BepOSTHOCTBIO p, SBJASKO-
mefics MeHBbIIMM KOpHeM ypaBHeHuss #(s)=s, 0<s<1, mpouecc BH-
poxpaercs, T. e. P4 HEKOTOpOM n (3aBucsaweM oT cayyasi) Xa(w)=
=0. Ycaosunit npouece Ye=(Xt[A), k=0, 1, 2, ..., A={o:Xn(0)=
-70 NPH HEKOTOPOM 1} HMeeT KOHEYHOMepHble pachpejeneHuss (npu

o=1)

. . . {—1
pyl """" yk(lls ey "k)=p1ilp|',i, oo pik_llkmln {p ko, 1}

M npejcrabaser coboil OAHOPOLHYIO MapKOBCKYIO UeMb ¢ IepexoRHH-
MH BepOSITHOCTSIMH

Gio=pio, i>0, gij=p;;p'~%, i, j>0,
rie pi; — nepexofiHble BeposiTHOCTH mpouecca Xy, k=0, 1, 2, ...,
Xo=1, p — BepositnocTs ero BHpoxaeHus. Cocrosisme 0 — norJo-
wamoulee 1js MapkoBckod uenu Y, k=0, 1, 2, .... BeposiTHOCTb TO-
ro, 4YTo Npolecc, BEIXOAAWIMUA H3 |, He morsoulaercs K MOMEHTY Bpe-
MEHH 7, paBHa

oo

i1 __ (n) pi—1 —
)pli, e Py P 2 pippi=t =

(i eonrly> i=1

=P~ (Pn () —Pn (0) =p~" (p— & (0)).
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Yaurnsad, uto #n(0)—+p npu n—»oo H

p—&8,(0)=& () —& (Pr1 (0) =
=& (p) (p— s (0) + g &' (8) (p— Pr1 (),

BHBO/JIHM, KakK H B 14.15, uTo
p—&F,(0)~c, & (p)", n—>o0, 0<<& (p)<< 1.

Takum o6pa3zoM, aas ci1. B. T; — BpeMeHH A0 MOIJIOUIEHHS] MapKOB-
ckolt uend Yo=1, Y, Yy, ... —

Po:Ty(w)>n) ~c1#’(p)", n—oo,

TaK 4TO MOIJOLIEHHE MPOHCXOAHUT C IKCNOHEHYUAAbHOL CKOPOCTHIO;
B uacTHocTH, koHeunn MT; u DT,. i1 npouecca, HauHHAIOUIErOCSE
H3 COCTOSIHHA R, T0Jy4aeM TOYHO TaK XKe, 4TOo

P(o:Te(w)>n) ~c? (p)", n—>oo.

Ha muoxectBe A={w:X.(0)>0, n=1, 2, ...} noBeseHHe BeTBs-
merocs npouecca X, n=0, 1, 2, ..., onpenensierca B 14.31. Kak Tam
N0KAa3aHo, C BEPOSTHOCTHIO 1

Er(0)=Xn(0) -p">E(0), n—>o,

rae cia. B. E(w) paBHseTCS HYJIO Ha HEKOTOPOM MHOXecTBe A MephE
P(A)=p, a Ha ero aonoanenud A E(w)>0. OueBHAHO, YTO MHOXECT-
Bo A orauuaercs or A He GoJiee UeM Ha NOJMHOXKECTBO MepPhH HYJb.
CrnegoBaTebHO, €clH NpeHe6Gpedbh HEKOTOPHM NOLMHOMXKECTBOM Me-
PH HyJab, TO TpaekTopud mpouecca X»(w), n=0, 1, 2, ..., pasGuBa-
I0TCA Ha [JBa KJjacca: OAHH INOrJOLAITCS 33 KOHEYHOe BpeMs B HY-
Je, AJas APYrHX BhINOJHfAETcH cooTHoweHHe Xn(w) ~E(0)p?, E(w)>
>0; 3TH BO3MOXHOCTH HMMEIOT BEPOATHOCTH COOTBETCTBEHHO p H
1—p.

14.35. Ilpumep (BeTBswMiica mpouecc ¢ HMMHrpanuer). Pac-
cMoTpuM caeaywuiee o06o6wenune npouecca Iaabrona—Barcona.
Ilpeacrasum cebe, uTo K 0GHYHOMY BETBSILIEMYCS Ipoleccy B MOMEH-
TH BpemeHH n=1, 2, ... go6aBasiercs cayyaifHoe uHciao Y, 4acTHI,
KOTOpHE NPHHHMAIOT ydacTHe B JajbHeHlIeM npouecce pa3MHOXKe-
HHUSl TI0 TEM Xe caMuM 3akoHam, Q6o3HauuMm Z, 4YHCJO YacTHI B MO-
MEHT BpPEMEHHM 1 B ONHCAHHOM npoyecce ¢ ummuzpayued, NPeANona-
ras,, 4yTo ¢J, B. Y;, i=1, 2, ..., He3aBHCHMHl H OJHHAKOBO paclpese-
Jens ¢ n. ¢. &(s). Ca. B. Z, npeacTaBHMa B BHAE CyMMBH

Z, =X+ VR V2 V1Y, n=1,2, ..., Z,=1,

rae X, — UMCJO TOTOMKOB HayajbHOH YacTHOH B 7-H MOMEHT Bpe-
(k)

MeHH B o6HuHOM npouecce I ansTona-—Barcona, Va—x— uHca0 TO-

TOMKOB B 71-i MOMEHT BpeMeHH OT Y, 4acTHI, HMMHIPHPOBaBIIHX B

MOMEHT &, k=1, 2, ..., n—1. Cayyaliine BeJHYHHH B CyMMe, COCTaB-
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aswuel Z,, N0 ONpeleJeHHK Inpolecca SBJAAIOTCH He3aBHCHMBIMH,

TaK 4To 0, ¢. cJ. B. Z, paBHHAeTcs NPOH3BEAEHHIO I. ¢. claraeMHx.
Ho

MS™ = MM(™ Y,) =M (&, ()" =@ (@ (9,

TaK 4YTO

M=, () [] 0 (@us(s). Pol9)=s,

e |

rae Po(s)=R (&P (... &8 (s)...)) n pa3, (s)— n. ¢. uucaa Heno-
CPeACTBEHHH X NOTOMKOB OJHOH uacTHubl. HeTrpyaHo dopMasnn3oBaTh
TIpHBEJEHHOE onpefejeHHe npouecca Z,, n=0, 1, 2, ..., TakK, Kak 3T0
Ob10 caenalo B 9.24 B cayuae npouecca [anbroHa — Barcona.

Jpyro# cnoco6 onpeneseniss MapkoBcKoR uenu Z,, n=0, 1, 2,
COCTOHT B yKa3aHHH €e NepexoAHbIX BepOATHOCTEH

Pz, 2, (iD=, z 8/ =& (s)' @ (s).
i=0
Tonaras Zy=1,

ILn (5)=Ms"n= 2‘ nips,
uMeeM -

%nl-l s)—‘z v n(”)n”s’ y n(n) Z nllsl -% (d (S))a()

j=0 I‘ i=0

YTO NPHBOAHT K TOH Xe camoit n. ¢. aas ¢a. B, Z,, UTO H BHILE.

Janee npeanonoxuM, uto @ (0)=P(w:Y,(w)=0)<1, 1. e. EMMH-
rpanHs B caMOM JleJie HMeeT MecTo, a Takxe, 4To &' (1—) < oo, ¥ pac-
CMOTDHM cayyalt uy=%"(1—) =1, #””/(1—) <oco. Kak MH 3HaeM, Npo-
uecc 6e3 HMMHrPalHH B S3THX HDPEANOJOXEHHAX ¢ BEPOSITHOCThIO |
Korga-to nonagaer B coctofiHHe 0 (K B HeM ocraercs). PaccMoTpuM
BONPOC O NONajgaHHH (BO3BpalllEHHH) B Kakoe-JH60 cocTosiHHe B Ipo-
uecce ¢ KMMHrpaunen. Ilosoxum

(n)

i = ) Wiy oaygy - - - Ty s
(h’#i-h’#i----n‘n_l?&”

(n)
T. €. fij ecTh BEPOATHOCTE TOrO, UTO MAaDKOBCKAaf leNh, BhIXOAA-
Ilasi M3 COCTOSIHHA [ Ha n-M llare, BIepBHe NONajaer B COCTOSHHE jf.
Orcrona uMeeM AJs IPOH3BOJLHOR MapKOBCKOH LeNH

n

n — . . . —_—
um = E 2 iy .. W=
T4 (i ey g by gee e in)

(D=t | 50 n—2) {n—1) (n)
=fijn "+ fii A fi i
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(coburre {w:Z.(w)=j} pa3GHTO Ha HemepeceKaloUWHecs YaCTH B CO-
OTBETCTBHH ¢ TE€M, KOU'Ja NPOH3O0ILIO MepBOoe MOoNafaHHe B COCTOSIHHE
j). JoMHOXas o6e 4acTH NOJYYEHHOrO YPaBHEHHS Ha S” H CYMMHDYS
no n or 1 go oo, nosyuaem

911(5)=X NS =3F ;; (8) -+ F 11(s) P} (),

n=1
F i <s)—§‘ fif's".

FHpr i=j umeem
P ()= 1; ()1 —F 4 (s)).

Otcrona BHOHO, uto Fi;(1—)=1 Torga u TOJbLKO TOrAa, KOTAZ
Pij(l—)=o00, T. e. Bo3BpallEHHE B COCTOSIHHE | NPOHCXOAHT C BEPO-
ATHOCTBIO 1, TOJIBKO ec/IH PacXORHTCSA PAX

oo

E n{n) — oo,
11

n=1

Ecau F;i(s)5£0, T. e. H3 COCTOSHHSA [ MOXHO C TOJIOXHTEJIBLHON BEpO-
ATHOCTBIO NMONACTb B COCTOSIHHE j HAa HeKoTOpoM mare, To Pi;i(l1—) =
=00 H TOTAZ H TOJbKO TOraa, Korga %;;(l—)=o0, Tak 4To BO3Bpa-
IleHHe B COCTOSIHHE | C BEPOSITHOCTbIO | NMPOUCXOAHMT, TOJNBKO €CH

~
2
n=1

Kak nokasmiBaioT paccyxnaeHHss Ha c. 318, ecau P;(l—)=o00 u
g.j-i(l_)>0, TO f{j(l—)=l.

Bosspamasicb k BeTBAIlEMYcsl Npolleccy ¢ HMMHrpauHeH, npeamno-
JOXHM BHayaJje, 4To Q(0)>0 T. €. C NONOXKHTEJBLHOH BEPOATHOCTBIO
PIMMHI‘paHTH B JaHHHH MOMEHT He mocrynaioT. B 3Tom cayudae, oue-

BHAHO, 7o > 0 npu JioOwx n, {. HakzeM acumntoTuxky BeposiTHO-
cTel

nfp =&, (0)ﬂ0(d°n-~k(0)) n—>00, Po(s)=s.

k=1

JlorapudpMupys H Henoab3ys acumnroTHRy 14.17, noayyaem
n n

Inafy =&y (0)+ ¥ InQ (Fns(O)= =Y (20" (1 —-)&F" (1) k' +
fu | k=1

+o(lnn)=—(2¢' (1 —)/&"(1—))Inn+o(Innj.
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CrnenosatesibHO, Pl
0
(n
2 “10)
n=1

pacxoaurcsa, ecau 20 (1—)/#"(1—)<1, u cxoauTcs NpH
2Q¢°(1—)/#”(1—)>1. Tlpu F o (s)s£0 BOmpoc 0 NMONajaHWH C Be-
posTHocThio 1 B cocrosiuue 0 ompepensiercss 3HauenueM @ (1—) ma-
TEMAaTHYECKOTO OXHAAHUA YHCJA2 WMMMIPAHTOB, 32 HCKJIOUEHHEM IO-
rpanuusoro cayuas @’ (1—)=%"(1—)/2. [Ipx KONOJHATENBHOM MNpeL-
nonoxenuu @”(1—)< oo pasnoxenue no ¢opMmyne Teisopa B mpe-
RLIAYIIHX BHKJA3AKax 4O BTOPOro 4JeHa NOKa3bBaeT, 4TO B CJyyae
@' (1—)=%"(1—)/2 umeer MecTO pacXOAHUMOCTb psSRa H3 nfy n—=
=1, 2, ..., H, cIefoBaTeJbHO, llenb nomajgaer B cocrosuue 0 ¢ Bepo-
ATHocThIO 1. [TockosbKy

afy =nfp (.0)', i=>0,

TO BCE 3TH BHLIBOAH COXPaHSAIOTCH NpPH MIOG0M HayaJbHOM COCTOSIHHH
(MM HauaJbLHOM pacHpeNesIEHHH ).

OTMeTdM, UTO NpollecC C HMMHUrpallHedl HE MOXKeT INonacTb B CO-
crosiHde 0 paHee, 4YeM BLIPOAMWJICH INpollecc PAa3MHOMEHHS HaYaJbHHIX
yactull. ChenoBartenbHo, ofo3HauuB 7T;(w) BpeMs [0 mepBoro mno-
nmafaHua B cocTosinue 0 mpouecca, HauaBuIerocs ¢ ¢ YacTHI, NOJydaeM
ApH n—»oo

P(w:T;(0)>n)>1—&, (0) ~2i/(&" (1—)n),

tak uro MTi=00.
Cuas npeanosioxerue ¢ (0)>0, o6paTuMcsi K MapKOBCKOH LEMH
(cp. BHIE onpexnenenue Z,)

Zy=X,+ VI +V2,+ ... +VEY, o n=1,2, ...,
TaK 4To Z, mpeacTaBisier co6oi cyMMy Z, ¥ HMMMHIPAHTOB, NPHGHB-
wHx B MoMeHT 2. K 1. ¢.

7 n—1 _
MS n=gan (S)[ l-] 0(@11—12 (S)), Zo=i1
k=1

NPHMEHHUMH NpeAHAyllHe IOCTPOEHHsl. Bosppalllenue MapKOBCKOH
uenu Z,, n=0, 1, 2, ..., B cocrosiHue 0 NPOUCXOAMT C BEPOATHOCTHIO
1, ecnu 2@° (1—) /" (1—) <1 (unm =1, no @”(1—) <oo). [1pu 3TOM

~(n
PAR M3 70 DACXOAHTCH H, BOCHOJNb30BABLIHCH HepaBeHCTBOM

oD
(n) et ¢ ~ ~ t
P =g, Q=Y gt m5 =rz,7,011),
k=1

nojsyyaeM, 4ro npu 4;>0 pacxozurcs pax 43 :rrﬁf.—'), n=1, 2,..., u,

CJe0BaTebHO, BO3BpallleHHe B COCTOSIHHE [ MPOMCXOAUT C BEPOATHO-
cTbio 1.
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O6o3HayuM
fi=Y fiP = (1)
n=1

BEPOSITHOCTh, BHIXOJAS M3 COCTOSIHHSI i, KOTAa-TO IIONACTh B COCTOSIHHE
j. HonycruMm, urto fij=f;j=1. Torna nmomaganue B cocrosiuve j (Ha-
YHHAas U3 [) NpoHcxoAuT OeCcKOHeyHo uacTo ¢ BepoATHocThio 1. B ca-
MOM jeJie, 0YCTh T, -—— MOMEHT [1epBOrO NonajaHus B j, A — HHTEp-
Baa MeXAy kB-M u (k-+1)-M nonaganusmu B j. OQueBHAHO, UTO

. (ny) ¢(n) (1)
P(o: 7 (@)=n, Ay (@)=mny, 2<km)=F; ;" ... fii" .
T. €. CJ1. B. Ty, Ay, As,... HE3ABHCHMH], a CJ. B. Ay, As, ... OJHHAKOBO
pacnpegenennl. Iloatomy

P(o: A (@) < oo, k=2, 3, ...)=limP (@ : A, (0) < o0, k< n)=1.

Takxe HeTpyZHO BHAETb, YTO OTPE3KH MapkoBckodl uend Z;(w),
Tk—-lgig‘rh’ Th=Tk—l+Ah1 k=19 2’ D} T0=0, A1=111 HEe3aBH-
CHMH, a HauyMHas ¢ k=2, ¥ OJMHAKOBO pacnpejaeneHn. Takum obpa-
30M, TPAEKTODHIO MapKOBCKOH lIend MOXHO pa3buTh Ha He3aBHCH-
MEE UHKJIE MEXJAy NOCTeJOBATENbHHMH MONAaJaHUAMH B COCTOSIHHE
j. TlomuepkHeM, YTO 3TH BHBOJAH OTHOCATCA K NPOH3BOJbHOH Map-
KOBCKO# LienH, s Koropo# fij=f;=1.

M3 cka3aHHOTO MOXHO NHOJYYHTh MHOTHE HMHTEpPEecHhHEe BEIBOJH.
Tak, B npeanonoxenuu fij=1 pomyctum, uro f;>0, T. e. U3 cocrosi-
HUSl j C MOJIOXKHUTEJbHOH BEPOSITHOCTLIO MOXKHO KOTJ3a-TO IONacTh B
cocronune [. Coburusa A, UTO nomagaHde B COCTOSIHHE [ MpPOH3OHAET
Mexay k-M u (k+1)-m nonagauusiMd B cocTosiHue j, k=1, 2, ...,
HE32aBHCHMH H HMEIOT OAHY H Ty K€ MOJOXHUTEJBHYIO BEPOATHOCTD.
ITosToMy BepoATHOCTL TOTO, YTO NMPOHM30HAET XOTH GH OOHO U3 COOH-
tuft A;, Ay, ... (a 3HauHT M OGecKOHEYHO MHOro), paBHa 1, T. e.
fir=1. TouHo Tak xe moaydaem, 4To fu=1.

O6parumecs  Tenmepp K cayyalo pu=%(1—)<l1, P"(1—)<oo,
¢ (0)>0. Iokaxem npu AONOJIHHTEJbHOM orpanuueHun &”(1—)<
< 00, YTO

L%n(s)=Msz"—>:%(S), 0<s<]l, n—> oo,

rae & (s)—HeKoropasi BepOSTHOCTHAS NPOH3BOAAMIaA QyHKuHSA. Takum
o6pa3oM, MapkoBckas uenb Zy=1, Z,, Z,, ... npH n—>o0 BXOAHT B
CTallHOHADHHH pexXxuM. 3alHueM

InR(S)=In&, (s)+ Z In@(Fn-r(s), &P,()=s.
k=1
Bocnosne3yemest cooTHOLIEHHEM
1— &, (59=61" +-0(1)p*, n— oo,
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BHIOJHA©UIMMcA paBHoMepHo no s<[0, 1] (cp. 14.15, 14.21), u pas-
JIOXKEeHHEM (TaKXKe JeHcTBYIOUIHM DPaBHOMEDHO 1O §)

In@@n()=0" 6n) (1 —Fn(s)+0 (1) (1 —&(s)', m—co.
Takum oGpasom,

—1
InAR,(s)= z In@ (&, (s)) +1n &y (s),

k=0

npHuyeM psx 43 uiaeHoB In@(Pr(s)) pasHoMepHo cxoautcs. Caeno-
BaTenbHo, GpyHkuus R ($)=1im HA.(s) senpepmsra. M3 13.29 3akuio-
n—»ou

yaeM, yto #(S) — BepoATHoCTHAs I .
Ecnu npouecc Hayajcs ¢ { YacTHI, TO, OYE€BHAHO, HMEET MECTO TOT
e caMHIil npegeabHHi pe3yabrart. [Tos0XHB

A=Y s,
i=o

MOXHO 3allHCaTh N0Jy4eHHOE yTBepXKJAeHHe B BHIE
:rt:,l)—f:rt,, j=0,1,2, ..., n>oo.

OTMmeTHM, YTO AJA j, TaKHX, uto 7i; >0, HMeeM
¢ ¢]
2 n‘"’_oo Z ﬂ(n)
n==1

TaK 4YTO C BEDOATHOCTHIO 1 3TH cocTosIHHUS NocelalTcss GeCKOHEYHO

4acTo.
14.36.* [Ipumep (nmpocroe OayxpaHue M BeTBAlMicsA Npouecc).

PaccMotpum npocroe 6Gayxaauue S, n=0, 1, 2, ..., S¢=0 c Bepo-
ATHOCTBIO lIara BHpaBo p=1/2. BeegeM moment T, nepsoro JocTH-
XeHust nojoxenusa r, r=1, 2, .... Cn. B. Tr, r=1, 2, ..., KOHEUHH ¢

BeposATHOCTbIO 1 (cM. 12.15), nocienoBatenbrocts  St,+x, k=0, 1, 2,
., npexacrasJsier cofofl OayXaaHHe HAUHHAOUEeCHd H3 TOUYKH 7,

oTpe3kH GayXpaHus ST', Sttt ooy STm’ r=0, 1, 2, ..., Ty=0,
He3zaBucHMBl. Ec/iM CABHHYTh HauaJo KOOPAMHAT B (cJayyaiiHylo) Tod-
ky (Tr, r), To orpesox Sr, St,+1, ..., St, | Gymer npeacTaBaATh

coboii 6ayxpaaHHe, BHIXOAsIlEe M3 HyJs M OCTAHOBJEHHOE B MOMEHT
nepBoro noctHxeHus eauHuun (cp. 11.5). C otpeskom ST’+m, m=0,
1, ..., Tru—T, cBsxeM mocieloBaTeabHocTb ca. B. Zi', I=
=r, r—1, r—2, ..., nonaras Z{” PaBHWM 4YHCJY nepexoioB OJyx-
pawouel qacmuu 13 noaoxeuuss [ B I+1 (ua Hﬂ're}mane 6nyxna-
ausa (T,, Triq)). LImc.no OTPEe3KOB NyTelf, TAKUX, YTO Zr——l—l >0,

D e=0,>>0, Z2:1=0 6mo nogcuutaro B 11.9 u pasHo

i

£ 0,—1C pi—1 ... CiF

Epy 4—ik—l
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Oru nytu umewor aauny n=2(i;+...+i)+1, npuuem cymmapnoe
YHCJO LIATOB 6JyXAalollled YacTHUH BBEPX Ha efHHHLY GoJsbule YHC-
Jla 1aroB BHH3, TAK YTO BCE 3TH OTPE3KM MMEIOT OJHHAKOBYIO BEPOSIT-
Hocte pHD/2(1 —p)n—1/2 Tagkum o6pasoMm, moJayuyaeM HpH JIOGHX
k=0, i, ..., x>0

P: 27 (0)=i, ..., 2V (@=iy, 2Z i (0)=0)=
=Ci i ...clk AP (1— p)hr2—
=p(i1I1)p(lth) oo P lie—1) p(O]2n),
p(jl))y=Clyjap’ 1 —p), i=1,2, ..., j=0, 1,2,
IMockoneky p(fif), j=0, 1, 2, ..., npeacrasasier coGo#f oTpHua-

TeJIbHOoe OGHHOMHAJILHOE paclpefeseHHe, TO BeposiTHOCTH p(f|i),
>0, p(()|0)—1 p(j}0) =0, j>1, o6pa3yloT cHCcTeMy NEpPEXOAHBIX Be-
POSITHOCTE} Ha MHOMECTBE LeJBIX HeoTpHUaTenbHblx uHcesr. Otciona

nerko BuiBogutes (eM. 11.9), uro cn B. Z=1, Zy, Z\,, ...
06pasyloT MapKOBCKYIO lleflb C NepexOoJHHMH BeposiTHocTAMH p(j|)
i, j>0. [Tocxosbxy (cM. 4.10)

EP(JIL)S’—\T_M—SY=(ip(ill)S’)i. i>0,

i=0

TO TOCJeL0BATENbHOCTE Zi1, =0, 1, 2, ..., npeacrasasier cobo#
npouecc I"'ansrona—Barcora ¢ 1. @.

# (s)=p/(1—(1—p)s),
omeqaxomeﬁ reoMeTPHYECKOMY Pacipe/le/leHrIo (1—p)ip, j=0, 1, 2,
, UHCJ2 HENOCPEACTBEHHEIX MOTOMKOB onﬂon YaCTHLBI.
BBeneM HOCJIE}IOBaTEHbHOCTb cr. B. VI, k=m, m—1, ..., 1, 0,

—1, ..., noJaaras v P4BHBIM YHCJY nepexonos 6ayxpawouei 4a-
CTHLH H3 moJioxeHuss 2 B k+1 na wuHrepBane Gayxpanusi ot 0 xo
Tm+1, T. €. 10 NEPBOrO MOMEHTa JOCTHXKEHHS ToukH m+1 (B wacrt-

0 0
HOCTH, Vi =2z} )). HerpynHo BHAETb, YTO

V‘""——E z"’ m=0, 1, 2,

r=k
npuueM npoueccl Zi', k=r, r—1, ..., IpH pA3JHUHBLIX I HE3ABHCH-
MBI, TaK KaK ONpeAe/siioTcs HE3ABHCHMHIMH orpeaxaMn cnyqanﬂoro
6ayxaanus S, n=0, 1, 2, HepeHyMepyeM cn. B. Vi, Zi7 B 06-
paTHoOM MopsjKe, noJsaras npn t= 0,1,
) min(l,m) .
Ui'=zz5", wit =vii= ¥ Ul
=0
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Tpaktyem HHAeKC | Kak BpeMeHHOHM mnapametp. Toraa U, 1=t
t+1, ..., 0<t<m, ecTb npouecc I'anbToHa—Barcona ¢ m. ¢. P (s) =
=p/(1—(1—p)s), HauaBmuiics B MOMeHT [=! ¢ oaHOH qdcmuu
UP=2zr7"=1). Tipu pasHuHLX t, 0<t<<m, npoueccn U}, 1=t,
t+1, ..., Hesapucumul. Ca. B. W{™ npencrannser coGol cymMmapHoe
YHCJO YACTHI, XKHBYILHX B MOMeHT BpemeHH [. Taxum obpasom, noc-
nemosaTtensHocts W™, =0, 1, 2, ..., npeactanaser coboil BeTBi-
ImHiics npouecc CAeAYIOIIero BHAA: OH HAaYHHAETCH ¢ OQHOH YacTHILH,
B MOMeHTH [=1, 2, ..., m NpPOHCXOJHT HMMMHIpalHs OJHOH YaCTHLLL,
NpH [>m UMMHUIpalHs OTCYTCTBYET, Da3MHOXEHHEe YacTHIL B TEYeHHE
BCcero BpeMEHH IPOHMCXOAMT O 3aKoHaM Ipouecca I'anrToHa—DBaTtco-
Ha ¢ n. ¢. P (s), yka3aHHOH BhIllle.

(m)

Heonxopoauyio mapkosckyio uens W; ', [=0, 1, 2, ..., ecrecTBeH-
HO pa3buTh Ha OfHOpPOAHHeE y4yacTKH I<Km u Iz=m. [Tlpn 0O<Im
wm ecTb BeTBAIMHCA npouecc ¢ n. . $(s) H HMMHrpanued mno
OfHO# wyacTHue AAsA [Z>=1, ero mnepexojHnie BEPOATHOCTH DABHHl =
=p(j—1}i), i, j=1, 2, .... Ilpu [Z=>m 3T0 o6muHu# npouecc I'annTo-
Ha—BaTcona, Havasumiics ¢ W& yactuu. Ilo cBOHCTBY MapKos-
CKO#l LeNnH 3aBHCUMOCTh MEXAY ABYMs y4YacTKaMH oOcylecTBJjseTcs
yepes 3HaueHHe ca. B. WY,

PaccmMoTpum neranbHee OTPE30K W™, I<m, npu m—>oc. Bue-
nem W, =0, 1, 2, ..., — BerBamuics npouecc ¢ 0. ¢. £(s), HMMI-
rpauguef mo ouﬂoﬁ qacmue npy I=1. Ecau Wo=1, TO nmnpouecc
W™  I<m, coBnagaer mo pacmpeleleHHIo ¢ oTpe3kom Wi I<r.
Tak kak u=2(1)=(1—p)/p, T0 u=1 npu p=1/2 u p<l npmu
p>1/2. TlpuMenumM pesynbrTaTh, noayyeuunie B 14.35. Il. . yucaa
MMMHIDAHTOB B [aHHOM clyyae paBHa (J(s)=s. Ilpy p=1/2 BuyHc-
AsfieM 3HayeHHe

{m)

20" ()& (y=p*/(1 —p)*=1.

IMockoasky & (0) =0, @” (1) =0, To Bunoausitorcst ycaosus @ (0) <1,
Q" (1)<oo, u npouecc W, [=0, 1, 2, ..., u3 aw060ro CcOCTOSHHSA
¢ BepossTHocTbi0o | kKorpa-nubo nonagaeT B cocTOsHHE 1, TaK Kak
Bce COCTOSIHHA MapKoBckoii uwenH W, coobmarommecs: f[i;>0, i, j=
=1, 2, ..., 70 fij=1 npu mo6mIX £, §, T. €. U3 N1060r0 COCTOAHHUS Hellh
¢ BeposiTHOCTBIO 1 korpa-aubo monajgaetr B Jawo6oe Apyroe W BO3Bpa-
maertcsi B McxofHOe (cM. KoHel, 14.35). 3TH e BHIBOALI COXpaHAIICH
npe p>1/2. Kpome Toro, npu p>1/2 mapkoBckas wens W, I[=
=0, 1, 2, ..., cXOAHTCA K CTALHOHADHOMY pDEXKHMY, IpHYEM CTaLHO-
HapHoe pachpejefieHHe CTPOro IOJOXKHTENBHO INpH Bcex j=>=1.
14.37.* 3anavya. B ycaoBusax 14.36 npu p>1/2 mnonoxum Y,
PaBHHIM NOJHOMY YHCAy nepexonoB 6Gmyxpauusa S, n=0, 1, 2,
So=0 u3 nonoxenus [ B I+1, [=0, 1, 2, ... . IlokasaTh, 4yTo nocaeno-
BaTeJbHOCTb ca. B. Yy, [=0, 1, 2, ..., o6pa3yeT crauuoHapHyl0 Mmap-
KOBCKYIO Lenb. Iloka3aTb, 4To nepexojHble BepOSITHOCTH obpaiieHHO%
neny pyllym(jli) COBNAJAIOT C MNepPeXOLHHMH BepOATHOCTSAMH iy ==
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=p(j—1|i), onpenenennumu B 14.36. HaiiTu pacnpenenenne BeposAT-

Hocreilt cJa. B. Yi.
Ipexsae Bcero oTMETHM, 4TO, MOCKOJBKY C BEPOSATHOCTbIO 1 6ayXK-
A3aHHe YXOAHT Ha oo, cJd. B. Y; XOHeuHa ¢ BEepOSITHOCThIO 1,

[=0,1, 2, .... Ilyctb T, — MOMEHT NMepPBOro AOCTHXKEHHA OJyXaaHH-
\
r+7 } —————————————————————— _
| S —_
i |
r-14—————— gt ————— | —t——-
| Vo
| | i
d 1 -
—e T t t T— >
r Tre 1',(.') 6;!)
Puc. 36
eM Sn, n=0, 1, 2, ..., monoxenus r>0, 1!V — mMomeHnT nepsoro
nocye T,y Monaganus B cocTosiHue 7, () — MoMeHT nepBoro mnocsae
T, nonanauna B r+1 u panee npu i=2, 3, ... (puc. 36):
W=inf{n:n>0"D, S§,=r},
o=inf{n:n>1H, S,=r+1}.
Cn. . i, o), i=1, 2, ..., [moompenenHM 3HaueHHEM oo AJS TeX

©, Ha KOTODHIX OHH He ONpejeJeHH NpPEeILAYNIHMH COOTHOLICHHSIMH.
O6osnauum N, 4uHC/IO KOHEYHHX 4YJIEHOB  TOCJEA0BaTeJbHOCTH
M, ©®, ... 3amernm, 4To ecqH npeHeGpeub COGHTHEM HyJeBOW

BepOATHOCTH, TO U3 KOHEYHOCTH 'cf’ caeyeT KOHEUHOCTh 0;‘) He-
TPYAHO NMOHATh, YTO OTPE3KH OJYKAAHHSA
Scn Sy -0 Span =12, N,

r
HEe32BUCHMH M SABJAIOTCS BeDOATHOCTHRIMH KONMSMH JpYyr Apyra.
dopManbHO 3TO 03HAuaeT

i i
P(Nr=l’ Oﬁl)——'rg) =n;, S"g)%-l:k{ )' cee SG(
r

b_ =hil, 1<i<h)=

{
=P(Nr=l) . I_I P(aﬁl)_'rﬁl):ni, Stp)-f-l:k{”: eee Sop)—l —_—_k,(,?_‘ ),

YTO HEMNOCPeJACTBEHHO BHITEKAaeT M3 MapKOBCKOro CBOMCTBaZ NpOCTOro
cayyafiHoro 6ayxjaaHus.
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C orpeskaMu Gayxnaanufi Ha unrtepBanax (0, Tr), (t, 0“)) (th
o?), ... cea3aHn BerBAmMeca mpoueccs Zi s Y D, Y¢n oL i=r,
r—1,...,0, rne ci. 8. Z{”  ompemenesa B 14.36, Y(’ B on
peleasieTcs 0O OTPe3Ky cayuailHoro OJyXAaHHA Ha HHTepBaje
(v, 6!")) (npu ycnoBMM KOHEWHOCTH 3TOrO WHTEpBaJa) TOUHO TaK
Xe, Kak c1. B. Zi) onpeneneHa mo OTpeaxy 6nyxnanus Ha (0, Try).

Bee 3aTH mpoueccH  He3aBHCHMBHI, ,_, (=0, 1, 2, ..., — mpouecc
¢ ummurpauumedt, Vi"D =0, 1, 2, ..., — oébmﬂblﬁ npouecc ['anan-
Tona—Batcona ¢ Toil ke m. d. P(s), utou Z{”. Ouesuano,
tr,N )

Yi=Z" +Y{P+ ... +Y, 7, 1=0,1,..., 1,
T. e. mpouecc Y, [=0, 1, ..., r, ecTb cymMa cayuaiHoro uucaa N,+1
He3aBUCHMAIX BETBAIIMXCSA MNpoleccoB. DTO 03HayaeT, YTO NOCJAENOBa-

» u

TeJbHocTh ¢, B, Y=Y, (=0, 1, ..., r, — BerBsAmuiica npouecc
cm ob. 9’(5) p/(l—(l—p)s) HauaBuiica ¢ N,+1 uacTuu, ¢ uMMH-
rpauueit o OAHOM 4ACTHIE B MOMEHTH BpeMeHu [=1, ..., .

Hanee 3ameTuM, uto cobbitie {o : N,(0) >0} oaﬂaqaeT YTO Hocae
MoMeHTa T,y NepBOro AOCTHXKEHUS TOYKU 7+ 1 KOrla-To NpOHCXOAHT
nonagaliue B TOuky r. COOTBETCTBYIOIIYIO BEPOSATHOCTb JIErKO MOACTH-
TaTb, HCIOOJB3Yys paccyxAeHus 12.15, oTkyaa moayuaeM A/ Hee 3Ha-
yende (1—p)/p. Ecau cobutie {w: N,(w)>0} npousourno, T0 c Be-
positHoetbio 1 o) <Coo, M Gayxiamue mocie MOMEHTA ol umeer
CHOBAa BO3MOKHOCTb NMONACTh B COCTOSHUE 7 ¢ BeposTHOcThIO (1—p)/p
H 1. a. CrenoBaTesbHO,

P(m:N,(m):n)=( ‘;” )"( 2”;“ ) n=0, 1, 2,

Ocraerca sametuth, yto Y,=N,+1 4 mNoTOMy MapKoOBcKas Lenb
Y, [=0,1, 2, ..., crauHOHapHa U

P(m:Y,(m)=i)=( l;p )i-—l 2;:;~l m, i=l, 2, ...

310 CTAallMOHADHOE pacrnpeacjeHue MapKOBCKOI‘:l uenu c¢ nepexoaHHMH
BEPOATHOCTAMH

ay=p(j—11) =Cl ot (1 —p), i, j=1, 2,

4YTO, BIIpOYEM, JIEFTKO NPOBEPACTCH HENOCPEACTBEHHO!

oo oo

1—p \i—1 2p—1 —1
E:ﬂﬂ = E: cls 1— =
17 = ( » ) P l+! —2p* ( p)

i=1 =1

(1= -1 2p—1 . i—1 J (1 Vi——
( P ) P EC:+-<:—1)—:P (1—p) .

i=1



U3 14.35, 14.36 uMeeM, yTO NpH n—»00

o
Y wff'si 8" (=Y s,
j=1 J=1
rae $*(s) — Hekoropas BeposTHocTHas n. ¢. B 14.26 Guio oTmeve-
Ho, uTo p;¥*, j=1, 2, ..., ecTb cTanHOHapHOe pacnpejeleHHe MapKOB-
CKOH LeNH M YTO OHO €IUHCTBEHHO, T. e. p;*¥=m;, j=1,2, ....

Hakonery orMeTuMm, uto

pr,, v, E1)=mmin; =Cliiep 1 —p)' ' =my,

T. e. MapkoBckaa uens Yy, [=0, 1, 2, ..., H B npamoM, B B o6paTHOM
NoOpAIKe UMeeT OJHH U Te Xe NepPeXOfHhe BepOSTHOCTH. ]

1438.* [ITpumep (BeTBAIMHCA npouecc B cayyadHOH cpene).
Ilyctb umeercs ceMelicTBO Px(s), x=Z, BeposTHOCTHHX I. ¢. Boss-
MeM KaKyio-aub0 noc/efoBaTesbHOCTh X= (Xo, X1, X2, ...) 3J€MEHTOB

H3 & u onpeleJHM HeOJHOPOAHYIO MapKoBckyio uenb Z,, n=0, 1,

2, ..., c IepexoAHKMH BEepPOSTHOCTSAMH
E pzl ‘zx (] ,l) s’—y pi/ (xn) si c‘]°¥ (s)i i> 0'
j=0

I/IHTepnpempyx COCTOSIHME [ KaK YHCJO YACTHI B IpoLiecce pa3MHO-
JKeHHMS, NP KOTOPOM YaCTHLK, XHBYIINE B MOMEHT 7, IIPOM3BOJAAT
HenocpeACTBEHHHIX NMOTOMKOB MO 3aKOHaMm mnpouecca [annToHa—Bat-
coHa ¢ 1. ¢. c‘P,;n(s), Ha3blBaeM MAapKOBCKYIO LeNb Z,’:, n=01 2 ...,
HEOOHOPOOHEIM BETBAWUMCA NpoyeccoM. 3HaueHue napaMeTpa X==x,
MOXHO TPaKTOBaTh KaK «COCTOSIHHE CpPeiN», B KOTOPOH IPOHCXOAHT
pasMHOXeHHe YacTHL B MOMEHT BpeMeHH n. «BJjusiHHe cpein» Ha
NIpPOUEeCcCHl PA3MHOMKEHHUST BRIPAXKAETCS 3aBHCHMOCTBIO 3aKOHA pacrpe-
JesqeHUsl BeposiTHocTed pyj(x.), j=0, 1, ..., uMcaa HemnocpeAcTBeH-
HEIX NTOTOMKOB KaXJ0¥ H3 YacTHI 7-r0 NOKOJEeHHS OT X, [Ipu 3ToM
BCe YACTHUK PA3MHOXKAKITCH He3aBHCHMO.
Jlerko BHJeTh, YTO

Ms” n =P (P, (.- Py, (5) ..

ecm Zy=i. Bunumem mrozomepuyro n. . 1. B. Zo, ..., Zn
, . i
P sy Sy 11 s Sp)= X ng___”z:(zo, coey Bp) Sl s A=
{torts-riy}
z! zl zl
=Ms %! ... .5 Zn__ MM(s o SMZ0, e, Za)=

X X
=MD ... s n—!M(s nZE, ..., ) =MD ... &g (s Zn1) =
n——l

=& (S“, ooy Sp—9, Sn—1 gaxn_l(sn));
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F M (Sgr o+ - 1 S)=(8,P, (5,P, (5285, (- . - SnPr,_ (s) .- M),

eemu Zp=i.

IlpencTaBuM ceGe Teneppb, 4TO 33jJaH HEKOTOPHHA CcJydaBHBA Opo-
uecc §= (Eo, &1, E2 ...) CO 3HayeHHsMH M3 &, U PacCMOTpuUM L. KakK
Cayuabnoe COCTOAHUe CPedb. Pa3MHOXEHHS B MOMEHT BpeMeHH 1.

OnpejenHM BeTBSUIHACA Ipouecc ZE B cayyafiHO H3MeHsioLlclica cpe-
Je E, MOCTPOHB IO peaH3alHH §=X cpelnl HEOJHOPOJAHHIH BeTBALIH-

csi npomecc Zy. Jlanee mpeamosnaraeM, 4TO § ecTb NOCJTE0BAaTe]h-
HOCTb HE3aBHCHMHX OJMHA2KOBO paclpeieseHHHX c¢J. B. Torzaa

ZEE Z, MOXHO ONpeleJHTh KaK MapKOBCKYIO LeNb C NepeXoJHBIMH
BEPOSITHOCTAMH

pilepti(gn)y £ j=0v 1, 2,...,

TIe mpeamoJsaraeM, 4TO (QYHKIHH p;j(X) — H3MepHMHE, TaK 4YTO
pis(En) ecTb cayyaiiHas BeJHunHa. B camom gene, Qa8 MHOroMepHo#
n ¢. ca. B. Zo, Zy, ..., Z,» HMEEM, KaK H BHIIE,

MsZ ... sf’l=MM(s§- sfﬂ]ﬁ,-, Z;, i<n—1)=
=M (sZ ... soaM(s2n|E, Z;, i<n—1)|=

V4
=M (sozn . 3"1—11 t (sp) P )=...=

=M(s, &Py, (8% (- . . 1P, (Sa). . Y.

1. (1) noJA 3HAaKOM MaTeMaTHYeCKOro OXHIAaHHA MOXXHQ 3alHCATh
B BHJE

Pz, (10) Pioi, (Eo) e "_1 » (gn) Sl'S v s:ln.}.
{1ostas.e sty )}

TlpuMeHsis onepauuio MaTeMaTHyeckoro oxupaanus (cM. 10.15) u wuc-
10163y HE3aBHCUMOCTD CJ. B. Zg, Eo, E1, ..., En, MIOJdYyUaEM

MsZesZs ., gin= Z Pz, (i) Praty - - - Pry oSSt -+ s

{fortsne iip 1}

YydTHIBAS, YTO MaHUNYJSUHH ¢ YCJOBHBIMH MaTeMaTHYECKHMH
OXHIAHUAMH OGOCHOB2HHI MOJHOCTBIO B § 9 JHmIp gAs JHCKPETHMIX
¢J1. B., onpenenuM QopMmaJbHO geTsaujulica npoyecc 8 cpede u3 Hesqa-

8uUCUMBLY OOUHAKOBO pacnpedeﬂeuubtx geaudur KakK MapKoOBCKYIO Lelb
C MepexoJHHIMH BEPOATHOCTAMH BHJA

pu= PudF (D), 4 j=0, 1,2 ...,

rae F(x) — HekoTopas BePOATHOCTHAS (YHKUMN pPacHpeneeHHs.
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BBoas nociaenoBaTeJbHOCTb &g, Ei, Ea, ... HE3aBHCHMHIX CJ. B. ¢ ¢. D.
F(x), umeeM

PigisPris -+ - Piy 1. =Mpri, E) Mpi,i, &) ... Mpy_ s, Eri)=
=Mpi;i, (8) Pt &) - - Py, i, (Ba1),s
OTKyZAa noJyyaeM IpH Zp=Ii; MHOroMepHyl n. ¢&. aas Zy, ..., Zn
B BHJE
M(5:Ps, (5P (- - 5Py (52). . ))o
6e3 obpalleHHsl K CBOMCTBaM YCJOBHOIO MaTeMaTHYECKOTO OXHIaHHA.

[TocTaBuM BONpPOC O BEPOSITHOCTH BHIPOXJAEHHS BETBSAILIErOCs INpPO-
mecca B HE3aBHCHMOH OJAHHAKOBO paclipefeneHHOH cpefe. ITomoxum

T=neZ, (@>0, Z,w)=0

H T(0) =00 AJa5 Tex w, A KOTOPHX Z,(w)>0 npu Bcex n. IlycTs
ans onpeneneHHoctd Zo=1. Toraa

P(o: T((D)>n):l—-@zn(O):M(l—c‘f“go(@g‘ (... 3‘)5’1_1 (0)...)).
3al'IHLUEM OUYeBHJAHOE HEPABEHCTBO
1= (P, (... &P (0).. ) <P (1-) Py, (1), . . &y, (1—), m<n—1.

Beegem ci. B. X, =In&% (1—), i=0, 1, 2, ..., u nepenxuem npasyio
YaCTh HePaBEHCTBA B BHJIE

exp(S,), Sp=Xo+...+X,.

JJas noayueHus HanboJlee TeCHO NpHJeramwlnell OLEHKH CBepxXy Bhibe-
peM m=m,(») H3 yCJIOBHA MHHHMyMa NpPaBOH YacTH HEePaBeHCTHA,
T. €.

Smn(m)=mil'1 (SO, Sl' ey Sn—l)—=-}1n-

Takum o06pasom,
Po: T(@)>n) << Mexp(,),

rie pa=pa(®) €cTh MHHUMYM cayuajiHoro Oayxpaanusa S; (=0, |,
2, ..., Ha orpe3ke 0 i<{n—I. OTcioga BHAHO, UTO €cJHU

P(o: lim §, (0)=—o0)=1,

n—»no

TO BeTBAILKMHCH mnpouecc — Bupoxaawomuica: P(o:T(w)<ow)=I.

PaccmoTrpuM GoJiee noapo6GHO YacTHHE cayuaif npouecca, Npeiro-
JIOXHB, YTO B 3aBHCHMOCTH OT COCTOSIHHSI CPelbl Pa3MHOXEHHE YaCTHII
HAET 110 OJHOMY H3 ABYX TeOMeTPHUECKHX paclnpeeseHHH BepOsATHOC-
Tefi: pj(x) =06/(1—0) aubo piy(x) =(1—0)76, j=0, 1, 2, .... Tak xax
Py(1) ects 06(1—B8)~! u (1—8)0~! cooTBETCTBEHHO, TO CJ. B.
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X,=1né°él_(1—) npyHdMaer 3Hauenuss a=In(8(1—0)"')=In0—
—In(1—8) u —a. IIyctb a>0 1
P:X;(0)=a)=p, 0<p<l.

B paccmaTtpuBaeMom cayuae Gayxpande S;=Xp+...+X; quwb Mac-
TaboM OTJHYAETCH OT NPOCTOro cayuaffiHoro OJyXAaHHA C BeposAT-
HOCTbIO p luara Hanpaso. Ilpu p<{1/2 uuxHUH mnpemesn MOCJeROBa-
TeabHoCTH Sp(w), n=0, 1, 2, ..., paBeH —oo ¢ BepoATHOCThbIO 1,
TAaX YTO MPOUECC SBJAETCH BHIPOXKAAIOIIUMCH, eCIU

MX,=MIn&; (I —)=ap—a(l —p)=a(2p—1)<0.
OTtMeTuM, uTO B Takoli ¢opMe yTBepKJeHHe COXpaHSeTcd U [JIfA
npoueccoB obuiero BUAaA.

Bocnoan3zyeMmcs teM, uto (cM. 14.12)
=& O=(((1—9) & (1)~ + & (1)@ (1)~
AJs IPOU3BOJbHOR Apo6HO-auHelHOH N. &. P (S) u uTO
" (128" (1))=1
B cJyyae reoMeTpuuyeckoro pacnpefesenus. Otciona noaydyaem

n—1 1

1— &%, (8%, ( ...@gn_l(s)...))=(((1_s)n@éi(l))—x+l)_ '
i==0

n—1 n—1

P(:T(0)>n=M ( ( Il @é‘_(l)) l 11 )_1=M( 1+ E e--Si)—l.
1=0 =0

Ecin MX,=a(2p—1)>0, 1. e. p>1/2, cayuaiiHoe O6ayxpaHue
Snp—o00 ¢ BeposATHOCTBIO 1, mpu 3TOM Ss/n—>p, Tak 4YTO C BepoAT-
HocTbio |

oo
1+y ¢ i < oo,
i=1
ITo Teopeme o MoHoTOHHON cxoauMocTu 10.15 moayuaem

lim P(o: T (@)>n)=M( 1+ i &%) >0.
i—0

n-—»oo

HMrtax, npu MX,>0 BeTBAmumiica npouecc B cayuyaiHo# cpese ¢ reo-
METPUYECKHM pacnpejeseHyeM uHuc/Ja MNOTOMKOB UMeEET MOJOXKHTeNb-
HyI0 BEPOSITHOCTb HEeBBIPOXKJAEHHA. DTOT pe3y.abTaT COXpaHAeTcs M
B obweM cayuae. OTMeTHM ellle, 4TO YCJOBHAasH BEPOATHOCTb HEBil-
POXJeHUs [0 MOMEHTA 7 NpPU YCJOBMU DUKCALMU CPEAkl

n—1
Plo: T@>np=(1+Y %)

=0
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CXOJAHTCH NPH n—»o0 K CJAy4YalHOH BeJjHUHHE

C(m):(l -+ ie"si)_l
i=0

C BeposATHOCThIO 1. 3TO 03HAauaeT, 4TO MOYTH Bce DeasH3alliH caydau-
HOH cpelbl T2KOBBI, YTO YCJOBHBIH Mpouecc pasMHOXEHHA (npH yc-
JIOBUH (HKCAUHH Cpejbl), KOTODHIH NpeAcTaBasfeT coboii HeoAUOPOI-
HBLIE BeTBAIIMHCHA Npoluecc, HMeeT NMOJIOXHTEJBHYIO (YCJIOBHYIO) Bepo-
STHOCTb HEBHIPOXAEHHA.

14.39. [IpuMep (AHCKpETHHIE NpOLECCH BOCCTaHOBJeHHs). B pa3-
JHYHBIX TIpHMEDAax MAapKOBCKHX ILeneil Mbl BCTPETHJIHCh CO CJEAYIO-
IIMM SABJEHHEM: pg;.” —>p; NpH n—-oo AJd J060ro COCTOSIHHA i, TAe

pPi, jE&J, ecTb HEeKOTOpOe pacnpeneseHne BeposTHocTell. IIpn 3TOM MBI
TOBOPHJIH O CXOAHMOCTH MapKOBCKOH LENH K CTAalUPOHAPHOMY PEeXHMY.
KakoBo 6B HM OnIIO HauaJbHOe COCTOSIHME (HJIHM Haua.bHOE pacnpe-
ZeJieHHe) TAaKoH MapKOBCKOH LEMH, N0 NPOLIECTBHH MJIHTEJNLHOI'O Bpe-
MEHH Mpouecc CTaHOBHTcA OJH3KHMM K CTaluHOHapHoOMY. Ecau pacnpe-
IeleHHe pj, j&J, NIDHHATh B KayecTBe HauyaJbHOTO, TO MapKOBCKas
Lenb OKa3bBaeTCAd CTALHOHADHEIM [POLECCOM: KOHEUHOMEpHBIE pac-
npejefeHHa

p(m:xnlf{»n(m):jh, k=1, ..., m)

B 3TOM CcJyuae He 3aBHCAT OT caBHra BpeMeHH n. CTauHOHapHOCTH
npouecca 03HayaeT HeH3MEHHOCTb BEPOATHOCTHBIX 3aKOHOMEpHOCTeH
GYHKIUMOHHDOBAHHA Npolecca HA JIoO0M BpeMeHHOM HHTepBaje. He
clieflyeT MyTaTh 3TO CBOHCTBO C OAHODOAHOCTBIO MAPKOBCKOH LEMH —
HEH3MEHHOCTBIO YCJOBHBIX BEDOATHOCTHRIX DacnpeeeHHH

P ({0 : Xnyin @)= k=1, ..., m}][{0: Xnyyn(0)=jo}).

Kak ™Mbl BHOesnH, HeOGXOAMMBIM YCJIOBHEM CXOAHMOCTH MAapKOBCKOI
IeNH K CTaUHOHAaDHOMY DeXHMY SABJIAETCH 6038PATHOCTS: C BEPOAT-
HOCTBIO 1 MapKOBcKaf LeNb, BBIXOAAIAA M3 COCTOSHHA j, B Hero Bo3-
Bpamaercd, H NPHTOM Oeckoheuno uacTto (Aas Tex j, uto p;>0).
Mbl BHesH, 4TO ec/H BepOATHOCTh BO3BpalleHus f;;<1, To BO3Bpa-
LUleHHe B COCTOSIHME j NMPOMCXOAHT KOHEeYHOe UHCJI0 pas ¢ Bepoar-
HocThiO 1, 2 moTomy p}}”—» 0 npn n—co.

IlycTe MapkoBckasi LeNnb TaKOBA, YTO AJAA HEKOTOPOrO COCTOSIHHS
j umeeM f;;=1. I1peANON0OXKHM, UTO 3TO COCTOSIHHE | B3ATO B KauecTse
Ha4yaJgbHOTO, H BBEREM MNOCJEROBaTeJbHhE MOMEHTH BO3BpalIEHHS.
B COCTOSIHHE j:

T,=0<1 (<<t (0)<<....
MapxkoBckas uenb pa3bHBaeTcs Ha HE3aBHCHMBlE IHKJIB
X‘L‘l.v Xri+1. ceny X‘l.‘“_lv ‘=Oo 11 20 ey

MeXIYy MNocAef0BaTeJbHBIMH MOMEHTAMH BO3BpAallleHHSA B COCTOAHHE j,.
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3TH UMKJbI — TOUHbIE BEPOSAITHOCTHHIe KONMMH Apyr Apyra. Cayuafinuwe
MOMEHTHI BpeMeHH T;, i=1, 2, ..., ABJSIOTCH MOMEHTAMU BOCCTAHOBAE-
HuA MapKOBCKOH cHCTeMBl B TOM CMBbICJe, uTO, HauMHas ¢ Joboro
Ti, cHCTeMa (QYHKUHOHHPYET HE3aBHCHMO OT HPOULIOrO M B TOYHOCTH
IO TeM Xe BePOATHOCTHHIM 3aKOHaM, Kak ecJd OBl 1; OBJIO Hayalh-
HEIM MoMeHTOM. Kopoue, B MOMEHTH T; CHCTeMa INOJHOCTbIO BOCCTA-
HaBJIMBaeTcs [JO CBOEro NepBOHAYaJbHOrO BHAA (pereHepupyercs).
OTBJekasice OT 3aKOHOMepHocTedl (DYHKIHOHMpPOBaHHMS Ipouecca HA.
nepuode pezenepayuu (ti, Tiy1), CBOHCTBEHHBIX MapKOBCKOH e,
OTMETHM, YTO IpouecchH, obJjajalolye yKa3aHHHM CBOHCTBOM BOCCTA-
HOBJIEHHS, HMEIOT Ba)KHoe NPHKJAJHOE 3HAUEHHE H Ha3LIBAITCH pe-
eenepupyroujumu. CXOQUMOCTh MApPKOBCKHUX leNel K cTalHOHapHOMY
pPEeXHUMY OKashIBaeTCH YacTHHIM NPOSIBJEeHHEM aHaJOTHYHOTO CBOMCT-
Ba 6oJiee MIMPOKOTO KJacca pereHepHpYIOUIHMX NPOLeccoB.
Has mwo6oro n>0 nojgoxum

vin(@=koH@)<n, Tii(@)>n.

I/IHTepBaJI BPEMEHH OT Tvn A0 n HMeeT NPHHIHIHAJbHOE 3HAUYEHHE

NP H3YUEeHHH IIPeAeJbHOrO INOBeAEHHUS pacnpefesgeHHss cJ. B. Xg,.
n—oc, TaK KaK Ty, €CTb NOCJEJHHI Nepel n MOMEHT BOCCT2aHOBJe-

HHS, H, cJel0BATEJNbHO, COCTOSHHE MaDKOBCKOH UelH B MOMEHT 7 [0J-
HOCTBIO OIpe/lesisieTcsl ee IOBeJEHHEM Ha HHTepBase (Ty,, 7). Jlerko-

3anKcaTh paclpenesjeHune BepOHTHOCTe}I"I AJIHHBEL 3TOr0 HHTEpBaJa:

P(o:n—1y (0)=t)=pf" Z i, 1<n,
s=1+1 .

rae f,(-?’ €CTb BEDPOATHOCTb TOrO, YTO MAapKOBCKAas leNb, BHIXOAAIIAS.
U3 COCTOSIHMSA j, HA S-M Iuare BO3BpaTHTCHA B j BnepBue. CyllecTBOBa-
HHe npepeJa

lim p}?>=p1> 0

OYeBHIHO 3KBHMBAJIEHTHO HAaJHYHIO Ipele]JbHOr0 pacnpejeseHHsl HOC-
Jel0BaTeJbHOCTH CJI. B. n—Ty (®), n=1, 2, ... . Tlpu sToM

lim P(o: n—rvn(m)=t)=p, Z f}?), t=0,1, 2,....
oo s=i{+1

Tak kak

oc

Y 17 =Y P(: 1, (©)>1t)=M,
0 s==f41 =0

™.

.
I

TO B NPEANOJIOXKEHHH, uTO NpejlebHOe paclpeleleHHe Cl. B. N—Ty
n=1, 2, ..., cobcTBeHHOe, moJy4aeM Mrt;<oo, pj= (M)~
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Ecau pens B HayaJbHHE MOMEHT HaXOAHTCS B HEKOTOPOM COCTOSI-
#HHY i, TO, cOXpauas o003HAUEHHe v, AJS YHCJIa NOMAJAAaHHH B COCTOS-
HHe j 10 MOMEHTa BpeMEeHH 7, MoJyiaeM

P©: n—m, (@=t)=pf" ¥ [ing

s=f+1
B npeanosioxeHHH, 4TO MapKOBCKAs LENb CXOAUTCH K CTAIIHOHADHOMY
pexumy
(pg.‘)»p,, n—- o), HMeeM MJA Cl. B. n—7Ty, n=1, 2, ...,

‘TO e NpejesbHOe paclpejeseHHe, YTO K NpH (=]. 3To yTBepKIeHHe
COXpaHfeTCsA ¥ AJA NPOH3BOJBHOIO HayaJbHOro pacnpefpeneHus. Tod-
HO TakK Xe U3 COOTHOIUeHHSA

—1
P(@: Ty, @)—n=0)=pp+— plytafif~

s=1

(oHO mosyuaercsi, ecJd M3 BceX NyTeH, 3aKAHYMBAIOIIKUXCH B MOMEHT
n+1t! B COCTOAHHH j, OTOPOCHTH NyTH, KOTOPHE HAa BpEeMEHHOM yuyacTKe
oT n+1 po n+{—1 nonanawT B COCTOSHME j) HAXOAHM npH =1, 2,...

Po: Ty @—n=0)—>p, ¥ .

s==f

Ecay xe HayajJpHOE paclpefeseHHe MapKOBCKOH IeNd cTanHoHap-
Hoe, To npH Jwbom n=0, 1, 2, ...

P©: %y n@—n=)=Yp(p"" =Y pf ™ i )=
(i} s=1
t—1

==Y (L pnii ™ i =p/£ fii.

s=1 (i} s=t

I/ITaK, onpeaeJHB mnocjJefoBaTeJbHbEE MOMEHTHI

O <ty@<ne<...
nonajaHus MapKOBCKOIl Lenu B cocrosinue j (fiy=1), moayuaem, yTo
¢l B. Ai=1i—1i-1, i=0, 1, 2, ... (1-1=0), He3aBHCHMH, a TpH i=1

OJIMHAaKOBO pacnpejeseHn. B cayuae, kora MapKoBcKas LENb CXOJHUT-
€A K CTAHOHAPDHOMY DEXHMY, CJI. B. A~—Ty H Ty 51—, n=1,2, ...,
HMeIT co6CTBeHHOe MpejeJbHOe pacnpenedeHde. [as cTanHoHApHOH

uenu cl. B. Ty 3—n, n=0,1,2, ..., o0JHHAKOBO pacnpejeieHsl. ITo-
CKOJIbKY CJ. B. Va4 1 — MOMEHT OCTAHOBKH JJIS IIOCJEA0BATEJIbHOCTH
el B. A, {=0, 1, 2, ..., TO Jerko moka3aTrh, 4YTO B cJyyae CTaLHO-
HApHOW LeNH NpOUecC Ty tk—T1l, k=1, 2, ..., aBaseTca npu J060M

N TOYHOH BEPOATHOCTHOH KomMeH HcxoAHoro mpomecca. OnHcaHHue
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CBOHCTBA NOCJEN0BATEJBHOCTH CJI. B, Tn, n=0, 1, 2, ..., KaK Mu yBu-
IHM, HMeET MecTO [JS TNPOH3BOJIBHOIO pEreHepHpYIoOLIero mpoluecca

¢ MOMEHTaMH BOCCT2HOBJIEHHSA Tn, 1=0, 1, 2,..., H KOHEYHBIM CpeJHUM
NIepHOJla pereHepalxy.
ITyets A i=0, 1, 2, ..., — TNpoH3BOJbHAS MOCJEA0BATEJILHOCTD

NOJIOXHTEJBHEX (KpOoMe Ao, OT KoTopoit TpebyeM, urobu Ap=0)
JHCKPETHbIX HE3aBHCHMBHIX CJI. B., OJHHAaKOBO paclipefleleHHHX TpH
iz=1. IlocaenoBaTenbHOCTb Cl. B. To=Ap+A1+...+A, n=0, 1,2, ...,
Ha3bIBAETCS npoyeccom eoccraxoesenus. Ilpouecc BOCCTAaHOBJEHHS
npu Ap=0 HasnBaeTcs 4ucroim, a npu P (o : Ap(w) >0) >0 — npouec-
coM ¢ 3anaszduigarnuem. OnpenenuM cayyaliHble MOMEHTH Vn="vn(0)
YCIIOBHEM v, =R<=>Tp<N, Teti >N, K, n=0, 1, 2, .... [IpuHIHOHAL-
HYIO POJIb IIDH H3YYEHHH IIPOLIECCOB BOCCTAHOBJEHHS HUrpaeT (yHKYuA.
B0CCTAHOBACHURA

H(n)=Mv,, n=1, 2, ..., H(@)=P(0: t,(0)=0).

M3 npencrapnenus

va (@)= Y. Tiare 1< (©)
k=0

noJyyaem

Hn)= Y Po: 1, ©)<n).

k=0

3aMeTHM, uTO BBHAY MOJIOXKHTEJNbHOCTH CJAYYaHHHIX BeJHYHH T; i>>1,.
CyMMa CIpaBa COAEPKHT KOHEYHOE YHCJIO YJIEHOB, H, KpOME TOro, CO-
6ntusa {0 : 1% (w)=n}, k=0, 1, 2, ..., He NmepeceKalTCs, TaK YTO

P(w: 1t (w)=n nps HekoTOpoM &)=
=Y PO:5@=n=H@n)—H@n—1)=Hh,.

B cayusae, xoraa npouecc BOCCTAHOBJEHHS IpeicTaBisieT coboif
MOMEHTHl BO3BpallleHHsi M2apKOBCKOH IlelH B HEKOTOPOE COCTOSIHHE j,
h» npencraBisieT cob60H BepOSTHOCTb MONMANAHHS B MOMEHT n1 B coC-
TOosiHHe j. EcJM MapKoBcKas nenb CXOAHTCS K CTALlHOHADHOMY pexH-
MY, TO

he— (MA}) Y, n—>oo,

C HeKOTOPHIMH OTOBODPKAMH 3TO yTBEpPX/EHHE COXPAHSEeTCH AJS Ipo-
H3BOJIbHEIX IIDOIECCOB BOCCTAHOBJIEHHS H HOCHT Ha3BaHHe TeopeMmbl
soccranogaenus. T10SICHEM CBSI3b 3TOTO yTBEPXKAEHHS ¢ 3aKOHOM 60JInb-
KX YHCeJ [JI51 He3aBHCHMBIX OJHHAKOBO paclpe/lesIeHHHX BeJHYHH.
V3 cOOTHOWEHHS Vn>M<=>T,<n HMeeM B TPEANOJOMEHHH p=

=MA1<oo

ittt n

[n(x+ph) <[n (<+p )
331

Vn

T—p—l >xSv,>nx+pu e




Ho t,/n—L2—>p, Tak uto mpu x>—p—!, x#0 U n > oo

. — —1y-1

P (©: vn @)1 —p—! > £) > E ((x+p— 1) —p),
rae E(x) ects . p. BEPOATHOCTHOrO pacnpejesieHHs, COCPelOTOUYeH-
Horo B Hyne. TakuMm obpasom,
o/t —L—>p~1, n— oo,

‘3anycas 3TO COOTHOIIEHHe B BHAe va=nu '40,(l)n, roe MHOXHTEND
0,(1) Man no BepoOATHOCTH, NOJYyuaeM, YTO YHCJIO BOCCTAHOBJEHHH
NpHOIH3UTEbHO PAaBHO JJIHHE MHTEepBaJja, [ejeHHOH Ha CpeJHIon
IJIHHY TepHOfa BOCCTAHOBJEHHS. B npejamjyineM COOTHOLIEHHH MOXK-

HO nepedTH K MaTeMaTHYeCKOMY OXH/J2HHIO H NOJYYHTb Teopemy
.80ccTanosAenus 8 caabol gopme (cM. 14.44)

H (n)/n=Mvp/n—>p-!, n—oo,
1440. 3apgava. [IpeamosnoxuM, 4To (YHKUHS BOCCTAHOBJIEHHSA
H (n) ynosseTBOpSieT COOTHOILEHHIO

hna=H (n)—H (n—1) —>p~!, n—>oo.
BuBecTH 0TCI0Aa, YTO NPH n—-00
P(o: 1y t1(0)—n=8)—>P(o: A (o) =H)p!, t>0,
P@:n—r1, (0)=8)—P(o:A (@) =t+1p!, t=0.
TP (0: Ty 1 (@) —n=H=P(0: 1, (@) —n=1)+

+ X P(o: 1 (0)<<n, Teq1 (@) —n=1).
k=0

Bropoe csaraeMoe B npaBoif yacTH npeofpasyeM K BHAY

o n

Xz P(o:1,(@)=n—j, App1(@)=j+1)=
=0 /=0
=¥ TP n@=n—)P@©: des1()=j+0)=
J=0 k=0

n—1

=Y b P0: A, (=] +1)+P@O:7,(©)=0P(0: A, (©)=n+1)
=0

ITepexois 3Rech K mpefesy IpH 71— 00 M YYHTHIBas, 4TO

Y P:A @=j+)<Pl: A (©>m)<e

/=m

332



Aas ‘mob6oro e>>0 M jocTaToyHo GOJBWHKX m, a Takke, 4To A, <1,
mosryqaeM u3 h, —p—!

P(o: Ty 1(0)—n=t)—>P0: A (@>1t)p"!, n—oo]

14.41. 3apaua. IlpeanosoxuMm, 4YTO B Ipollecce BOCCTAHOBJIEHHS
C KOHEUHBIM CpPeJHHMM BLINOJHEHO COOTHOLIEHHE

P(o: A, (@)=0)=P(@: A, (@)>=)M, t=I, 2

Briuuc/uts 0. ¢. nocsaefoBaTenbHOCTH A —H(n)—-H(n—l) n=l1, 2,.
M ybexutses, uto h,=const, P(@: Ty +1(0®)—n=t)=P(0:A, (m)—t)
{TTonoxus & (s)=Ms, p_MAl, nMeeM

@ (5)=Mst= ):pA, (s/=p1 Z}: p,, (0)s'=

j=0 j=0i=j

—=p! Zp (,)g si=su~! (1 —& (N1 —s),

=0

Zhns = T Zprk(n)s"— y )jpr,z(ros"—

k=0n=1

= ¥ M= Xa (O (s =@ ()/(1—& (5))

k=0

apu 0 <<s< 1. Toxcraass B nocsenHee BhIpaxeHHe dopmyay aas @ (s)
M3 NIPEALIAYIIErO COOTHOIUEHHS, TOJyYaeM

Z has™=p1s/(1 —s),

n=1
OTKyA2 HaxomuM hp=u~!, n=1, 2, .... [anee (cp. 14.40)
P(@: 1y, (0)—n=t)=P(0:4,(0)—n=1t)+
n—1

+ Y buip,, ((+O)=p"P(@: A (@ >n+1)+
=9

Fu-P(0: <A (@<<n+-t—1)=p~'P(0: A (0) =1).]

1442. 3apgaua. JlonycTHM, YTO COCTOSIHHMA I, | MapKOBCKO# uens
Xa(w), n=0, 1, ..., TakoBH, uto fij=f;;=1 (fur — BeposATHOCTb KOT-
nRa-to nonacth B [, Buxoxs u3 k). O6o3Haunm t.(®) NocjeloBaTelib-
Hble MOMEHTH NONaJaHHA MAapKOBCKOH HeNH B COCTOSIHHe j, m=
=0, 1, 2, ... (npu i=j nonyuaem 1,=0). [IpeanonoxuM, uTo QyHK-
1M BOCCTAHOBJIEHHSA

H=Y P©: 5 0)<n)
k=0
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YAOBJETBOPSET COOTHOLIEHHIO
H(n)—H (n—1)—> (MA}) "}, n—+o00, MA;=M (1;—10) < o0.

IToxasaTh, uTo AJd J11060ro COCTOAHHA %k MAPKOBCKOH LEIH, KOTOpPO®
pocTHXUMO H3 j (fj>0), BHIOMHAETCH NpelJeJbHOE COOTHOULIEHHE

PR =P n—> oo,

rie BepOSATHOCTH p.* o0pasyloT CTalHOHADHOe pachnpejieseHHe Map-
KOBCKOH ILIelH.

[OrmeruM, uro M3 f;5>0 B ycnoBusx 3agaud  caenayer fi=1 (cM.
KoHen nmpumMepa 14.35), a canejoBatenbHo, ¥ fi=1. U3 cooTHomeHui

pim = 2 Fim plp—m), Z fim =f,=1

m==0

(rze /i ects BEPOSITHOCTb NONAJaHUS BIEpBhle B COCTOSIHHe | Ha
m-M 1are, BHXOJAS M3 [) cJelyeT, YTO AOCTATOYHO YCTAHOBHTHL Ilpe-
JeJibHOe COOTHOUIeHHe

PR > P n—oco.

O6o3nauum q"") k= j, BepOSITHOCTb momajaHHd HAa m-M Illlare B COC-

TOsiHMe K, BHIXOAS U3 j, He NOOBBAB N0 3TOro B coctosiiuu j. Ilpexn-
nosaras, uto Xo(w)=j, OUeBHAHO, HMeeM

‘"’—4‘"’+Z P(o:7(0)<<n, 11 (0)>n, X, (@)=k=

o n-1

=g +Y Y P:iu@=n—mqgp=

I=1m=0
n—1

—gip+ ¥ (H (n—m)—H (r—m—1) fp-

3ameTuM, 4YTO
z q},’:’)=P(m: A, (@) >m),
{k:k1}
in=Y ¢P< ¥ Po:A (©)>m=MA—1<oo,
m=1 m=1

Y =% ¥ op=ma1.

(ki) m=1 {E:ksii}
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Tlepexoas B mMpeanAyLieM COOTHOLUIEHMH K Npejeny NpH n-»oo, I10-
JydaeM

lim pp) = gm/MA,, ko .

Ilpn k=) umeem
"‘)—H(n)—H(n—l)—+1/MA1, n— oo,
Tak 4To, monaras ¢;;j=1, uMeem ob6ityio GopMyay AJA IpeAesbHOTO

pacnpeenesus
pe*=qelps,

TAe [; eCTh CpeJHee BpeMs BO3BDallEHHH B COCTOSIHHE j.

OTMeTHM, YTO H3 JOKa3aHHOrO BHTeKkaeT (cMm. 14.39), uto ans
Joboro R, Takoro, 4to pr*>0 (T. e. f;»>0) BepHO mnpexenbHOe coO-
©OTHOLIEHHE

OTKY/Ja HMEEM DaBEHCTBO p-l—q,-hpi—l.]
1443*. 3agaua. Ilycte A;, i=1, 2, ..., — HeoTpHLATeJbHHE He-
:3aBHCHMBle OJMHAKOBO pacnpejie/ieHHHe CaydYaiiHHe BequuuHH, MA;<

<00, Tn=A1+...+An n=1, 2, ..., 10=0, ve=v¢(0) — Haubosbluee
3HaYeHHe HHAEKCA N, NPU KOTOpOM 1.<f. [lokasaTs, uTO

MT.V‘+1 ==MA1M (‘V‘+ 1).
{Beenem cn. B.
{1, eI Ti— <,
X, =
0, ecsiu 1,1 > 1.
QueBUHO,

tV‘+1=A1+ L] +,A\’t+1 = Z Aixi'

1=1

'V'+1=X1+ P +th+l= EX,.
1=1

Mpumenss onepauuio MaTeMaTHYECKOTO OXHAAHHUA M MOJBIYACH BO3-
MOXXHOCTBIO NEPECTABUTH CO 3HAKOM cyMMHpoBauus (cm. 10.15), mo-
Jydaem

M (v, + 1)_ZMX,, My, = ):M(A X)_ZMA MX,—

i=1 i=1

=MA, Y MX,=MAM (v, + 1),

l=1

Te MB BOCNOJb30BAJIHCh HE3aBUCHMOCTBIO CJI. B A; U X;.]
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14.44*. 3anaua. [lycts H(!) — &yHKUHSA BOCCTAHOBJIGHHSI YHC-
TOro IpoLecca BOCCTAHOBJEHHS, pu< oo — cpejHee BpeMs MepHOAA
BOCCTaHOBJeHHA. BuiBecTH H3 14.43, yto

H(t)/t—p!, t—o0,

nepexofs K OrpaHHyeHHHIM ca. B. (A€ (w)=A:(w), ecan A:i(o)<c
1 A% () =c¢, ecn A;(w)>c).

[O6o3naunM v, HE(f) =Mv,) cOOTBETCTBYIOUHE BEeJHUYHHBl AJIS
npouecca BOCCTAHOBJEHHS To,'00=A|04...+Az0), n=1, 2, .... Tak
KakK Ai©<Ai, TO v¢(©Z=vy, u cefoBaTenbro (cM. 14.43),

H ()t =Mwv, 1t <Mv{®)t=H® (t)t =Mv{" It <M (v} -+ 1)/t =
—Mr(”) JEMAPL) < (¢ + )/ (tMAL),

OTKYyA2

im H (t)t < 1/MAP

t—>o0
npu Jiobom ¢>0. [lepexoas K npeaeay npu !—-oo, HaX0AUM

limH ()t <p'.
t—>o0

C 1pyro# cTOpOHHI,
H)=M (v, +1)—1l=p Mz, 1, — 1 >pt—1,

YTO H 3aKaHYMBaeT JOKAa3aTeJbCTRO.]
14.45*. 3apgaua. PaccMOoTpUM JBa He3aBHCHMHEIX IIpolecca BOC-

CTAHOBJEHUS Tn, Tn’, n=0, 1, 2,..., TAKHX, 4T0 Ap=Tn="Tr_|1= T,—
—Tp_1=Ap n>>1 (ca. B. COBNAAAIOT MO paclpejeseHHI0), pacipe-
JeJieHHe CJI. B. Tp NPOH3BOJIBHO, a paclpejesneHHe CJ. B. To' TaKOBO,
YTO IpoLecc BOCCTAaHOBJEHHs T,/, n=0, 1, 2,..., cTanuoHapex:

P(o: 1 (0) =t)=P(0 A (o) =t)/MA,, MA;<ococ.

Beengem cayuyafiHuii MoMeHT BpeMeHH N=N (w), nosaras N=n 1npu
Tn=1Tn, Te#Ty, B<n, 1 N=o0, ec/ii TAaKUX n HET, U NPEJNOJOXKHM,
uto P(w:N(0)<o)=1. O6pasyeM mnocjegoBaTeJbHOCTb CJ. B.
(puc. 37)

r ’
Toy Trs =+ o0 TNy Tygp Tygp e -

ITokasaTs, uTO HOJyueHHas MOCJAef0BATEJbHOCTh COBNAjaer Io pac-
npeJe/ieHHI0 ¢ MPOLECCOM BOCCTAHOBJIEHHS Tn, n=0, 1, 2, .... BuBec-
TH OTCIOfla, YTO

(H (t+5)—H (t))— (H' (t+s)—H’ (t)) >0, t—>o0,

Ias Jgioboro s>0; 3necs H(f) — dyHKUHS BOCCTaHOBJIEHHSI NpOLEC-
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ca 1, n=0, 1, 2, ..., H'(t)=t/MA, — O&yHKIMA BOCCTAHOBJ/ICHHS
npouecca t.’, n=0, 1, 2, ....

[Ca. B. N(w) sBnsercss, O4YEeBHAHO, MOMEHTOM OCTAHOBKH InocJje-
poBatesbHOCTH (A;, AS), i=0, 1, 2, ..., He3aBUCHUMBIX 1nap cil. B,
tak uyto (cp. 11.3, 11.4) nocnenoBaTenbHOCTh  (An+i, A'N+i), =
=1, 2, ..., pacnpeieseHa Tak e, KaK NOc/JeL0BaTensHOCTh (As, A),
i=1, 2, ..., ¥ He 32BHCHT OT HauyaJbHOro OTpeska (A; A/), IN.

Aa A} AN ANq AN+2

¥ ; ¥ =

TN TN*] ’r/wz

I T
| :
| Il [ i I i ! ] i

| | An II Bn+y By
|

f ¥

T
[

}
!

Ty Twer Tas2

| L

! !
by A yq1 :A szll

4
—_————

|
|
|
To T Tn Tust Thez
Puyc. 37
Ilostomy ca. B. Ao, Ay, ..., An, A'N+1, A'Nia, ... HE32aBHCHMBL H BCe,

xpoMe Ao, pacnpeneseHH Kak A;. PopMmajbHas BHKJIAJKa COCTOHUT
B BHIYMCJEHHH pacrnpeneseHHs

P(o:Ai(a)=s;, i=1, ..., k&),

rie Ai(w) =A:(0) npu o, Takux, ato N(e)>>i, u AN,-(.m)=A,-'(m) npH
N (w)<i 4 coBeplieHHO 3JeMeHTapHa. KiTak, mocsiezoBaTesbHOCTD
;n=50+51+...+3,,, fl=0, 1, 2, ceey

COBIaZaeT NO pacnpeieseHHI0 C [POLECCOM BOCCTAHOBJEHHH T, M=
=0, 1, 2, .... O6o3nayuM wv:, v¢ M v: COOTBETCTBEHHO HaHboJblllee

3HayeHHe MHIEKCa 1, [PH KOTOPOM T.<l, Tn <t M T,<{f, TaK 4TO CO-
OTBETCTBYIOIME (YHKUHH BOCCTAHOBJEHHS 3aNUCHIBAIOTCS B BHJE

H(t)=Mv, H'()=Mv/, H(t)=Mv,

npuueMm A (t) =H(t), t2=0. Ha wmHoxectBe {w:tnv(0)<f} uMeeMm

(puc. 37) Virs(w) =Virs(w), s=0. ITockonbky ca. B. N KoHeuHa
C BEpOSATHOCTBIO 1, TO TaKXKe KOHEYHa CJ. B. Ty H
Plo:tv(e)<t)—~1, (>

TaK 4T0 AJf I. B. @ vi(®w)—v:/ (0)—0 npu f—oo. CienoBaTesbHO,
€ BEpOATHOCTHIO 1

(Ve (@) —; (@) — (Veps (@) —vg (@) >0, £ oo.
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BBHB MaTeMaTH4yYecKoe OXHIAdHHe OT JIeBOI’I 4acCTH
M ((vips—v)— (Ve ps— i)

npuMeHUM Teopemy JleGera o MamopupoBaHHOR cxozumoctd 10.24
(c yuetom Toro, uto H3 A;=1, A/>1 uMeeM Vipa—Vi<S, Vips—
—wv'<(S) H noayuuM TpeGyeMHH peayJbTar.

IlpuBeseM eule OQHO [A0KA3aTEJbCTBO OCHOBHOrO pe3yJbTaTta:

H (t+8)—H () =M (ve..s—v)= M (V45— ;) Lo, <)) +
+ M ((vi1s—vg) Liov=n) =M+ My,
M, < sMligy <ny=sP (@ :ty(@)>1)—>0, t— oo,
My =M ((v;,,— ) ltws o)) =M (¥, — V) —
—M (v, ,— V) [owen)y=H"(t + 5)— H' () —M,,
M, =M (v}, —)) Lo ) <SP (@ £ Ty (@) > )]

1446. 3agauya. Ilyets ca. B. X, i=1, 2, ..., He3aBHCHMH, OAH-
HaKOBO pacnpeje/eHH, NPHHHMAKOT LeJne 3HAayeHHH, pachnpejgeleHHe
BepoaTHocTedr X; cummerpuuHo (P(w:X;(0)=k)=P(o: X (0)=
=—%k)) u MX,; koHeyno (MX;=0). Ilokasatb, Hcnoae3ys ¢opmy.1y
obpauleHus AJs8 XapaKTepHcTHuecKHx dynkuui 13.55, uto

Y P©:Spn(@=0=0, S,=X,+ ...+ X,
n=0 ’

H, CJeloBaTeNbHO, MapkoBckaa uenb Sp=0, S;, Sz ... ¢ BeposAT-
HOCThI0 | BO3BpallaeTc® B HayaJnHOE COCTORHHE,

[BBHAY cHMMETpHH pacnpeieeHus BepOATHOCTEH cJa. B. X ee xa-
paKTepHCTHYeCKad (YHKUHA

P (1) =MeittmMe=it5: = ()= (—1)

JefictBurenbHa M yeTHa. [lo ¢opmyae obpauierus 13.55 sanmem
1 3 1 ¢
: =0)=— " df=— ty* dt.
P(0: Sy (@)=0)=—— { vy dt=— §w(>

Ipumenss TeopeMy 0 MOHOTOHHO# cxozumocti 10.15, noayyaem

f“p(m:sz,, (m)=0)=% isw (t)”dt:% 5—1—_—"11—(?
n==0

n=00
Tak kak MX;=iy’(0) =0, To
01—y (t) =0 (t), t—>0,
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OTKyZla BHITEKaeT, YTO HHTerpaJ cnpaBa obpaijaercs B oo. TakKHM
ofbpasoM, /18 NepexOoiHHX BeposTHocTed piP, R, [=0, =1, *+2, ...,
Mapkosckod memn S;=X;+...4+X;, j=0, 1, 2, ..., So=0, nmeem

Y o> E oty =

n=1 n=1

OTKYJAa BRITEKaeT, YTO C BEPOSATHOCTbIO ! IPOHCXOAHT BO3BpalleHHE
B HayajbHoe cocToAHHe (cM. 14.35).]
1447*. 3apgayva. B ycaosun 14.46 BBegeM MHOXeCTBO

K+t={£>0:P(0: X, (0) =k) >0}

BCeX 3HayeHHH cJ. B. X, NpHHHMaeMHX C IOJOXHTEJbHOH BepoAT-
HocTbio. O603HayuM L MHOXKECTBO HeJHX 4YHces, [peACTaBHMEIX
B BHIE

mki+...+mk,, kiKY, i=1,...,r,

TIPH HEKOTOPHIX HATYDaJbHHX r, My, ..., M, lIpeanoJoxuM, 410 Ha-
uboasmuii o6muil geautenn (HOJ) uucen u3 Kt pasern 1. Iloka-
3aTh, UTO MHOXecTBo Kt comepiKHMT Bce HAaTypaJibHHE YHCJA, HAYHHAA
€ HeKoToporo. BriBectTH oTcloa, uTo MapKoBcKas uenb Sp=0, Sy,
Sg, ... ¢ BepofiTHOCThIO 1 NMOnajzaet B JMOGYI0 LENYI0 TOUKY.

[Ilycts d ectb HOJ uncea u3 HekoToporo mHoxectBa K+t. Pac-
TIOJIOXKHB 3JeMeHTH H3 K™ B BO3pacTamiuylo 1ocjaeloBaTeJbHOCTh
0<a<as<..., uMeeM, 4T0 d — [eJHUTeNb YHCEJ dy, Q3, ..., A, NPH
aiob6om n. Torma npu Hekoropom [ d —HO[ uucen ay,...,a. Hei-
CTBHTeJIbHO, 0603HauuM d, HOJI uncen a,, ..., an. Ilockoabky dpy
LeJuT dn, n=1, 2, ..., TO nocjegoBateJbHOCTb d, n=1, 2, ..., He
BO3pacTaeT H HMeeT NpejeJ, a CcJeJ0BaTes]bHO, HAYHHAA C HEKOTOPOTO
n, BCe YJeHH IIOCJEJOBATEJbHOCTH d, COBIANAIOT CO CBOMM IIPEJEeJIOM,
T.e. cd.

U3 aaroputMma EBkauna Haxoxpenns HOJl smrekaer, utro HOJ
KOHeyHoro Habopa uucesa @y, ..., @; MOXHO NpPEICTABHTb B BHJE

d=cia1+...+ca,

TOe €1, ..., C; — HEKOTOPble LeJHe (BO3MOXHO OTpHLIATeJbHHE) 4YHC-
aa. B camoMm gedne, npu [=2, npouspons mo aaroput™My EBkJHAa, je-
JIeHHSl ¢ OCTATKOM (B NpeJIOJIOXXEHHH, UTO dp HE SABJAETCH AEJHTENEM
a;), noJyuyaem

Ay =ayq,+ry O0<<ry<<@y, @g=ryq3+ry O<ry<<r,, ...,
rn——2=rn—lqn—l+rm 0<rn<rn—l: I 1="ngn.

Jlerko BHIeTb, YTO MHOXECTBO OOIIMX AeJauTesed nap uucena (a;, ag)
{as, r2), ..., (rn—g, rn—1) OQHO H TO JKe, & CJ€JI0BATEJIbHO, NMOCJAEIHHH
HeHyJIeBOH 0CTaTOK r, sBaserca HOJ] uncen a;, a; IloacraBuM BH-
paxeHue [Js rp U3 IEepBOr0 paBeHCTBa BO BTOpOe, H3 IOJYYEHHOTO
PaBeHCTBA BHIPA3HM r3 M MNOJACTABHM B TpeThe H T. A. B pesyabrare
TIOJlyYHM HCKOMOE INpencTaBjeHHe d=ciQ,+Caa;. B obmeM cayuae
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JocratoyHo 3aMeTHTh, uto HOJM{ d; uucen a,, ..., ar cosnagaer
¢ HOJL uncexn di—, ai.
ITlycts Tenepp d=1, Tak 4TO NpPH HEKOTOPHIX UENHEIX €y, ..., Cf
uMeeM
1=C101+...+C[a[.

Jlio6oe HaTypaJbHOE YHCIO M pasjejHM C OCTAaTKOM Ha S§=a;+ ...
...+a; ¥ 3anuuemMm

m=sq+r=(a,+ ... +a)qg-+r(c,a,+ ...+ ca)=
=a,(g+rc)+ ... +a;(g+re), 0<r<s.

Ecnn m Hacronbko Benmko, uto g+re;>0, i=1, ..., I, To nonyuaem,
yTo me L.
M3 cka3anHOro BEITEKAeT, 4TO IPH n=|ci|+...+ |c|

P(o:Sn(0)=1)=P(0:Sr(0) =—1) >0,

a cJefoBaTeNbHO, MapKoBckas uens S, n=0, 1, 2, ..., nonanaer
B J100yi0 LEJNYI0O TOYKY € TOJIOXKHTeNbHOH BepoATHOCThIO. Tak Kak Be-
POATHOCTL BO3BpallleHHA B HyJIeBoe COCTOfHHe foo=1, TO H3 o, >0
crenyert, uTo for=1 (cM. KOHew npuMepa 14.35).]

14.48*. 3anaua. B ycnosun 14.45 nokasaTh, yTo npeinoJoxe-
HHe P (0 : N(0)<oo)=1 BhINOJHSETCHA, €CJH MHOMKECTBO YHCEJ

{f:P(o:A{0)=Fk)>0}

umeer HOL 1.
[PaBeHcTBO 1a () =1’ (@) 03Hauaert, yTo
— (Ar—Ax’) — (AQ—AZI) —_—..— (An—Anl) =10—1¢,

rie ciesa cToHT cymMMa S,=X,+...+X,, X;i=A;{—A; He3aBHCHMHX
OJHHAKOBO pacnpejeseHHBIX CHMMETPHYHBIX CJ. B., X KOTOPBIM IpH-
MeHHMO yTBepxjeHHe 14.47. CienoBaTtelnbHO,

P(0: S, (0)=1,(0)—T,(w) npu HexoropoM n>1)=

= Z P(o: S, (0)=*% npu HexoTOpoM n, T,(0) —T,(0)=k)=
{r)

=ZP(m:S,, (0)=~k npu nexkotopom n)-P (@ : 1, (0)—1, (0)=k)=1.]
{k)

3anauu 14.45—14.48 npHBOASAT K CHeAYIOLIEH Teopeme 680CCTAHOB-
senus. Ilyers d ectb HOJL MHOXecTBa yHceJ

{f:P(0:A(0) =k)>0},

0603HauuM l4(/a, ) KOJHUECTBO TOYEK IIeJIOYHCJEHHOH pelleTKH ¢ Wa-
rom d(0, *+d, +2d, ...), cogepxaluxca B IpoMexyTKe I, ,. Toraa
npH {—oo H Jgio6om s>0 HMeeT MeCTO COOTHOUIEHHE

H(t+s)—H (t)—la((¢, t+5])/MA,—0,
rae B caydae MA;=oo apob6b cuHTaeTcA paBHOH HYJIO.
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Ilpn d=1 chopmynaupoBaHHOe yTBepiKJeHHe BHTekaerT H3 14.15,

14.48 u 14.41. Ilpu d>1 pocratouno mnepefiTH K caI. B. A;=A:/d,
i=0,1,2 ....

M3 TeopeMBl BOCCTaHOBNEHHS BHBOAHTCH TEOpeMa O nPeoesbHOM
nosedenuu nepexoOnbix 8epOATHOCTeld p{ MapxoBcko# uend. Mmeil-
HO, NycTh fiyy=f;;=1, p;<Coo ecTb cpeaHee BpeMs BO3BpalleHHS B COC-
TosgHHe j. O6o3naunuM d; nepuon cocrosuus j — HOJ| anauvenu#r Bpe-
MEHH BO3BPAlEHHHA B j, HMEIOUIHX IOJOXKHTEJNbHYI0 BEpPOATHOCTb.
Ecnu d;j=1, 10 u3 14.42 umeem

Ans mwoboro i, Takoro, uTo fi;;=1, a cymMMa npejeJbHLIX BepOSTHOCTEIl:
p;*=1/p; no Bcem Takum j paBHa 1. Ecau nepuon d;>1, to anamoruy-
HO HMeeM

d
P —>djl;, n—oo.



— e

r—
W N

—
o

—
-~

—
© oo

N b
=]

—~S ©® NO o oA o

Jumepamypa

.boposkxos A. A Teopus seposarHocreft. HMax. 2. M. Hayka, 1986.
.Tneneuko B. B, Kypc teoprn mepostHocreh, Hap. 5, M.: Hayka, 1974.

KauMos [, Il. Teopus seposiTHOCTEi H MaTemaTHueckas CTaTHCTHKa, M.
Hap-so MI'Y, 1983,

.Koanos M. B, [Ipoxopos A B. BeegenHe B MaTeMaTHYeCKYlO CTaTHCTHKY

M.: HUan-so MI'Y, 1987.

.Koamoropos A, H, Ocuosunie nouatHA Teopur BepostHoctelt, M3ag. 2, M.

Hayxa, 1974,

JToas M. Teopnus sepostHoctesr. M.: UJI, 1962,

Mewmankuu JI. JI. C6opurk 3amas no TeopHr BeposTtHOcTeRr. M.: Hsg-so
MTY, 1963.

Hesé )X. MaremaTHueckHe OCHOBH TEODHH BeposiTHoctefi. M.: Mmup, 1969.
Mapracapartu K. BeeneHie B TeOpHIO BepoATHOcTe# M TEOpHIO Mepn., M.:
Mnp, 1983.

.MMerpos B, B, CyMMn HeaaBHCHMHX cayuafiHmx BenHunH, M.. Hayxa, 1972,
.MTpoxopos A. B, Ywakos B, T, Ywaxos H. . 3anagn no Teopun se-

positHoctet. OcHosHbie noHATHA. IlpefenbHuie Teopemnl. CryuailHHe NpOLecCH,
M.: Hayxa, 1986.

.Ilpoxopos IO, B, Poaaunos 0. A Teopun sepostHocreil. HUag. 2. M.

Hayka, 1987.

. Posanos 0. A. Teopus BeposiTHOCTEl, c/yuafiHme NPOLECCH H MAaTeMarHue-

ckas cratucThka. M,.: Hayka, 1985.

.CeBactpanos B. A, Bersamuecs npouecen. M.: Hayka, 1971,
.Ceractpanos B. A, Kypc TeopHr BeposiTHOcTEl H MaTemaTHuecKofl cTa-

THCTHKH. M,: Hayka, 1982,

. Tyry6annu B. H Teopus sepostrocrefi. M.: Uag-so MIY, 1972.
.Dennep B. BeeseHne B TeOPHIO BepoATHOCTeA H ee mpuaoxenns. T. 1, 2. M.:

Munp, 1984.

. Xennexken IL JI, Toprpa A. TeopHsi BEepOATHOCTEHl H HEKOTODHE €e NDH-

jgoxenns. M.: Hayka, 1974,

. Uxyn Ka#-mat, Onsopoaunie nenr Mapkosa, M.: Mup, 1964.
.Yuctaxkos B, Il. Kype Teopun sepositiocteh, Uan. 3. M.: Hayka, 1987.
.Iupses A. H. Beposarrocts. M.: Hayka, 1980,



Cnucox obo3nauernud
u cokpaujernud

nl=n.-(n—1)-...-2-1, 0!=1
Cat=nl/ (k! (n—4)1)
=Cﬂ

Npy Ry npr |k|<<n, k onHo# yeTHOCTH c n, N, ,=0 npH ocTaibHHX 7
Hk

pn(k; p)=Ca*p*(l—p)m—* — OuHOMHalbHOe Dacnpegenende (cM. § 1, 2)

A=B — BkmogeHHe MHoxecTBa A B B

AlUB — obmbepHHeHHe MHOXECTB
ANB, AB — nepeceyeHne MHOXECTB

A — ponosnenne Muoxectsa A=Q B Q , AGB=AB

0EA, 0EA — NPHHaLIeXHOCTb, He NPHHALJIENKHOCTb 3J1EMEHTa MHOXECTBY
&) — nycroe MHOXECTBO
P(A), P(w:...) — BeposTHOCTb COGHTHS A, BEPOATHOCTb COOHTHS, ONMHCHBAEMOTO:

nocJe ABOETOYHS
P(w) — BEPOATHOCTb 3/1€MEHTapHOrO COGHITHS ©

CJ. B. — cJydyadHas BeJHYHHa

X=X (w), Y=Y (w), ... — cayyaiiHble BeJHUHHH

X=(X1, ..., Xa), Y=(Y1, ..., Ym) — cayyaiiHHe BEeKTOpPH HJ¥ HaGOpH cJ. B.

Py (%), px (x) = pxh___'xrl (x1, ..., Xp) — pacnpeiejieHHe BepPOATHOCTEH JHCKpeT-
HO# cn1. B., COBMECTHOe pacnipefesieHHe BepPOSTHocTell Habopa AHCKPETHHIX CJ. B.
F1X F2X ... X % n— npsvMoe  npoHsBeaeHHe  MHOXecTB F;, i=l, ..., n

5CM. §2 B"=FXEX..XZnpa3, F°=F XZ X ...

a, o — oflee 0GO3HayeHHe NPOMENKYTKOB YHCJIOBO#t NPAMON C BKJIIOYEHHHMH JHOO-
HEeBKJ/IIOYEHHbBIMH KOHUAMH a==—©0, b oo

I, — wuHauKaTOp MHOXecTBa A

A, B, D, M, U — xnaccu nogMuoxecTs ua Q (Haunnasg ¢ § 3)
o‘Fx (x), oF x (x) = Jxx.---,x,, (X1, ... s x4) — OyHKUNA pacnpegesienHs ci. B X, co--
BMeCTHas QyHKUuA pacnpeneteHus cl. B Xy, ..., Xn (cM. § 3)
. p. — OyHKUHSA pacnpeneneHHs
Ty 0, fx (x) =th___'xn (#1, ... , Xp) — NJIOTHOCT: pacnpepenenus ca. 8 X, co-
COBMECTHAf MJIOTHOCTB ¢il. B. Xy, ..., X5 (cM. § 3)
Xiys<X9<...<X(n) — nopsiakoBHe cTaTHCTHKH cil. B. Xy, ..., Xn (cM. 3.4, 4.17),.
kn=A (k)

p(k, A) — pacnpenenenne Ilyaccona (cM. 3.11)
I'(a) — ramma-pyskuus Ditnepa (cM. § 3)
Inx — norapudm HaTypanbHEIA

exp(x) =e* — 3kcnoHeHTa

@n~bn — mpenen oTHoweHHS an/bn paBen 1

an>< bn — c<aa/bn<C pns Bcex n H HeKOTOPHX 0<¢<C <00
a.=0(1) — npexen mocnegoBaTenbHOCTH A, pasex 0

an=0(1) — nocnes0BaTENLHOCTL Gn OrpaHHyeHa

@n=0(bn), an=0(bn) — an/bn=0(l), an/ba=0(1)
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p(x) — NJIOTHOCTL cTaHAaPTHOrO HopmaJbHOro pacnpepeseHus (cM. § 3)
det A — onpenenuTens MaTpHus A

P x () — npoHaromsmas GyHKuHs ci1. B. X (cM. § 4)

n. . — npoussopAmas QyHKUHS

R, R®, R*® — [peiicTBHTe/IbHAas NpsMas, n-MepHoe apHdMeTHYecKoe MNPOCTPAHCTBO,
MPOCTPAHCTBO NOC/JEN0BATEIbHOCTEH AefCTBUTEABHHX YHCe:

&

n X; — TpOH3BEIEHHE UHCEN X, ..., Xk

=1

P(A|B), Ps(A) — ycnoBHast BepPOATHOCTb coGbITHA A nNpH ycaoBHH cobwmtus B
(cMm. § 5)

Px\y (x19), px y (x]y) — ycnosubte pacnpeneieHHs IHCKpPeTHnX cai. B. {cM. § 3)
pij, p(j|i) — nepexonHsle BepOATHOCTH MapKOBcKo# nenH (cM. § 5)

Fxy(x19), fx y (x]y) — ycnosume miotHocTH pacnpepenenuft (cM. § 5)
-8, B" — knaacc GOpPeneBCKKX MHOXECTB NDAMOM, n-MEpHOTO apH(METHYECKOry
npoctpaicrea (cMm. § 6)

M — cuUMBOJ MaTeMaTHYECKOTO OXHIaHHA

D — cumMBON nHcnepcHH

Xy, X+, X, X-, [+, {_ — nonoxutenbHhle M OTPHNATeJbHble 4YacTH GYHKUHIL
X, f (cm. § 7, 10)

Rx — MartpHua KoBapHaumui cayuafiHoro Bektopa X (cu. § 8);

M(X|A), M,X — ycaoBHoe MaTeMaTHyecKOe OXHAaHHe cl1. B. X npH  YycaoBuu
cobutHa A (cM. § 9)

M(X1Y), M(X|.«/) — ycloBHOe MmaTeMaTHYecKoe OXHIaHHe cl1. B. X NpH YCJIOBHH
¢ B. Y, npH ycnoBHH anre6pul cobuithit & (cm. § 9)

lim a, =inf sup @y ~— BepxHHI npemes MOCJIELOBATEJBHOCTH Gn
=00 n kz=n
‘lim a, = sup inf @ — uMXuufi npelen NOCAEROBATEJLHOCTH An
n+x n kzn

2 p

~», —> — CHMBOJH CXOZHMOCTH MO pacnpenesneHuio, no BeposTHocTH (cM. § 13)
HOJA — xanGoablunft ofmuil KennTeNb

gla—)=1lim g(x)— npenenr dbyuxkunn g(x) NpK X, CTPeMAINEMCH K a CJIeBa

X>q—
g(+ o), g(—oo) — npepen dyHkuHH g(x) HZ GECKOHEYHOCTH
YaueGnoe HaIgaHHE
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